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Abstract

We investigateéheuseof anantennarrayatthereceverin FDMA/TDMA systemdo let
severalusersshareonecommunicatiorchanneblwithin acell. A decisionfeedbaclequal-
izer which simultaneouslyletectsall incomingsignals(multiuserdetection)s compared
to a setof decisionfeedbackequalizersgachdetectingone signalandrejectingthe re-
mainingasinterferenceWe alsointroducethe existenceof a zero-forcingsolutionto the
equalizatiorproblemasanindicatorof nearfar resistancef differentdetectorstructures.
Nearfar resistancguaranteeshat good performancewill be obtainedif the channelis
known andthenoiselevel is low.

Simulationsshav thatwith anincreasechumberof usersin the cell, theincremental
performancalegradations smallfor the multiuserdetector

We have appliedthe proposedalgorithmsto experimentaimeasurementsom anan-
tennaarraytestbedjmplementingthe air interfaceof DCS-1800.Theresultsfrom these
experimentsconfirm that reusewithin a cell is indeedpossible,using either an eight-
elementarrayantennaor a two-branchdiversity sectorantenna.

Multiuser detectionwill in generalprovide betterperformancehaninterferencere-
jection, especiallywhenthe power levels of the usersdiffer substantially The difference
in performancas of crucialimportancevhenthe availabletrainingsequenceareshort.



Acknowledgements

The authorsarevery gratefulto Dr SorenAnderssonDr Ulf Fors€n, Mr Henrik Damm
and Dr Ari Kangasat EricssonRadio SystemsAB for the opportunityto evaluatethe
algorithmsonrealdata.



Contents

6

Intr oduction

Channelmodels

2.1 A multiple-input-multiple-outpubasebandhanneimodel . . . . . . ..
2.2 Reducinghe MIMO modelto a SIMO modelwith colorednoise. . . . .
2.3 Antennacorrelation. . . . ... ..

The multivariable DFE

3.1 Designequations. . . . . . . ...
3.1.1 Thezero-forcingdesign . . . . . . ... ... ... ... ..
3.1.2 TheMMSEdesign. . . .. ... ... ... ... ... .....

3.2 Completity . . . . . e

3.3 Nearfarresistancewell-posednesandZF solutions . . . . . ... ...

Monte Carlo simulations

4.1 Known channekoeficientsandnoisecovariances . . . . . ... .. ..
4.1.1 EqualaverageSNRfor all usersanduncorrelatecéntennas. . . .
4.1.2 EqualaverageSNRfor all usersandcorrelatecantennas. . . . .
4.1.3 DifferentaverageSNRfor theusersanduncorrelateégntennas. .

4.2 Estimatecchannekoeficients . . . .. .. ... ... ... .......
4.2.1 Estimationusingthetrainingsequencenly . . . . . . .. .. ..
4.2.2 Improving channekestimatiorusingthedetectedsymbols . . . .

Application on measued data

5.1 Themeasurements. . . . . . . . . .. .. .. i
5.2 EstimationoftheaverageC/N . . . . . . . .. ... ... ... .....
53 Results . . . ...

Discussionand conclusions

References

Appendices

A Remarkson the structur e and designof the MIMO DFE

B Derivation of the MIMO MMSE DFE

C Proofof Lemmal

10
10
11
11
13
14

17
18
18
19
20
22
22
22

25
25
25
26

28

30

33

33

35

38



D Proofof Theorem?2

44



Chapter 1

Intr oduction

Thehigh capacityof awirelesscellularcommunicatiorsystenis obtainedoy thedivision
of ageographicahreainto cells. Eachcommunicatiorchanneis usedin afractionof the
cells,andby decreasinghe cell size,the capacityof the systencanbeincreased.

Reducingthe cell sizeis however expensve. Instead,multi-elementantennasalso
known asantennaarrays canbe usedat the recever to increasethe capacity Antenna
arrayscanenhancehe desiredsignalandsuppressheinterferencesothateachcommu-
nicationchanneltanbe usedmorefrequentlyacrosghe network, therebydecreasinghe
so-calledreusefactor. Whenall channelsareutilized in every cell, the systemis saidto
have reusefactorone.

To increasethe capacityof an FDMA or a TDMA cellular systemwhich hasreuse
factorone, several userswithin a cell would have to shareeachavailable channel;the
systemmustsupportreusewithin a cell.! Thiswill causesevereco-channeinterference
at the recever. Antennaarraysare thenindispensabléools for separatinghe signals
from differentusers.In this paper we illustrate,compareandexplore two waysof using
anantennarrayatthereceverto accomplislchannereusewithin acell:

1. Detectthe signalfrom one userat a time while treatingthe otherusersasinter-
ference.In the following, this approachwill be denotednterferencerejectionor
interferencecancellation

2. Detectthesignalsfrom all userssimultaneouslyThis approactwill becalledmul-
tiuserdetection

Interferenceejectionhasbeenthoroughlystudiedfor mary differenttransmissioren-
vironmentsusingdifferentdetectors.In [1], interferencaejectionusinglinearrecevers
is studied whereadecisionfeedbackequalizersareusedfor the samepurposeby Mon-
senin [2] and by Balabanand Salzin [3]. Decisionfeedbackequalizersare alsothe
topic of [4], but in anadaptve setting. In [5], Bottomley andJamalusemaximumlik e-
lihood sequencestimationwith spatialinterferencewhiteningto suppressntersymbol
and co-channelinterference.Interferencerejection,i.e. taking the covariancematrix of
theinterferencento accountJeadsto substantiaperformancemprovementsn all these
papers.

Multiuserdetectiorwithin a cell usingantennaarrayswasfirst suggestety Winters
in [6] and[7]. The emphasisof thesepapersis on frequeng non-selectivechannels
andlineardetectors.n [8] extensionsare madeto frequeny selectve channels Linear

1This concepis alsoknown asSpatialDivision Multiple Accessor SDMA.



andnon-linearmultiuserdetectorshave beenextensvely investigatedor applicationin
CDMA systemsseee.g.[9], [10], [11] and[12]. Most multiuserdetectordor CDMA
systemsare block detectors.Suchdetectorsare also becomingincreasinglypopularin
TDMA systemsfor multiuserdetectionin conjunctionwith antennaarrays[13], [14].
However, block detectionhaslimitations for time-varying channels sincethe detector
parameters thatcasemayhave to be updatecdona symbol-by-symbobasis.In general,
block detectorsare also more comple« and memory consumingthantheir symbol-by-
symbol counterparts.For thesereasonswe shall in this paperrestrictour attentionto
symbol-by-symbotietectors.

As will becomeavidentin thefollowing chapterthe performancef multiuserdetec-
torsis mostly superiorto thatof interferencecancellersThisis dueto two reasons:

1. Non-linearmultiuserdetectorsansuppresnterferencanoreefficiently thannon-
linearinterferencecancellers(Thisis in contrasto MSE optimallinear detectors,
suchasthoseusedin [7]. An optimally tunedlinear multiuserdetectoris exactly
thesamedetectorasa setof optimally tunedlinearinterferencecancellers.)

2. The channelestimationis improved: When utilizing training sequencefom all
usersnsteadof treatingall exceptoneasnoise,the estimate®f channelndnoise
statisticswill be basedon moredata. Therefore,the modelquality is in general
improved,whichleadsto moreprecisetuningof the detector

In this paperwe will usedecisionfeedbak equalizes (DFE:s)to illustratetheinflu-
enceof thesetwo factors. Throughoutthe papey we will comparetwo equalizerstruc-
tures:

1. TheDFE presentedh [4], whichrejectsinterference.
2. TheDFE of [15], which detectsnultiple signalssimultaneously

To usethe multiuserdetectorpresentechere, the channelsfrom eachuserto each
antennalementmustbe estimated.ln a TDMA systemhisin turn requiresthatbursts
from all usersareroughly synchronizedandthat differentuserssenddifferenttraining
sequencewhich areknown attherecever. Theserequirementsrenot hardto fulfill for
userswithin a cell. Therefore,someform of multiuserdetectionseemdo be a feasible
tool for attainingchannelreusewithin a cell. Exploiting multiuserdetectionto reduce
interferencdrom transmittersoutsidethe cell is moredifficult, sincethe basestationsin
adjacentellsmustin thatcasebe synchronized.

Although the multiuserdetectorsuggestecdere can be modified for applicationin
CDMA systemswe will focusonits usefor TDMA andFDMA systems.

The paperis organizedasfollows: In Chapter2 the generaimultiple-input-multiple-
output(MIMO) modelof the cellularcommunicatiorsystemis presentedThe multiuser
detectorwill be basedon this model. A single-input-multiple-outpu¢(SIMO) modelis
alsoderived, by regardingall but one of the receved messagess colorednoise. The
detectomperforminginterferenceaejectionwill bebasedonthatmodel.In Chapter3, the
designequationgor the MIMO DFE with multiple inputsandoutputswill be presented.
We alsointroducethe existenceof a zero-forcingDFE asan indicator of how well the

2ThisminimummeansquareerrorDFE wasfirst derivedin [16]. It resembleshe DFE presentedh [17],
but is derivedunderthe constraintof realizability (finite decisiondelayandcausafilters), andgeneralized
for straightforvardapplicationto channelsith differentnumberof inputsandoutputs.



MMSE detectorcanbe expectedto operatein a scenariowith signalsandinterferersof
unequalpower. In Chapter, extensve simulationsareconductedo illustrateimportant
aspect®f theimplementatiorof a systememploying reusewithin acell. Thesimulations
alsoillustratethedifferencen performancdetweermultiuserdetectionrandinterference
rejection. The algorithmspresentedreappliedto measurementsollectedat anantenna
arraytestbedn Chapter5. Thetestbedcomplieswith the air interfacestandardf DCS-
1800.Finally, in Chapter6, theresultsarediscusse@ndconclusionsaredravn.



Chapter 2

Channelmodels

We shall now introducethe channelmodelsuponwhich we basethe deriation of the
detectors.Thesebasebandnodelsareassumedo be linear and sampledat the symbol
rate. They arealsoassumedbo includetheeffectsof pulseshapingandanalogmodulation.
Thesymbolrateis equalfor all users.Finally, we assumehe channeimodelsto betime-
invariant over the durationof a TDMA burst. The motivationfor the lastassumptions
solelysimplicity of presentation.

2.1 A multiple-input-multiple-output basebandchannel
model

We considera casewith M transmittersand N recever antennasThesignalfrom trans-
mitter j propagateshroughthe discrete-timebasebandhannelH;;(z~!) to recever an-
tennai. ThechannelH;;(z~') is givenby

Hij(z7") = Hioj + Hz'ljz_l +--+ HéijZ_Lij (2.1)

whereH, arecomple-valuedconstantandwherez ! representshe unit delayopera-
tor.?

Thedigital signalrecevedat antenna at the discretetime instantk is denoted; (k)
andcanbeexpresseds

M

zi(k) = Hin(z Vsn(k) + vi(k) , (2.2)

n=1

wheres; (k) is thesymboltransmittedrom user; andthetermu; (k) correspond$o noise
andout-of-cellco-channeinterferenceNotethatsignalsfrom transmittersvithin thecell

areexplicitly modeledn (2.2). Thesignalss;(k) andthe noisesv;(k) areassumedo be

mutually uncorrelatedzeromeanwide sensestationarystochasticignals.Furthermore,
all signalss;(k) j = 1,..., M areassumedo be mutually uncorrelatedandwhite with

zeromean.Thesituationis depictedn Fig. 2.1.

LIn practice the channelswill betime-varyingdueto carrierfrequeng offsetsandfading. Thechannel
models,detectoraanddesignequationgpresentedherecaneasilybe generalizedo thetime-varying case,
seeChapter7 of [18].

2For ary signaly(k), zty(k) = y(k — 1).



Figure2.1: TheMIMO channemodel,wheres; (k) is thesymboltransmittecat discrete
time instantt from usernumberj, while z;(k) is the receved sampledbasebandig-
nal at antenna. The signalv;(k) representadditive noiseand out-of-cell co-channel
interference.

To obtainaMIMO model,weintroducethe signalvectors

o(k) = (z1(k) @2(k) ... zn(k)" (2.3a)
s(k) = (s1(k) sa(k) ... sa(k))" (2.3b)
v(k) = (vi(k) wvalk) ... wn(k)" . (2.3¢)

Thevectoruv(k) of noisesampless characterizedy the matrix-valuedcovariancefunc-
tion

Urom 2 Elv(k)v™ (m)] (2.4)

andcanbe both spatiallyandtemporallycolored® Thevectorz(k) of sampledantenna
outputscannow beexpresseas

r(k) = H(z ") s(k) +v(k) (2.5)
=Hys(k)+---+Hgs(k— L) +v(k) (2.6)

wherewe have introducedhe MIMO impulseresponse

Hll(zfl) . HlM(Zil)
H(z') = : ; (2.7)

HNl(Z_l) Ca HNM(Z_l)

3«Spatialcolor” refersto thematrix g in (2.4)whichcanbegivenaspatialinterpretatiorfor a particular
antennaconfiguration.When)y is diagonalthe disturbances saidto be spatiallywhite. Temporalcolor
is, asusual,describedy the z-transfornof (2.4).




with individual matrix coeficients(taps)

Hfl PR H{)M
H=| : -~ : (2.8)
HY, ... HY,

In (2.6),

L = max L;
0]

representthe maximumorderof all scalarchannelg2.1).

Remark 1. Themodel(2.6)is rathergeneraljn thatit incorporatesnary differentan-
tennaconfigurations:

1. Phasedrraysystemswherethe antennalementsareplacedcloselytogether

2. Diversity systemswherethe antennasre usually placedfar apart. The large an-
tennaseparatiorhelpsto reducetheimpactof fading.

3. Macrodiversity, wheremultiple basestationscommunicatesimultaneouslywith a
singlemobile. Thisis a specialcaseof adiversitysystemdescribedabove.

Remark 2. Sincethe linear model(2.6) is assumedo includethe analogmodulation,
non-linearmodulationschemesuchascontinuougphasemodulation(CPM), canin gen-
eral not be incorporated. SomeCPM schemesan, however, with a simple non-linear
transformatiorat the antennaoutput,be corvertedto a systemwhich canbe modeledas
linearwith goodapproximatior{19]. Sucha systemis investigatedn Chapters.

Remark 3. Althoughthe focusof this paperwill be on reusewithin a cell, out-of-cell
interferersccommunicatingvith otherbasestationscouldbeincludedamongthe M users,
whichareexplicitly modeled.Thefactthattransmissionn adjacentellsis in generahot
synchronizeawill in thatcasebeamajorproblemfor multiuserdetectors.

2.2 Reducingthe MIMO modelto a SIMO model with
colored noise

If we explicitly modelthe signalfrom only oneof the userswe have to considersignals
from the remainingusersasinterference. Assumingthe signal of interestto be signal

numberl, we definea disturbancevectorV (k) asthe sumof all co-channeinterference
andnoise:

M

V(K) =) Hu(z")sn(k) + v(k) (2.9)

n=2

“4Interferencerejection may also suffer from the non-stationaryinterferenceresulting from non-
synchronizedasestations see[20].



whereH ,(z™!) is columnn in (2.7). Sinceall signalss; (k) arewhite with unit variance
andmutually uncorrelatediswell asuncorrelatedvith theinterferences(k), the matrix-
valuedcovariancefunctionof theinterferencé/ (k) is givenby:

M min(L,L—k+m)
EVERV m)]=>" > = HE™T 4y, (210)

n=2 p=max(0,m—k)

A

wk—m

whereH? is columnn of theimpulseresponseoeficient (2.8)for lag p:
H? = (H?, H., ... H%)" . (2.11)
Thecompletesingle-input-multiple-outputhannemodelthusbecomes
z(k) = Hy(z7Ysy(k) + V (k). (2.12)
The DFE performinginterferenceejectionwill be basedn this model.

Remark 4. If themodel(2.12)is usedasa basisfor detectordesign,estimationof the
matrix-valuedcovariancefunctionof V (k) is vital. This becomes majorproblem,since
directestimationof 1,,, will provide pooraccurag for the shorttraining sequencesypi-
cally presenin cellularsystemsln fact, the estimate®f the covariancefunctionwill be
sounreliablethatwe in Section4.2 andChapter5 areforcedto exploit only the spatial
structureof V (&), i.e.wewill assumeahat E[V (k)V# (m)] = 0 for k # m.

2.3 Antennacorrelation

Spatialdiversity hasfor a long time beenusedto mitigatefading. The ideais to open

multiple uncorrelatecchanneldrom the transmitterto the recever. By combiningthe

signalsrecevedthroughthedifferentchannelsthe effect of fadingcanbereducedlf the

channelsare correlated the probability of all channeldading simultaneouslyncreases
andtheadwantageof usingdiversitydecreases.

Theamountbof correlatiorbetweertherecevedsignalsdependentheenvironmentn
whichthetransmitterandrecever antennasrelocated.Whenthereceveris surrounded
by local scatterergherecevedsignalwill fade.Thefadingwill beuncorrelatectdiffer-
entantennaelementsgvenwhenthe antennaspacings rathersmall. This s the typical
situationfor the downlink® in amacrocellulasystem.

Whenthe transmitterbut not the recever is surroundedy local scatterersthe re-
ceived signalwill still fade. However, the fadingwill not be uncorrelatedat different
antennaelementsfor small recever antennaspacings. This is the typical scenariofor
uplink transmissiohin macrocellulaervironments.

Thecorrelationwill dependnthedistribution of the scatterersurroundinghetrans-
mitter, but differentscatteredistributionsgive similar resultg[21]. In this papeywe will
usean uplink modelfirst suggesteah [22], which assumes uniform linear arrayat the
basestationreceverandalargenumberof scattererfocatedonacircle aroundthemobile
transmitter This situationis depictedn Fig. 2.2.

We will treateachscattereasasecondaryransmitter Assumingthatthetransmitted
signalis narravband the signalreplicasoriginatingfrom onesuchsecondaryransmitter

5Transmissiorirom the basestationto the mobile,alsoknown astheforwardlink.
5Transmissiorirom themobileto the basestation,alsoknown asthe reverselink.

7



Scatterers

Figure2.2: Geometryof local scatterersurroundinghetransmittemwvhich resultsin cor
relationamongthe antennaelementf a uniform lineararrayattherecever.

andreceved at differentantennaelementswill beidenticalexceptfor a phaseshift. The
comple correlationcoeficient betweertherecevedbasebandignalsz; (k) andz;1 (k)
attwo antennalements and: + 1 respecitrely is denotedas

Ela: (k) (k)
Bl () 1B [ (R)]

We insertthe expression(2.2) with M = 1 andv;(k) = v;41(k) = 0 into (2.13). Since
the transmittedsignalis narravband,L;; = L(;.1); = 0. By assuminghatthe channel
tapsareuncorrelatedvith thetransmittedsignal,the expression(2.13)reduceso

E[H} (Hy1y,)"]

5, R.r.0) = . 214
PO Rr0) = B B HD, o] (149

1>

p(0, R, 7, 0) . (2.13)

For thecircularscatteredistribution depictedn Fig. 2.2, Fulghumetal [23] obtainedhe
following approximatiorfor theantennaorrelation:

2mOR
r

p(0, R,r,0) = Jo < cos 0) g J2mdsing (2.15)

where

0 =theantennaeparationexpressedn carrierwavelengths

R =thediameterof thering of scatterers

r =thedistancebetweerthereceverandthetransmitter

f =theangleof theincomingsignalwith respecto antennaroadside,

andwhereJy is the Besselfunction of thefirst kind andorderzero. Equation(2.15)is a
goodapproximationrwhend and R arebothsmallrelativeto r.

In a realistic scenariothe transmittedsignal will not be narravbandand L;; > 0.
In this case,(2.13) will not reduceto (2.14). We will, however, still assumehat the

8



correlationwithin eachcolumnof the L + 1 tapscanbe computedrom (2.15),andthat
eachof the L + 1 tapsis causedy adifferentring of scatterers.

Theimpactof antennacorrelationon the performancef the multivariableDFE will
beinvestigatedn Sectior4.1.2.



Chapter 3

The multivariable DFE

3.1 Designequations

We shallusea multivariableDFE with a trans\ersalfeedforvard filter anda trans\ersal
feedbacKilter:

5(k — £|k)
3k — )

Sz Hz(k) —Q(z7"3(k—£—1)

£(5(k — £k)) . 3D

Here,z (k) is theoutputof thearray usedasinputto theequalizerands(k — ¢ — 1) arethe
decisiongreviouslymadeby theequalizer Thesoftestimates(k — /| k) is passedhrough
thedecisiomon-linearityf(-) to producethehardestimates(k —¢). Thefeedforwad filter
S(z7!) is of ordern, with N inputsandM outputswhereashefeedbak filter Q(z") is
of orderng andhasM inputsandM outputs.A setof M MISO DFE:scanberepresented
in the sameway, the only differencebeingthat the feedbackilter Q(z=!) is diagonal.
Note that the feedforvard filter is causal,andthat the decisionson the symbolvectors
aremadeafterafinite decisiondelay?. This meanghatthe DFE is alwaysrealizablejn
contrasto the DFE:spresentedh [3] and[17]. TheMIMO DFE s depictedn Fig. 3.1.

Xl_(k)T) . _)/M . >~31(k ?)
) FFfilter .%AZ E 10 >3 (k—0)

FB filter

A ,T

Figure3.1: Thestructureof themultivariableDFE, which exploits N sensosignalsz; (k)
to computeestimates(k — ¢) of symbolsfrom M users.Thefeedforvardfilter andthe
feedbackKilter arebothcausakndof finite order A setof MISO DFE:scanberepresented
in the sameway but with a diagonalfeedbacKilter.

The useof FIR filters in (3.1) andthe useof model-basedindirect) designof the
equalizelis motivatedin AppendixA.

To make derivation of optimal equalizercoeficientsfeasible,we adoptthe common
assumptiorthatall previous decisionsaffecting the currentsymbolestimateare correct

10



Sk—f—n)=s(k—f—n) n=1,...,n9+1. (3.2)

Optimal coeficients of the DFE canthenbe computedirom known channeland noise
statistics.

Two criteriacanbeusedfor thedeterminatiorof the coeficientsof thefilters S(z )
andQ(z!) : Thepeakdistortioncriterionandthe minimummeansquareerror(MMSE)
criterion.

3.1.1 The zero-forcing design

A scalarequalizerderived by minimizing the peakdistortion criterion minimizesthe
residualintersymbolinterference.A scalarequalizerwhich removesall intersymbolin-
terferencas calledazeo-forcingequalizer A naturalmultiuserextensiorto the peakdis-
tortion criterionis to minimize the residualintersymboland co-channeinterferencg3],
andamultiuserzero-forcing(ZF) equalizercanbe definedaccordingly:

Definition1: Considerthe channelmodel(2.6) anda multivariableequalizerwhich
formstheestimates(k — ¢|k) of atransmittedsymbolvectors(k — ¢). If

s(k — 0)k) = s(k — ) + (k) (3.3)

wheres (k) is uncorrelatedvith all transmittedsymbolvectorss(m) V m, thentheequal-
izeris saidto be zeo-forcing.

By substituting(2.5) and(3.2) into (3.1), the zero-forcingcondition(3.3) is seento
imply therelation

S HH(zHs(k) —Q(z sk —£—1)=s(k—¥).

A DFE will thusbe zero-forcingif andonly if $(z71) and@(z~!) constitutea solution
to the polynomialmatrix, or Diophantine equation24]

S HH(z™Y) —2751Q(z™) = 271y . (3.4)

3.1.2 The MMSE design

Thecoeficientsof anMMSE equalizeraredeterminedo minimize
J = El||s(k - €) — 5(k — €Ik)||"] (3.5)

wherethe expectationis taken over the signal vector s(k) and the noisevectorv(k),
definedin (2.3b)and(2.3c)respectiely.

Underconditionswhich will bediscussedn Section3.3,the MMSE DFE reducego
the ZF DFE whenthe covariancematrix of the noisewv(k) in (2.6) goesto zero. In the
following, we shall focuson the MMSE criterion, sincethe performanceof an MMSE
DFE is superiorto thatof a ZF DFE. A reasorfor thisis thatZF equalizersamplify the
additive noise,sincethe peakdistortioncriterionis not affectedby thenoiseproperties.

The matrix coeficientsof the MMSE optimal multivariabledecisionfeedbackequal-
izer canbe calculatedasfollows:

11



Theoem1: ConsidethemultivariableDFEdescribedy (3.1),thechannemodel(2.6)
with M transmittersand N sensorsand the noise statistics(2.4), with v, beingnon-
singular Assumeall M signalss;(k) to bewhite with unit variance to be mutually un-
correlatedanduncorrelatedvith the noisevectoruv(k). If all pastdecisionsareassumed
correctthenthe uniquematrix polynomialsS(z ') andQ(z ') in (3.1) of ordersn, and
ng = L+n, — ¢ —1 respectiely, minimizingthe MSE (3.5),areobtainedasfollows:

1. Thefeedforvardfilter S(z ') = Sp + S1z2 ' + --- + S,z ™ is determinedoy
solvingthesystemof N (n, + 1) linearequations

sy P_If

(FFE+ro) | | =] (3.6)
SH H,
Ng O

with respecto the N| M matrix coeficientsS?, whereF isthe N (n,+1)| M (¢+1)

matrix
H, H, ... H,
0 Hy ... H,
F=1: . - : (3.7)
0 .0 H,
o ...... 0
andwhere
@bo s wns
U = ; DU (3.8)
Yop, .- o
2. Thecoeficientsof thefeedbacKilter Q(z 1) = Qo+ Q2 1 +-- - + Qn,z "2 are
givenby
min(ng,l+n+1)
Qn = Z SmHé—f—l—m—f—n (39)

m=max(0,n—L+£{+1)
whereng = L +n, — £ — 1.
Proof: SeeAppendixB. |

Remark 1. Theconditionthatthenoisecovarianceor lagzero,i, hasfull rankensures
thatthe matrix #F% + ¥ in (3.6)is non-singular A uniqueMMSE solutionwill thus
alwaysexist.

Remark 2. To computea setof MMSE MISO DFE:s,we useTheoreml repeatediyfor
eachuserof interest,with M = 1 andwith the noisestatisticy,, describedby (2.10)
substitutedor ,,.

12



Remark 3. Most DFE dervations(seee.g.[3], [17], [25]) assumehe presenceof a
(continuous-timejilter matchedo therecevedsignalin front of the DFE. Suchmatched
filtering can be shavn to be optimal only whenthe decisiondelayin the DFE is infi-
nite [26].

Remark 4. Foragivendetectiorscenariothestructureof the DFE is determinedy the
decisiondelay?, andthe degreesof the feedforvardfilter n, andthe feedbacKilter ng.
Theimpactof thesethreevariabless outlinedbelow.

e Thedecisiondelay/ is chosemasatrade-of betweercompleity andperformance:
the larger decisiondelay the betterthe performance.However, choosing/ larger
thanthedelayspreadL only leadsto minorimprovementsn performance.

e Thedegreen, of thefeedforvardfilter shouldbe choseraslarge aspossible How-
ever, whenthe noiseis assumedo be temporallywhite (1, = 0 n # 0), (3.6) will
giveS,, = 0forn > /.

e Thedegreen, of thefeedbacKilter shouldbelarge enoughto cancelall postcursor
taps(tapswith delay> ¢) in thelinearly equalizecthannelS(z~!)H (z'). A lower
degreewill leadto a lossin performanceand a higherdegreewill not improve
performanceThenumberof postcursotapsequalsL + n, — ¢, sowe concludethat
ng=L+n,—0—1.

3.2 Complexity

To computeheMMSE MIMO or MISO DFE,we needto solvethesystenof linearequa-
tions (3.6) anddeterminethe feedbackilter via (3.9). The numberof requiredcomplex
multiplicationsareindicatedin Table3.1for bothMIMO andMISO DFE:s.

Table 3.1: The numberof complex multiplicationsnecessaryo computeand run the
MIMO DFE andasetof M MISO DFE:sfor M usersandN sensorsThedecisiondelay
of the DFE:sis ¢, thedegreeof thefeedforvardfilter is n, andthedelayspreads L. The
degreeof thefeedbacKilterisng = L +n, — ¢ — 1.

MIMO DFE MISO DFE
For thefeedforvardfilter S(z71) :
CalculateFFH + ¥ IN?M(C+1)(€+2)
FactorizeFF? + ¥ TN3(ns+1)°
Solvefor thefilter coeficients N%(ns+ 1)°M

For thefeedbacKilter Q(z 1) :
Computethefilter coeficients M?N(L + 1)(ng+1) MN(L + 1)(ng + 1)

Equalizationof onesymbolvector:
Feedforvardfiltering MN(ns + 1)
Feedbacfkiltering M2N(ng + 1) MN(ng + 1)

From Table 3.1, we seethatthe compleity of a setof MISO DFE:sis clearly com-
parableto a MIMO DFE for a realisticnumberof transmittershM. All differencesn
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compleity arisesfrom the differentfeedbacKilters: Both the feedbacKilter adjustment
andthefeedbacKilter operationis morecomple for oneMIMO DFE thanfor A MISO
DFE:s. However, in a DFE the major compleity residesn the feedforwardfilter. First,
to computethe coeficientsof the feedforvard filter we needto solve a systemof linear
equationsSecondthefeedforvardfilter mustbeimplementedvith multipliers,whereas
thefeedbacKilter typically canbeimplementedisingonly adders.

Thereis however oneimportantcasewhenthe MISO DFE is considerabljfesscom-
plex thanthe MIMO DFE. If only one of the impinging signalsis of interestto us, we
canusea single MISO DFE to detectthat signal. Whenusinga MIMO DFE, we still
have to detectall the signals,sothe complity of the MIMO DFE is determinedy the
total numberof impinging signals,not the numberof impingingsignalof interest.In the
uplink, this situationwould not be relevant, sincethe basestationmustalwaysdetectall
impinging signals. However, in the downlink the mobile only needsto detectits own
signal.In thatcase a detectomperforminginterferenceaejectionwill be considerablyess
comple« thana multiuserdetector

3.3 Near-far resistancewell-posednessnd ZF solutions

An MMSE DFE optimallybalancesuppressionf intersymbointerferencandco-channel
interferenceagainsioiseamplification.Whenthe power of theinterferinguserss large,
rejectionof thesestrongsignalsis of paramountmportancewhereasuppressionf the
noiseis lessimportant.In thelimit, asthe powersof theinterferingsignalsgo to infinity,
thenoisecanbeneglected.

This situationhasbeenstudiedextensvely for CDMA multiuserdetectorsijn which
casetheability to copewith stronginterfererdiffersamongdetectorsif a CDMA multi-
userdetectors ableto handlethe detectionof weaksignals(often originatingfar from
therecever)in the presencef strong(near)interferersthedetectoris saidto be nearfar
resistant27].

We maythenaskunderwhatconditionsare MIMO andMISO DFE:snearfar resis-
tant? To investigatethis question,we let the noisecovariancey,, tendto zeroin (2.4)
(and(2.10)). If all intersymbolandco-channeinterferencecanbe removed,the MMSE
equalizewill reduceto a ZF equalizerandthe estimatiorerrorwill vanish.In this case,
perfectequalizations possible for any power of theinterferingusers.f no ZF equalizer
exists, all intersymbolandco-channeinterferencecannotbe removed, so the estimation
errorwill notvanish.

We canthereforeusethe existenceof a ZF DFE asa proof of nearfar resistancdor
the MMSE MIMO DFE or the MMSE MISO DFE. In moregenerakerms,the existence
of azero-forcingsolutionalsoindicateghattheequalizatiorproblemis well-posedn the
sensehatit canprovide a usefulsolution: good performancecanbe guaranteedif the
noiselevel is sufiiciently low.

A solutionto the zero-forcingequation(3.4) existsif andonly if [24]

Everycommorright divisor of H(z~!) and z=¢~'1,, is alsoa right divisor (3.10)
of ZﬁZIM. .

In general finding the commondivisorsof H(z~!) andz=*"'1,, is a non-trivial task.
However, whenthe channekapsHy, . . . , H;, arerandommatriceswith independentle-
ments,H (z~1) andz—*"'I,, have commonright divisorswith probabilityzero,in which
caseasolutionto (3.4)exists.

14



A situationwhenno zero-forcingsolutionexistsis describedn thefollowing lemma:

Lemmal: Considerequation(3.4). If M > N, then H(z~!) andz=*"'I,; have a
commonright divisorwhichis notaright divisor of z=¢I,,, implying thatno zero-forcing
solutionwill exist.

Proof: SeeAppendixC. |

If (3.10)is fulfilled, we know thata zero-forcingsolutionexists. However, it remains
to specifythefilter degreesof suchDFE:s. Thisis thetopicof Theoren® below. It should
be notedthatthesefilter degreesaresuficient but only genericallynecessary

As a prerequisiteyve needthe following definitions. We first factorize H (2 ~!) into
threematrix polynomials:

H:Y)=H(zYG()D(z1). (3.11)
Thefactorsof (3.11)aredefinedas

D(z 1) 2 diag (274 ... z7) (3.12a)
G(z") £ diag (Gi(z7Y) ... Gu(z™))) (3.12b)
H(YE2H,+Hyz '+ -+Hz L (3.12c)
where
d; 2 the propagatiordelayfor userj ,d; < ¢ (3.13a)
Gi(zh) 2 the greatestommonpolynomialfactofof thechannels (3.13b)
Hy;(z7"),...,Hy;(z") fromuser;j to all antenna
elementsWithoutrestriction,G;(2~ ') is assumedo be
monic.
We alsodefine
gj 2 deg Gj(z 1) (3.14a)
Li2L,—dj—g (3.14c)
L = maxL;. (3.14d)

We arenow readyto formulateTheorem?.

Theoem2: Considethe MIMO channemodel(2.6)with M sourceand N sensors
with M < N andassumehat(3.10) holds. A genericallynecessargonditionfor the
existenceof azero-forcingMIMO DFE (3.1) with decisiondelay/ andfeedforwardfilter
degreen; is thenthat

ME+1)-%M
n, > MU+ )N2m=1dm—1. (3.15)

1Genericnecessityof the degree conditionsin Theorem2 should be understoodn the sensethat
whentheseclaimsare violated, a zero-forcingequalizerexists with probability zeroif the channeltaps
Hy,...,H arerandommatriceswith independen¢lements.

2Sucha commonfactorcouldbe causedy e.g.the pulseshapingunction.
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Thecondition

SM Ln++1-1L;—d,
> m=
fs = THAX N+1-M

—1 (3.16)

Is genericallynecessaryor existenceof a setof MISO DFE:swith decisiondelay/ and
feedforvardfilter degreens,.
Thecondition

ng>L+n,—f—1 (3.17)

is, togethemwith (3.15)and(3.16)respectrely, sufiicientfor theexistenceof zero-forcing
MIMO andMISO DFE:s.

Proof: SeeAppendixD. |
Remark 5. If eitherthe condition(3.10)or the degreecondition(3.15)or (3.16)is not
satisfied,then the correspondingUMSE detectorwill not work as intendedwhen the
signallevelsfor theinterferingusersarelarge. However, the effectsof the non-eistence

of a ZF equalizerwill be visible alreadyfor moderatesignal-to-noiseratios, sincethe
residualco-channeinterferencewill causebit errorsatall noiselevels.

Remark 6. The degreelimit (3.16)for the MISO DFE will alwaysbe higherthanthe
degreeconditionfor the MIMO DFE (3.15).

Theimpactof aviolation of theinequality(3.16)will bedemonstrateth Sectiord.1.3.
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Chapter 4

Monte Carlo simulations

To explore the performanceof the MIMO DFE asa tool for joint multiuserdetection,
extensve simulationexperimentsare conducted.The experimentsaredesignedo illus-
trate several key aspectf a real world implementationof a systememplgying reuse
within a cell. We alsocomparethe performancef a multiuserdetectionapproachwith
the performancef aninterferenceejectionapproach.

Someof the simulationscenariogorrespondo bothuplink anddownlink? situations.
In afew of thescenariosspecificuplink issuesareinvestigated.

In all scenariosywe comparehe performancef two MMSE DFE:s:

e OneMIMO DFE, performingmultiuserdetectionon all the signals.

e OneMISO DFE, detectingonesignalwhile andrejectingtheremainingasinterfer
ence.

Our basicscenarias describedext.
e One,two, threeandfour transmitter§M = 1,2, 3, 4).
e FourreceverantennalementgN = 4).

e Frequeng selectve, three-tagchanneldrom all transmittergo all receverantenna
elementyL;; = L = 2). Eachtapis time-invariantduring a burst, but subjectto
Rayleighfadingbetweerbursts.Differenttapsin a channefadeindependently

e Thechanneldrom differenttransmitterso onerecever antennaare mutually un-
correlated.

e Themodulationschemas BPSK.

e The additve noiseis spatiallyandtemporallywhite (¢,, = Ind,,) andGaussian
distributedwith zeromean.

e Thesmoothingagsandfeedforvardfilter lengthsof both DFE:sarechoserequal
to thelengthof the channeimpulserespons¢/ = n, = L = 2).

In differentsimulationsthesystenspecifiedaboveis investigatedinderthefollowing
additionalconditions:

IFor thedownlink, we assumehatthereareseveralantennalementsatthe mobilerecever.
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e Known channelgSection4.1) with

— EqualaverageSNRof all usersanduncorrelategntennas.
— EqualaverageSNRof all usersandcorrelatecantennas.
— DifferentaverageSNR of the usersanduncorrelategntennas.

e EstimatedchannelgSectiord.2):

— Estimationusingthetrainingsequencenly.
— Estimationusingdetectedlata,with a so-calledbootstiap method[28].

4.1 Known channelcoefficientsand noisecovariances

In this subsectiorwe shallstudytheidealizedcasewhenall channelcoeficientsareex-
actly known. Effectscausedoy differencesn detectorstructurecanherebe studiedin
isolation,sinceeffectsof channelestimationerrorsareavoided.

4.1.1 Equal averageSNRfor all usersand uncorrelatedantennas

Thisis the basicscenariowhereall usershave the sameaverageSNR,andthe channels
from a singletransmitterto differentantennaelementsareuncorrelatedin practice the
conditionof all usershaving the sameaverageSNR canbefulfilled by usingslow power
control, which compensate®r the propagatiolossandthe shadev fading, but not for
the Rayleighfading. The conditionof uncorrelatecantennagpresupposea suficiently
largeantennaspacing’ in Fig. 2.2.

The above scenariois simulatedfor an averageSNR per bit between0 and 15 dB,
wherethe averageSNR perbit [25] for usery, 7,{, is definedas

= 1 E[|HGP + [H|* + [Hj | E]s; (k) )
"N Elloi(k)[?] ’

(4.1)

wherewe have dividedby N to enableafair comparisorbetweerscenariosvith different
numberof antenneelements. We assumehat?; is equalat differentantennaelements
andthusindependenof ;.

Fig. 4.1shavstheestimatedBER asafunctionof theaverageSNR perbit. With four
usersthe performanceof the MIMO DFE at¥] = 15 dB is around6 dB betterthanthe
performancef the MISO DFE. This differencearisesfrom the factthatthe MISO DFE
useaupall its degreesof freedomto cancekheinterferencérom theotherusers.Thistask
is easierfor theMIMO DFE sinceits feedbacHilter takescareof someof thesuppression
of the co-channeinterferers For fewer usersthe differencebetweerthetwo approaches
is smaller For example,in the caseof threeusershe gainis approximately3 dB andfor
two usersaroundl dB.

For Wg = 15 dB, the performancealegradatiorwhenusinga MIMO DFE is approxi-
matelyl dB for two users3 dB for threeusersand5 dB for four usersascomparedo a
singleusersystem.SeeTable4.1for aperformancesummary

Thus, we do not usethe SNR per channel,definedas"ygéNﬁg. Also notethat signalsfrom other
usersdo not affect ;. Adding userswill insteadincreasethe resultingBER for a fixed 5] andthereby
demonstratéhe performancelegradationrasa functionof the systemioad.
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Figure4.1: Comparisorof the MIMO DFE (MU) andthe MISO DFE (SU) for known
channelsequaltransmitterpowersanduncorrelatecaintennasThe numberdo theright
of the grapharethe numberof errorsusedto estimatehe BER for the averageSNR per
bit v,=15dB.

4.1.2 Equal averageSNRfor all usersand correlatedantennas

In arealisticuplink scenariawith phasedrrayrecevers,thechanneldrom asingleuserto
thedifferentantennalementwill becorrelated.This makesthesystenmoresusceptible
to fading.

However, successfumultiuserdetectiondoesnotrequireuncorrelatedntennaswith
perfectlycorrelatedantennasthe antennaarraycanform narrav beamswhich enhance
thedesiredsignalandsuppresiterferencearriving from otherdirections.

In this simulation,we will assumea uniform linear array with the antennacorrela-
tion givenby (2.15) In the multipathmodel, eachincomingray from user; will give
riseto a columnvectorH? atlag p in the impulseresponsasdefinedin (2.11). Each
of thesecolumnvectorsoriginatesfrom a circular distribution of scattererssdepicted
in Fig. 2.2. The angularlocationsd of scatteredistributionscorrespondingo different
columnvectortapsin the impulseresponseare assumedo be independenstochastic
variablesuniformly distributedin theinterval [-90°,90°]. The antennacorrelationsac-
cordingto (2.15)will dependon the anglesd, which arenot underthe systemdesigners
control. Thereforewe shalladdresshe performancef the DFE asa functionof the cor
relationcoeficientaccordingto (2.15)thatwould resultif the signalswould all impinge
from ananglef = 0°, cf. Fig. 2.2:

p(6, R, 7,0 =0) = Jo <27TfR) 25 (5—R) . (4.2)

r

Thequantityp canbemeasuredor agivenervironmentanduniformlineararray andthe
correspondingerformanceanbe predictedrom thesimulationresultspresentedbelow.

To calculatethe actualantennacorrelationp for a givenvalue py of p, we insertthe
ratio Ré/r correspondindo p, anda realizationof the stochastiovariabled into (2.15).
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Theresultingvalueof p is usedto form the covariancematrix of H2. A realizationof
H? is thengeneratedT his proceduras repeatedor eachof M (L + 1) vectortapsin the
impulseresponse.The simulationresultsare presentedn Fig. 4.2 for a signal-to-noise
ratio of 10 dB andantennaorrelationsbetweerzeroandone?
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Figure4.2: Comparisorof theMIMO DFE (MU) andtheMISO DFE (SU)for auniform

lineararraywith correlatedantennaelementsThe channelsareknown andthe SNR per

bit is 7, = 10 dB for all users.TheestimatedBER is shavn asa functionof theantenna
correlationp thatwould resultif all signalswereimpingingatanangleof § = 0°.

It isevidentfrom Fig. 4.2thatsuccessfuinultiuserdetectiorandinterferenceejection
areindeednot dependenbn uncorrelatecantennas.The performanceof all algorithms
deterioratesvhentheantennaorrelationis increasedrom zeroto one. Thisis dueto the
diminisheddiversityeffect, resultingfrom a decreasé thenumberof diversitybranches
from twelve (four uncorrelate@ntennagandthreetaps)to three(four perfectlycorrelated
antennasandthreetaps)peruser However, the multiuserdetectionapproactretainsits
superiomperformanceascomparedo theinterferenceejectionapproach.

Remark 1. Noticethatp = 0 doesnotimply thatall channetapsareuncorrelatedpnly
thata signalthatimpingesfrom # = 0° would resultin uncorrelatedaps. Thereforethe
BERfor p = 0 doesnotcoincidewith theBER for 4, = 10 dB in Fig. 4.1, whereall taps
areuncorrelated.

4.1.3 DifferentaverageSNRfor the usersand uncorrelatedantennas

In Sections4.1.1and4.1.2,we assumedhat power controlwasusedto compensatéor
thepropagationossandtheshadev fading.In thescenarianvestigatedn thissubsection,

3While themodel(2.15)is notaccuratevhens is largerelative to r, it still providesaroughestimateof
thecorrelationwhichis all thatis importanthere.
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we will relaxthis assumption:Eventhe averagereceved powerswill differ amongthe
users.Thiswill generateéheso-callednearfar problem

We estimatedhe BER of auserhaving anaverageSNR perbit of 10dB in ascenario
wherethereare one,two or threeadditionalusers,eachhaving an averageSNR per bit
thatis between0 dB and10 dB higher, i.e. betweenl0 dB and20 dB. The resultfrom
this simulationis depictedn theright half of Fig. 4.3.

In aMIMO DFE, decisionsconcerningoneuseraffect future symbolestimate®f all
users.Incorrectdecisionson the symbolsfrom aweakuserwill thusimpairthedecisions
of other strongerusers.In this case,a MISO DFE may yield betterperformancesince
(possiblyincorrect)decisionf thewealer users’symbolsdo notinfluencetheestimates
thestrongemsers’symbols.

To investigatethis effect, we estimatethe BER of a userhaving an averageSNR per
bit of 10dB in ascenariovheretherewereone,two or threeadditionalusersgachhaving
an averageSNR per bit which wasbetweer0 dB and10 dB lower, i.e. the SNR per bit
of theremainingusersvariedbetweerll0 dB and0 dB. Theresultfrom this simulationis
depictedn theleft half of Fig. 4.3.

10° ¢ ;

|l ----- oneuser
- % - —% - two usergSU)
———*— two usergMU)

10-1}| - e - -6 - threeusergSU) B
—o——o— threeusergMU) P

-+- -+ - fourusergSU) —+
—+——+— four usergMU) 4

EstimatedBER

1@4 I I |

/75 (dB)

Figure4.3: Comparisorof the MIMO DFE (MU) andthe MISO DFE (SU) for known
channels different transmitterpowes and uncorrelatedantennas. In this simulation,
25000channelsvererandomlyselected.Over eachchannel, 1000symbolsweretrans-
mitted. Usernumberl hasan SNRperbit of 7; = 10 dB, while the SNRperbit 4; of the
otherusersareequalandvaries.

Fromthe leftmostpartof Fig. 4.3, it is clearthatfor the investigatedifferencedan
power levels, error propagations not so severethatthe BER of a MIMO DFE exceeds
the BER of a MISO DFE. On the other hand, from the rightmostpart of Fig. 4.3, it
is evident that for the MIMO DFE, four userscan co-exist in the cell, even whenthe
receved averagepowersdiffer substantially For two users,the BER is hardly affected
atall by the power level of the interferinguser However, the performancef the MISO
DFE s seriouslyaffectedby theincreasef the powerlevelsof theinterferinguserssince
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thisMISO DFE doesnotcomplywith theZF condition(3.16). Insertingnumericalvalues
into (3.16)givestherequiredfeedforvardfilter degree:

M=1 = ny>-1/4
M=2 = ny;> 2/3
M=3 = ns> 2.5
M=4 = n,> 8

This meanghatsincewe usedn, = ¢ = L = 2, completesuppressionf all co-channel
interferersis impossiblewhenerer M > 3. As the powersof theseusersincreasethe

estimationerror due to residualinterferenceincreasesresultingin an increaseBER.

The MIMO DFE on the otherhandis capableof completelyremaoving the interference
from the strongemsers atthe expenseof aslightly increasedoiseamplification.

4.2 Estimatedchannelcoefficients

4.2.1 Estimation usingthe training sequencenly

To demonstratéow the MIMO DFE worksin a morerealisticcase,channelestimation
is introduced.The datais transmittedn bursts,with a structuresimilar to thatof GSM:

A training sequencef 26 symbolsis locatedin the middle of eachburst. Togethemwith

datasymbols tail symbolsandcontrolsymbols this resultsin atotal burstlengthof 148
symbols? The channelestimationis performedusingthe off-line leastsquaresnethod,
andthespatialcolor of the noiseis estimatedrom theresidualf thechanneidentifica-
tion. Thetemporalcolor of the noiseis not estimateddueto the limited amountof data.
In the MIMO casethe channeldrom all usersto eachantennaelementareestimatedsi-

multaneouslyApartfrom this, the simulationconditionsarethe sameasin Sectior4.1.1.
Theresultsareindicatedin Fig. 4.4.

Whenwe compareFigs. 4.1 and4.4, we seethat the differencebetweenthe MIMO
DFEandtheMISO DFEis greatewhenthechannelhaveto beestimatedThedifference
betweerthemultiuserdetectiorapproactandtheinterferenceejectionapproachasnow
increasedo about4 dB for two usersandto about7 dB for threeusersandevenmorefor
fourusers.n thiscasetheoverallpenaltyfor squeezingn four usersnto onecellis about
7 dB ascomparedo thesingleusercase.Table4.1 summarizeshe performanceossof
the MISO DFE andthe MIMO DFE for known andestimatedchannelsascomparedo
thesingle-userase.

4.2.2 Improving channelestimation using the detectedsymbols

Sincechannekestimatiorerrorsarea majorcauseof bit errorsin adigital cellularsystem,
thereis a greatpotentialfor performanceamprovementin the reductionof the channel
estimationerrors. Oneway of accomplishinghis would be to usedetectedsymbolsas
regressorsn theestimatioralgorithm. This approactwould thusconsistof two passess
follows:

Passl:

1. Estimatethechannelusingthetrainingsequence.

4The pulseshapingusedin GSM resultsin a channelwith five highly correlatedtaps. We have not
includedthis featurein the simulation:Only the burststructureresemblesheoneusedin GSM.
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Figure4.4: Comparisorof theMIMO DFE (MU) andthe MISO DFE (SU) for estimated
channelsequaltransmittepowersanduncorrelatedntennasThechannelvasestimated
using only the training sequence The numbersat the right edgeof the grapharethe
numberof errorsusedto estimatehe BER for an SNR perbit of 7,=15dB.

2. Designanequalizemusingthesechannekestimates.
3. Detectall thesymbolsin theburst.
Pass2:
4. Estimateghechannelsingthetrainingsequencandthesymbolsdetectedn passl.
5. Redesigrtheequalizeusingtheupdatecchannelestimates.
6. Repeathesymboldetection.

We thusimprove the channelestimatedy usingdetecteddatawhich are probablycor
rect. By usingtheseextra regressorsve canincreasehe lengthof thetrainingsequence
from 26to 148symbolsin the GSM case.This bootstiap methodis basedntheassump-
tion that whenthe fraction of incorrectdecisionsfrom passl is sufficiently small, the
channelestimationin pass2 will provide betteraccurag thanthe channelestimationin
passl. Bootstrapequalizations discussedn [28] for bothdecisionfeedbackequalizers
andmaximumlik elihoodsequencestimation.

To testthis algorithm,we repeatthe simulationin Section4.2.1,with the useof the
detectedsymbolsto improve the channelestimatesaccordingto the bootstrapalgorithm
describedabore. Theresultsfrom thesecongpassof thealgorithmareshavnin Fig. 4.5.

As canbeseernfrom Fig. 4.5,the BER wasreducedvhenthetentatve decisionsvere
usedto improve the channelestimates.lt seemghat the performanceof the multiuser
detectorwasimpairedmore by the poor quality of the channelestimateghanthe per
formanceof the detectorperforminginterferenceejection: The differencebetweerthe
two approaches largerwhenthetwo passalgorithmis usedthanwhenonly thetraining
sequences usedto estimatehe channel.Thisis dueto thefactthatthe estimationof the
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Figure4.5: Comparisorof theMIMO DFE (MU) andthe MISO DFE (SU) for estimated
channelsequaltransmitterpowers and uncorrelatedantennas. The channelestimates
were obtainedusing both the training sequencend detectedsymbols The numbersat
theright edgeof thegrapharethe numberof errorsusedto estimatehe BER for anSNR
perbit of 4,=15dB.

covariancefunctionof thenoiseandtheinterfererds still inaccuratedespitethefactthat
we now have accesdo atrainingsequencef 148symbols.
Theperformancet 15 dB of thebootstrapalgorithmis summarizedn Table4.1.

Table4.1: The performancdossexperiencedvhenaddingusersascomparedo a single
usersystemfor the simulationscenariosn Sections4.1.1,4.2.1and4.2.2. All valuesare
estimatechitanSNRof 15dB.

MISO MIMO
Numberof users 2 3 4 2 3 4
Known channels 2.6dB 5.6dB 8.9dB 1.2dB 3.0dB 5.0dB

Estimatedcchannelsising
thetrainingsequencenly
thetwo passalgorithm

6.0dB 10.5dB 12.9dB
5.9dB 11.2dB 14.0dB

1.8dB 4.2dB 7.3dB
1.5dB 3.3dB 5.6dB
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Chapter 5

Application on measuied data

Thesimulationsn Chapter indicatethatreusewithin a cell is indeedpossible.But will
it work in practice?To investigatethis we will applythe methodsdescribedn Chapter3
to asetof uplink measurements.

5.1 The measurements

The measurementsere performedon a testbedconstructedy EricssonRadio Systems
AB andEricssonMicrowave SystemsAB [29]. Thetestbedmplementgheair interface
of a DCS-1800basestation. During all measurementshe carrierfrequeny was 1782
MHz.

The array consistsof four antennaelementsgachhaving two polarizationdiversity
branchesyesultingin eight antennaoutputs. A corventionalsectorantennawith two
branchpolarizationdiversityis alsoincludedin the measuremenrgetupfor two reasons:
To evaluatethe impactof using moreantennaelementsandto estimatethe transmitted
signalpower.

Themeasurementsereperformedn Kista, a sukurb of Stockholm Sweden.

A single mobile mountedin a vanwas usedfor all experiments. The van drove at
approximately30—-40km/h during the measuremenperiod. The mobile transmitteda
burst of datain one of the eight time slotsin a GSM frame. The basestationdown-
convertedandsampledhereceved signalandthe resultingdigital basebangignalwas
recordedfor a large numberof frames. This procedurewas repeatedvhenthe mobile
traveledthe sameroutebut transmittedanotherdatasequenceThetwo setsof collected
digital basebandheasuremenisereaddedo represenasituationwhentwo mobileusers
sharethe samechannel.Thealgorithmsinvestigatedn Chapted werethenapplied,both
to thedatarecordedatthe arrayantennaandto the datarecordecdat the sectorantenna.

5.2 Estimation of the averageC/N

We estimategheaveragecarrier-to-noiseratio (C/N) indirectly, by measuringhereceved
poweratthesectorantennavhenthemobileis inactive. This providesuswith anestimate
of the noiselevel. The receved power at the sectorantennaduring the periodswhen
the mobile is active providesan estimateof the signal-plus-noisg@ower. Thesepower
level measurementare averagedover a sggmentof frames. Due to the shadev fading,
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this averagediffers betweensegments. Thusthe performanceof the algorithmscanbe
addressedsa functionof the averagecarrierto-noiseratio !

5.3 Results

Theframestructurein DCS-1800is identicalto the onedescribedn Section4.2. In this
casefivetapchannelsareestimatedandn, = ¢ = L = 4 is used.

The MMSE MIMO DFE andtwo MMSE MISO DFE:swereusedto demodulateéhe
signalsfrom the two users. In both casesthe bootstrapalgorithm describedn Chap-
ter 4.2.2was utilized. The resultsare shovn in Fig. 5.1 for the array antennaandin
Fig.5.2for thesectorantenna.
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Figure5.1: Comparisorof the MIMO DFE (MU) andthe MISO DFE (SU) appliedto
measurementsom a DCS-1800testbedn a flat fadingenvironment. The antennaarray
hadeightoutputsandtwo usersweretransmittingsimultaneously

Whenwe compardheresultsin Fig. 5.1and5.2with theresultsfrom the simulations,
we seethattheerrorratedecreasesiuchmoreslowly with SNRfor theexperimentatata
thanfor thesimulations.Thisis becaus¢he numberof diversitybranchess considerably
lower in this case: The channelis in fact flat fading and the partial responseGMSK
modulationcausesll theintersymbolinterference.

Theresultsfrom theexperimenton themeasuremenfsom the arrayantennarenot
surprising.For the lightly loadedsystemwith N = 8 andM = 2, the performancef a
MIMO DFE shouldbeonly slightly betterthanthe performancef two MISO DFE:s.

For the sectorantennathe resultsare more surprising: A MIMO DFE:sperforms
slightly worsethantwo MISO DFE:s. Thereasondor this aretwofold:

Thecarrierto-noiseratiocorrespondso the SNRperchannetliscussegreviously. We usethenotation
C/N ratherthanSNRto stresghefactthatthe quantityhasbeenestimatedndirectly.
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Figure5.2: Comparisorof the MIMO DFE (MU) andthe MISO DFE (SU) appliedto
measurementfsom a DCS-180Qtestbedn aflat fadingervironment. The sectorantenna
hadtwo outputsandtwo usersweretransmittingsimultaneously

1. Sincethe channelis flat fading, the MISO DFE will have adequatedegreesof
freedom. Theintersymbolinterferencanducedby the GMSK modulationwill be
presentn the channelgo all antennaelements.Hence,eachcolumnof H(z 1)
will have acommonfactorof degreeL. For N = 2 and M = 2, the zero-forcing
condition(3.16)thenreduceso

2
o Y 0+ 4+ 1-0—d;

s = 29+1—2

—1=(—d,

where/ is the decisiondelayandd; is the propagatiordelayof user;. Therefore,
the choicen, = ¢ ensureghe existenceof a ZF MISO DFE for this scenarioand
thecorrespondindMSE detectomwill work well.

2. Whenthe amountof intersymbolinterferencecausedby multipathpropagatioris
small, spatial-onlyinterferencerejectionis sufficient to suppresshe interfering
user The MIMO DFE triesto rejectco-channelnterferenceby meansof an esti-
mateof its spatio-temporatolor. Thiswill hereleadto worseperformancesince
parametersyhich do notimprove equalizationareestimated.

It shouldbenoted thattheinvestigatedcenariaonstitutesaverydifficult detectiorprob-
lem: Thetwo mobilestravel exactlythesamaneasuremembute. Still, reusewithin acell
is possiblepsingeitherthearrayantennar thesectorantennaThedetectomperformance
is approximately2 dB worsefor two userghanfor oneuser

27



Chapter 6

Discussionand conclusions

In our investigationof recever algorithmsdesignedo accomplishchannelreusewithin
cells,we have comparedVIMO DFE:swhich work asmultiuserdetectorgo the useof
interferencerejection,implementedoy MISO DFE:s. RealizableMMSE equalizersof
bothkindshave beenderived,basedn channeimodelsandnoisespectramodels.

In summaryextensie simulationsindicatethatchannekeusewithin a cell is indeed
a viable option, with multiuserdetectionproviding superiorperformance.Up to four
userscould co-exist in thesamecell if thereceversutilize antennaarrayswith only four
antennalements With multiuserdetectionthe price paidfor this in increasedit error
rateis rathersmall. We have testedthe algorithmson experimentalmeasurementsom
a DCS-1800testbed.For the investigatedscenarioreusewithin a cell is possibleusing
eitheraneight-elemenantennaarrayor atwo-branchdiversity sectorantenna.

Differencesn performancdetweemultiuserdetectiorandinterferenceejectionare
partly dueto the detectorstructues A multiuser(MIMO) DFE utilizes feedbackirom
previouslyestimatedgymboldrom all userswhile theinterferenceejecting(MISO) DFE
performsdecisionfeedbackirom the userof interestonly.

The differencealsoresultsfrom to the preconditiongor channelestimation In the
multiusercase,input-outputtransferfunctionsfrom eachuserto eachantennacan,and
must, be estimated. For interferencerejection, the co-channeinterferenceconstitutes
colorednoise.Themultivariatenoisemodelsestimatedrom shortdatarecordswill have
pooraccurag.

Thesefactorswill in generakesultin ahigherperformancdor the multiuserdetector
This is particularly apparentwhenthe detectorsare appliedto heavily loadedsystems
(with mary users/interferergndwhenthedelayspreadn themultipathchanneis large.
Whenappliedto lightly loadedsystem®r whenthechannelareflat fading,thedifference
will be smallif the estimatesof channelsand noise statisticshave adequateprecision.
Whennoisemodelsareinaccuratethe performancalifferencewill still be significant.

BothmultiuserdetectorandinterferenceejectingMISO DFE:scanbemadenearfar
resistantHowever, the conditionsfor this, asindicatedby the existenceof a zero-forcing
solution,aremorerestrictve whenusinginterferenceaejection.

Astopicsfor furtherresearchmultiuserdetectorsouldbeusefulalsofor therejection
of out-of-cell co-channelinterference. This would requirethe transmissiorof training
sequence® be synchronizedhroughouthecellularsystem.

Ourconclusionsarebasedn studiesandcomparison®f symbol-by-symbotlecision
feedbackequalizers.We would expectsimilar conclusiongo hold from a comparison
of joint multiusermaximumlik elihooddetectorg30] to single-usemaximumlik elihood
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detectorswith spatialinterferencewhitening[5]. However, for maximumlik elihoodde-
tectorsthe compleity of thetwo approachewould differ substantiallyin contrasto the
complity of thetwo detectorslescribedere.
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Appendix A

Remarkson the structur e and designof
the MIMO DFE

Apartfrom thefilters having multiple inputsandmultiple outputs the FIR DFE (3.1) has
the conventionalstructureof a decisionfeedbackequalizer A rarely notedfactis that,
assumingcorrectpastdecisionsa DFE having an FIR structurecanattainthe minimal
MSE only underthefollowing assumptions:

1. Thechanneimpulseresponsdasfinite length.
2. Theadditve noiseis temporallywhite or autorgressve.

Seeg[26] for a proof of this conclusiorfor thescalarcase.

Assumptionl is not restrictive for wirelesschannels Assumption2 however, is vio-
latedin atypical cellularsystemsincethemainsourceof noiseis co-channeinterference,
which hasmoving average hot autorgressve, statistics.In this paper we will still con-
siderthe corventional (FIR) DFE structure. The main reasonfor this is that the error
propagatiorresultingfrom incorrectpastdecisionswould be more severefor an “opti-
mal’ DFE structure sincetheimpulseresponsef the feedbackilter would have infinite
length.

For the determinatiorof the equalizercoeficients,we advocateanindirectapproach.
We thus supposeéhat an estimateof the channelimpulseresponsg2.7) andthe noise
covariancefunction (2.4) hasbeenmadeavailableto us. We thencomputethe equalizer
matrix coeficientsfrom thechannelmatrix coeficientsandthenoisecovariancgunction.
Thisis notthe corventionalapproachn anadaptve setting,but theindirectapproachas
two majoradwantagesn thepresentase:

1. The estimationof the channelparameterganbe performedwith betteraccurag
thandirect estimationof the equalizercoeficients. Whenthe channelhasfewer
inputsthanoutputs(M < N), fewer parameterfiave to be estimatecdasedn the
availabledata. For the indirectapproachpnly M (L + 1) parameterslescribing
the channeldrom the M usersto a single antennaelementhave to be estimated
simultaneouslybasedn datafrom thatantennandthe trainingdatafor all users.
In a directapproachthe feedforward filter of an equalizerwhich detectsa single
usermustbetuned.If thereare N antennalementsandthefeedforvardfilter has
L + 1 tapsthe N(L + 1) parameterslescribinghis feedforvardfilter mustbees-
timatedsimultaneouslySee[31] for a performanceomparisorbetweerindirectly
anddirectly tunedMISO DFE:s.
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2. Theindirectapproachs bettersuitedfor trackingof rapidlytime-varyingchannels.
This is dueto the factthat channelparametersary smoothly whereaghe corre-
spondingoptimumequalizeparameterslo not. See[32] and[18] for adiscussion.
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Appendix B
Derivation of the MIMO MMSE DFE

Supposeéhata linear time-invariantfinite impulseresponsehannelof order L is given
by (2.6) andassumehat

Els(k)s" (m)] = 0pml  Elv(k)o" (m)] = Yp—m  E[s(k)o"(m)] =0. (B.1)

The objectie is to estimatethe symbolvectors(k — ¢), by meansof the multiple-
input-multiple-outputecisionfeedbak equalize(MIMO DFE) definedin (3.1),i.e.

5k —Lk) =Sz (k) — Q(z 15k —£—1) (B.2)
= Soz(k) + S1z(k — 1)+ --- + S, z(k — ny)
—Qui(k— 1) — QuB(k—£—2) — - — Qpin. 215k — L—ny)
= OFX, — 055 1 (B.3)
Sk —0) = £(3(k — €|k)) (B.4)

whereS(z ') of ordern, andQ(z ') of orderng = L + n, — £ — 1 arepolynomial
matricesof dimensionV|M andM|M respectiely andf(-) is thedecisionnon-linearity
Also,

0¢=(So Si ... Su) (B.5a)
=(Q0 Qi ... Qrin,¢1) (B.5b)
and
xp = (2T(k) 2"(k—1) ... 2T(k—n,)" (B.6a)
S o1=(F(k—t-1) ... F(k—n,—L))" . (B.6b)

Thecoeficients{S, } and{Q,} areto bedeterminedothatthemeansquareerrorof
the estimates(k — ¢|k) is minimizedunderthe constraintof realizability, which implies
thatthefilters S(2~') and@Q(z~') shouldbe causalandthe decisiondelay? shouldbe
finite.

Theestimationerror

el —0) = s(k — ¢) — 5(k — £|k) (B.7)

is minimizedin themeansquaresensef it is orthogonakto all signalswhichtheestimate
5(k — £|k) maybe basedupon,i.e. x; and3;_,_;. Thematrix filter coeficientsprovid-
ing the minimum meansquareestimationerror arethusdeterminedy the orthogonality
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condition

E [(_3"““) eH(k — e)} — 0 (B.8)

or, with ¢(k — £) from (B.7)

E [(_S):k“) (k- E\k)] —E |:<—§1):ke1) sH(k — E)] .

Next, inserts(k — ¢|k) from (B.3):

Expxi —Exi 8, Og Exyst(k — 0)
(—Eék_g_lka Eék_g_lékH_e_) (@Q) - <—E§k_g_13H(k ~ z)) ' (8.9)
Assumethatall previousdecisionsverecorrect,i.e.
Sk—n)=s(k—n) VL+1<n<L+n,
anddefine
S o= (s"(k—t=1) ... s"(k—n,—L))" . (B.10)

Dueto theassumptiomf uncorrelatedymbolsmadein (B.1), equation(B.9) canthenbe
simplifiedto

EXkaH —EXkSéI_e_l Og . EXkSH(k — ﬁ)
(_ ot ; o) = A . (B11)

To evaluatetheexpectationsn (B.11), weinvoke thechannemodel(2.6)to write z(k—n)
as

s(k —mn)
z(k—n)=(Hy ... Hp) : +ov(k—n). (B.12)
s(k—n—1L)

By inserting(B.12)into (B.6a)for 0 < n < ng, we will obtainanexplicit expressiorof
X; In termsof thechannekoeficientmatrices:

HO HL 0 S(k) ’U(k‘)
xe=| 1 - S : + : . (B.13)
0 ... Hy ... H, s(k—mns— L) v(k — ny)

To obtaina morecompaciexpressiorof (B.13), we introducethe vectorof staclednoise
vectors

vi = (0T(k) vT(k—1) ... oT(k—n,)" (B.14)
andthevectorof stacled symbolvectors
s =(s"(k) s"(k—1) ... sT(k—t+1)" . (B.15)
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Furthermoreye definethe following matrices:

H, .. HA 0 ... 0
a2 |0 Hoo Hoowi Ly
oo,
2 (Ft Fores Foas) (B.16a)
wherewe have defined
Fur 2 Thefirst M/ columnsin Fiy (B.16b)
Fres = ColumNSM L + 1 to M(£+ 1) in Fioy (B.16c)
]:pasté ColumnsM (£ + 1)+ 1to M(ns+ L+ 1) in Fiot . (B.16d)
Equation(B.13) canthenbewrittenas
X = FrutSe + Foress(k — €) + FpasSk—o—1 + Vi (B.17)

wheres,_,_, wasdefinedin (B.10). Using(B.17)and(B.1), we cancomputethe expec-
tationsin (B.11):

E[XkaH] = '7:fUt‘7:fﬁIt + 7:pres7:§es+ fPanpgst+ v
E [stl?fifl] = Fpast
E[stH(k - Z ] == fpres

whereV is givenby (3.8).
Thesecomputedexpectationcanthenbeinsertednto thenormalequationgB.11):

ﬁutj:f{ft + fprefé{es+ fpastj:'[gst+ v _fpast Og _ fpres (B 18)
H == . .
—Fpast 1 O¢ 0

By observingthat©, = .7-“‘)%5@5 from the secondblock row of (B.18) andinsertingthis
into thefirst block row, we obtain

(FruFity + ForesFpres+ ¥)Os = Fpres (B.192)
Oq = FllOs . (B.19b)

Now obserethat (Fr; Foes) = F asdefinedin (3.7). Thus(B.19a)and(B.19b)canbe
expresse@s

(F}—H + \I’)GS = -7:pres (B.20a)

Oq = FinsOs - (B.20b)

Here (B.20a) coincideswith (3.6) andif we complex conjugateboth sidesof (B.20b)
and evaluatefor eachmatrix elementQ,,, we readily obtain (3.9). Equations(B.20a)

and(B.20b)arethedesignequationgor themultiple-input-multiple-outpudlecisionfeed-
backequalizer
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Appendix C

Proof of Lemma l

We will hereprovethatM > N impliesthat H(z~!) andz~¢~1,, have acommonright
divisorwhichis notaright divisor of 2=I,,. In this case the ZF equation(3.4) will not
have ary solution.

If H(z') andz—“"'I,, have acommonright divisor R(z~!), we musthave

H(z"Y)=H(z"Y)R(z™) (C.1a)
2y = A(ZHR(zTY) (C.1b)
for somepolynomialmatricesH (2 '), R(z ') and A(z ') of dimensionsV|M, M|M

and M |M, respectrely. We proposethatwhenM > N suchacommonright divisoris
givenby

R(z"Y) = (IMol ';(f[_ll)> (C.2)

and that this polynomial matrix is not a right divisor of z=%I,;. In (C.2), r(z71) is a
polynomialcolumnvectorwith M — 1 rowswhichwill bespecifiedater.
For R(z7!) in (C.2), we mustthusverify thefollowing threeproperties:

1. R(z7') isarightdivisorof H(z!)
2. R(z7") isarightdivisorof 2=¢~'1,,

3. R(z7!) isnotaright divisor of z2=“I,.

Property 1
To shaw propertyl, we partition H (z~!):

H(z Y= (HY(") HY(:1), (C.3)
where H (z~1) constituteghefirst M — 1 columnsand H® (> ') the last columnof

H (z7"), respectiely. In the sameway, we alsopartition H (z~'), which wasimplicitly
definedin (C.1a)

= (") B8YE) . (C.4)
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We now insert(C.3), (C.4)and(C.2)into (C.1a)

Iy 7r(z7h)

(O mOE) = (806 m1%e) (T
This equationis satisfiedf

HO ) = BV (C.5a)
HP ) =BV ) + - HY (7). (C.5b)

We cannow insert(C.5a)into (C.5b):
HO(:) = HO (™) + 2 B (7)) (C.6)

This equationwill have asolution{r(z™1), iI(Q)(zfl)} if andonly if every commonleft
divisorof H® (271) andz~¢"'1, is alsoa left divisor of H® (z~1). If this conditionis
satisfiedthenaright divisor R(z~') of theform (C.2)will exist. If it is notsatisfiedthen
we exchangethe singlecolumn H? (2 ') for oneof the columnsin H"(271). As we
shallsee we canalwaysusethistrick to find a solutionto equation(C.6).

To shaw this, assumehe existenceof a channelH (»~!) suchthatno permutatiorof
its columnswill make (C.6) solvable.Define

a2 (H e | BP0 )

= ( hi(z7Y) ... fALM_1(271) ‘ ﬁM(zil) ) :

Denotea setof M left divisorsof z “ 'Iy as{L.(z ')}}_,. If (C.6)lacksa solution

for every permutationof the columnsh;(z 1), i = 1,..., M, theremustexist M + 1

polynomialmatricesA;(z7!), i = 0, ..., M, suchthat
A;(z"Yisaleftdivisorof h;(z71), i=1,..., M

C.7
Ao(z71) is aleft divisor of 2741y . (©.7)

The polynomialmatricesA;(z71)i = 0, ..., M musthave the following characterizing
properties:

(@) Fori # 0, A;(27") musthave all thepolynomialmatricesL,,(z7!), m = 1,...,1—
1,7+ 1,..., M asleft divisors,i.e. we mustbe ableto expressA;(z~!) as

i=1,..., M

Ai(z7) = Li(z7HA] (271
(z71) (zTHA; (271, m=1,...,i—1,i+1,....M

(C.8)

for somepolynomialmatricesA; (z1).

(b) Ao(z71) musthave L,,,(271), m = 1,..., M asleft divisorsand,i.e. we mustbe
ableto write

Ao(z ) = L(z DAy (z7Y), m=1,....M (C.9)
for somepolynomialmatricesA, (z1).
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(c) For ary giveni # 0, L;(z~") mustnot be a left divisor of A;(z7!). If L;(z7")
werea left divisor of A;(z~!), thepermutationl ® (z~') = h;(z~") would imply
that (C.6) hasa solution: the polynomial matrix L;(z!) is the only left factor
whichis commonto H® (z 1) andz ¢ Iy, andL;(z!) will bealeft factoralso
to H? (2 1),

(d) Theset{L,,(z')}_, musthave M elementsi.e. we mustbeableto find M left
divisors L;(z~") of z~*"'Iy. Otherwise therewill be somepermutationof the
columnsof H (>~') whichmalesit possibleto find a solutionto (C.6).

Whenthe channelhasleft divisorsasdefinedin (C.7), (C.8) and(C.9), ﬁ(l)(z—l) and
21Ty will haveacommonleft divisor L, (z~") whichis notaleft divisorof H® (z~1) =
har(z~1), nomatterhow we arrangethe columnsof H (z~!). However, if we cannoffind
sucha setof polynomial matricesL;(z7!), then somepermutationof the columnsof
ﬁ(z*l) will make it possibleto solve (C.6). We will now shaw thatit is indeedimpossi-
bleto find aset{ L;(> 1)}, suchthat(a), (b), (c) and(d) areall satisfied.

Withoutrestriction,we assumehatboth A;(z ') and L;(z ') arewrittenin Hermite
form. A Hermiteform polynomialmatrix is uppertriangularandrow reduced.Further
more,the elementwith the highestdegreein eachrow is thediagonalelement.

To seeunderwhatconditions(c) is satisfiedwe studytheleft matrix fractiondescrip-
tions(MFD:s)

Di(z )= Az YLz Y i=1,....M (C.10)
which canberewritten

Ai(z ) = Li(z"Y)YD; ' (z71) . (C.11)

2

In general,D; ' (27!) is arationalmatrix. However, if D;'(2~!) canbe shavn to bea
polynomialmatrixin z=*, thenL;(z~") will bealeft divisor of A;(z~!). To satisfy(c),
we mustthusassurahat D; ' (27!) is nota polynomialmatrixin 2.

In fact, it turnsout thatassoonas D;(z~!) is a properrationalmatrixt, D;*(z!)
will beapolynomialmatrix. To seethis, we obsere thatsinceA,(z!) is aleft factorof
Z—Z—IIN’

det z "Iy = det (Ag(z ) T(z ")) = det Ag(z ') det T(z ')
= det L;(z~!) det Ag(z!) det T (271
for ary 1+ andsomepolynomialmatrix ¥ (>~'). But, since
det 27 Iy = Z N+
we musthave
det Li(z ) =2 ™
for somenon-ngative numberq;. Usingthis, we obtainfrom (C.10)

~ det L;(z 1) 1
det D’L(Z 1) = det Ai(z—l) = Z—Fi

For eachscalarelemenin a properrationalmatrix, the degree(in z—*) of the numeratopolynomialis
smallerthanor equalto thedegree(in z 1) of the correspondinglenominatopolynomial.
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for someconstant’;. Also,

_AdjD;(z7)

DEED = G by

; =z T AdjD;(2 ") .
Now, assumehatD;(z ') isproper Thismeanghatl’; > 0. Eachelemenin Adj D;(z 1)
is aminorof D;(27'). SinceD;(z') is row-reducedthe degreeof every minor is less
thanor equalto the degreeof the determinant Therefore,D; ' (1) becomes polyno-
mial matrixin z=*. Thus,if the MFD (C.10)is proper we seefrom (C.11)that condi-
tion (c) is violated.If we canfind only oneindex 7 for which D;(z ) in the MFD (C.10)
is proper equation(C.6) canbe solvedwith the permutationH ,(z~!) = h;(z~). Thus,
condition (c) canbe satisfiedonly if the rationalmatrix D;(z~!), definedin (C.10),is
improperforall i =1,..., M.

To find theconditionsunderwhichtherationalmatrix D;(z~!) isimproper we define

L7z 2 rowrin L;(z )
AT(zN) 2 rowrin Ay(z7Y)

Sinceboth A;(27') and L;(z~') arerow reducedtheleft MFD D;(z~') is improperif
andonly if [33]

deg L7 (z7") > deg A% (z71) (C.12)

for somerow r.
Let us now study deg A} (z!). Assumethat of all the left divisors L,,(z7!) in
A;(z71), L,(z') hasthehighestdegreein row r, i.e.

deg Ll (2 1) = max deg (L], (1)) . (C.13)
We now write Al (z7!) as
Aj(z7") = Ly(z7 DA (=)

anddefinethefollowing scalampolynomials:

1>

~(27") = elementr in thepolynomialvectorA? (z~)

(o
Lo (271)
rr(zil)

Due to the Hermiteform assumptiormadeon A;(z!), the degreeof A} (z7!) is deter
minedby thedegreeof \..(z7"). Also, whenA;(z~") and L;(z~") areuppertriangular
sois A;(z7'). WhenL;(z') andA;(z~!) arebothtriangular

elementr in the polynomialvectorL’ (')

> 1>

elementr, r in the polynomialmatrix A, (z%).

>

(27 = L (2 DA (27Y)
Therefore,

deg A7 (+71) = deg Aer(271) = deg (Lpn (=)0 (71))

(C.14)
> deg Ly (27") = deg L (27") .
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If we combine(C.12) (C.13)and(C.14),we seethata necessargonditionfor the exis-
tenceof animproperD;(z~!) is thatthereexistsarow r in L;(z~') suchthat

deg LI (2 1) > max deg L” (271) . (C.15)

Tomakeevery D;(z ') improper theinequality(C.15)mustholdfor everyi = 1,..., M.

Thismeanghatevery L;(>2~!) musthave arow, whosedegreeis greatethanthedegreeof

thecorrespondingow in all the otherleft factorsL,,(z~"), m # i. Sincefor eachof the
N rows, only oneof the M left factorsL;(z~!) canhave thehighestdegree we conclude
therecanbe at mostoneleft factorwith the requiredproperty(C.15)for eachparticular
row r. Therefore,when(c) is fulfilled we canfind at most N suchdivisors,andwhen
M > N therewill beno setof M left divisorsasrequiredby (d). Consequently(C.6)
will alwayshave a solutionandwe canalwaysfind a polynomialmatrix R(z ') of the
form (C.2)whichis aright divisorto H(z7').

Property 2

We immediatelyseethat R(z~!) in (C.2)is aright divisor of z—¢~1,, since

Z_E_IIM_l —’I'(Z_l) IM_1 ’l"(Z_l) _ _g_lI
0 1 0 )T E M

Property 3

To prove that R(z~1) is not a right divisor of 2=I,;, we will try to find a polynomial
matrix B(z~') suchthat

21y =B HR(z ). (C.16)

We now partition B(z~") into four blocks:

B = () )

whereBy;(z 1) isM—1|M—1, Byy(z 1) isM -1

is ascalampolynomial.
Equation(C.16)cannow beexpresse@s

(2=l B () e

To fulfill (C.17),thefollowing relationsmusthold:

1, Bgl(zil) IS 1|M—1 andBQQ(Zil)

2z Iy = Bu(z ) (C.18a)
0=By(z Hr(z ) +2 1By (C.18b)
0=Bu(s") (C.18c)

2t =By (z Vr(z )+ 2 “1By(z ), (C.18d)
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or equvalently

However, B(z~') is requiredto be a polynomialmatrix in z—!, which is obviously vio-
latedby (C.19d).Thereforewe concludethat R(2~1) cannotbearight divisor of 2“1 ,,.
Sinceall threeclaimedpropertiesof R(z~!) have beenestablishedthe zero-forcing

equation(3.4) cannothave a solutionif M > N.
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Appendix D

Proof of Theorem 2

We shallheredervethedegreeconditiong3.15) (3.16)and(3.17) If theseconditionsare
fulfilled aswell as(3.10),amultiple-input-multiple-outputeo-forcing decisionfeedbak
equalizeMIMO ZF DFE) will exist.

We startby verifying the condition(3.17).Equation(3.4) canberewritten as

S HWH(z™Y) =2 Iy +27'Q(z™Y)) . (D.1)

The polynomialmatrix Q(z~1) mustbe chosensothatthe degreeof theright handside
equalghedegreeof theleft handside. The degreeof theright handsideequals

deg 2z *(Ins + 27'Q(27")) = degz“ +deg(Iys + 27'Q(z7Y) =L +ng + 1.
whereador theleft handside
deg S(z WH(2 ') <degS(z ') +degH(z ') =n,+ L.
For agivenfeedforvardfilter S(z~') of degreen,, athefeedbacKilter degree
ng>L+n,—£0—1 (D.2)

is thensufficientto cancelall postcursotaps.Theinequality(D.2) coincideswith (3.17).

To prove the degreeconditions(3.15) and (3.16), we first needto remove the influ-
enceof commonfactorswithin eachcolumnof H(z!). For this purposewe insertthe
factorization(3.11)into (D.1):

S(YH(TG()D(T) =2 (Iu +27'Q(z7)) .

For this equationto have a solution, we mustchooseQ(z ') so that the right divisor
G(z 1) D(z!) of theleft handsideis alsoa right divisor of theright handside,i.e. we
musthave

Iy +27'Q (™)) = X ()G () D(2) (D.3)

for somematrix polynomial X (2'). Werealizethat D(z~") cannotbearight divisor of
I + 2 'Q(z 1), sincethe coeficientshaving the lowestdegreediffer whenthe propa-
gationdelayd, is non-zerofor somecolumn;. However, theleft handsideof (D.3) can
berewrittenas

Iy +27Q(T) = (I + 271 Q7)) Iy
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whichhasD(z~') asaright divisor, sinced; < ¢ for all j by (3.13a).Thereforewe can
write

I +27'Q(zY) = (I +27'Q(2 1))z Iy

= Y(z‘l)D(z‘l)D(z‘l) (D-4)
for somematrix polynomialY (z ') andwith
D(z7") = diag (74 ... z7Hd)
We now chooseY (2 1) sothatit hasG(z ') asaright divisor, or equivalently
Iy +27'Q(x ™) =Y (2 NGz )D(z ) D(27). (D.5)

Thematrix coeficientwith thelowestdegreeontheleft handof (D.5) sidemustbeequal
to the matrix coeficient with the lowestdegreeon theright handside. SinceG(z ") is
monic,this canonly be satisfiedf Y (') is alsomonic,i.e. if

Yie)=Iu+2z"'Q(z")
for somepolynomialmatrix @(z~1). If weinsertY (') into (D.5), we obtain
I +2'Q( )= In+2'Q(x 1)) Gz )D(z H)D( ).
SinceG(z~!) and D(z~!) arediagonal they commute Hence
I +2'Q(x ) = In+2'Q(x 1)) D(z HG(z HD(2 ). (D.6)

From (D.6) we seethat z~*(I; + 27!Q(z7!)) hasG(z~!)D(z!) asaright factoras
required. This factorcanthusberemovedin our original equation(D.1). We mustnow
solve

SEYHYH(z) =0y +27'Q(z1))D(z). (D.7)

with respecto S(z~!) andQ(z~!). The polynomialmatrix Q(z~!) which solvesthe
original Diophantineequation(D.1) canthenbe obtainedrom the solutionof (D.6).

Let usnow investigatethe equalizedchannelfrom sourcesl to M to the estimateof
sourcey, i.e.letusconsidemrow j in (D.7):

> Hpn(z7)Sik(z7") = 27T Q27 m#£ (D.8a)
k=1
S Hy(z DSz ) =2 (1 +21Qy( ). (D.8b)
k=1

Sincewe know thereexist both ZF MIMO DFE:sand ZF MISO DFE:swhen (3.10)
holds,equationgD.8a)and(D.8b) canbe solvedif therearemoreunknavnsthanthere
areequations.in generalthey cannot be solvedif the numberof equationsexceedshe
numberof unknowns.
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The MIMO DFE

In the MIMO DFE, we mustusethe feedforwardfilter to cancelthe precursotaps,and
alsoto make the referencetap equalto the identity matrix. In the A — 1 equations
in (D.8a),thereare

> (+1-dy) (D.9)

m#j

precursortapswhich mustbe canceled. In (D.8b), the ¢ — d; precursortapsmustbe
canceledandthereferencdap shouldbe setto unity, giving

C+1—d; (D.10)
additionallinearequationsAdding (D.9) and(D.10) givesthetotal numberof conditions

to fulfill:

M

M
> (U+1—dy)=ME+1) - de (D.11)
m=1

=1
To satisfytheseequationsve mustuseonly the feedforvardfilter. Thefeedforwardfilter
for userj hasn, + 1 vectortaps,giving atotal of
N(ns+1) (D.12)

unknowns. If we compargD.11)with (D.12), we seethatif

(0 b Dy
° N

all precursotapscanbe canceledSince(D.13)is independentf j, a feedforwardfilter
degreesatisfying(D.13)is genericallynecessaryo fulfill thezero-forcingcondition(3.3)
for all M users.Togetherwith (D.2), the condition(D.13)is sufiicient for the existence
of azero-forcingMIMO DFE.

—1 (D.13)

The MISO DFE

FortheMISO DFE, we canonly usethefeedbacHilter to cancekhepostcursotapsof the
userwe aredetecting.The postcursotapsfrom theinterferingusershave to be canceled
by the feedforvardfilter. Usingonly the feedforwardfilter, we mustthussatisfy

Zﬁkm(z_l)sjk(z_l) =0 m#j (D.14a)
k=1
Zﬁkj(zfl)sjk(zfl) =2z M1+ 271Q,(z ). (D.14b)
k=1

The M — 1 equationsn (D.14a)now contrituteoneequatiorfor eachtapin theequalized
channepiving

> (s + L + 1) (D.15)

mtj
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linearequationsywhereaghe numberof equationsn (D.14b)is still equalto
(+1—d;. (D.16)
This meanghatfor user;j we now have to satisfy
M
Y e+ L+ 1) +L+1—dj=M=1)(ng+ 1)+ Y (Lm) —Lj +£+1—d;
m#j m=1
(D.17)

linear equationswhereashe numberof unknowvnsis still givenby (D.12). Thus,we
require

IV _
s Domet (L) +0+1-Lj—d;
P N-M+1

1 (D.18)

for eachuser A feedforvardfilter degree

Z =1 ( ) J J
> m= L”L ¢ 1 L d
Ms J N-M +1

1 (D.19)

is thengenericallynecessaryo fulfill the zero-forcingcondition(3.3) for all M users.
The conditions(D.2) and(D.19) aretogethersufficientto ensurehe existenceof a zero-
forcingMISO DFE.
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