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Abstract— We presentand discussthe structure and design of opti-
mum multivariable decisionfeedbackequalizers(DFEs). The equalizers
are derived under the constraint of realizability, that is, causaland stable
filters and finite decisiondelay The designis basedon a known disper-
sive discrete-time multi variable channelmodel, with infinite impulse re-
sponse.The additive noiseis describedby a multivariate ARMA model.
Equations for obtaining minimum meansquare error (MMSE) and zero-
forcing DFEs are derived, under the assumptionof correct pastdecisions.
Designof a realizable MMSE DFE requiresthe solution of a linear sys-
tem of equationsin the model parameters. No spectral factorization is
required.

We derive novel necessaryand sufficient conditionsfor the existenceof
zero-forcing DFEs, and point out the significanceof theseconditions for
the designof multiuser detectors.

An optimal MMSE DFE will contain IR filters in general. Simulations
indicate that the performanceimprovementobtained with an IR DFE is
reducedmore than for a (suboptimal) FIR DFE when error propagation
is takeninto account,sincethe useof IIR feedbackfilters tendsto worsen
the error propagation.

|. INTRODUCTION

URING the lastthreedecadesdecisionfeedbak equal-

izers (DFEs) have beenusedin digital communications
to suppressntersymbolinterference(ISI). The DFE provides
a good compromisebetweernperformanceand complexity: It
givesmuchbetterperformancehana linear equalizey andit
hasa muchlower compleity thanthe optimumdetectoy the
maximumlikelihoodsequencestimato(MLSE).

A (scalar)DFE is a symbol-by-symbotietectomwhich con-
sistsof two linear filters and a decisionsnon-linearity The
ISI-corruptedmeasuremeniareprocessethy thefeedforwad
filter. Already detectedsymbolsarefed backvia a feedbak
filter andsubtractedrom the feedforwardfilter outputto pro-
vide a soft symbolestimate.A harddecisionis thenmadeto
decidewhatsymbolwastransmitted This decisionis fed into
the feedbackfilter to remove its effect on future symbol es-
timates. Thefilter coeficientsare mostly adjustedaccording
to eitherthe zero-forcing(ZF) or the minimum meansquare
error (MMSE) criterion. With a zero-forcingequalizerall in-
tersymbolinterferences to be removed, whereasan MMSE
equalizerminimizesthe meansquaredifferencebetweenthe
transmittedsymbolsandtheir soft estimates.

In the literature[1], two typesof MMSE DFEshave been
proposed:

1. Optimal model based design, which results in a
continuous-timenon-causalfeedforward filter.  This
structureis optimizedbasecdon a known noisespectrum
andtransferfunction of the communicatiorchannel.

2. Fixedstructuredesignwherethe DFE oftenhasFIR fil-
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ters of predeterminediegreesin both the feedforward
andfeedbackpaths. The coeficientsof thesefilters are
determinedy solvingthe WienerHopf equations.

The performanceof the non-causaDFE is always better
thanthat of a realizable(causaland stable)DFE, with finite
decisiondelay The fixed structureDFE on the other hand
may have a suboptimastructureor incorrectfilter degreesre-
sultingin asub-optimunperformance.

The structuralproblemwasresohedin [2], wherean opti-
mumrealizableDFE was derived basedon discretetime 1IR
modelsof the channelandthe noise. The resultingDFE had
optimal structurewith optimalfilter degreesanddesignequa-
tionson closedform werealsopresented.

During the last few years, channelswith several inputs
and/oroutputshave gainedincreasednterest. Suchchannels
occurin mary areasfor examplein cellular communication
systemswhere antennaarraysare usedto improve the de-
tection. Oversampledreceved signalscan also be regarded
asgeneratedy time-invariantchannelswith several outputs.
With a detectorbasedon a modelwith multiple inputsand/or
outputsit is possibleo suppressotonly intersymbointerfer
ence,but also co-channeinterferencethe interferencefrom
othersources.

A multiple input-multiple output (MIMO) DFE is a DFE
whereboththe feedfornardandthe feedbacKilter have mul-
tiple inputs and multiple outputs. The DFE is an attractve
compromisebetweencompleity andperformancealsoin the
MIMO case. As in the scalarcase,studiesof MIMO DFEs
have beenbasedon one of two principles: Either a model-
basedlesignof a DFE with anon-causaleedforwardfilter [3]
or amodel-or data-base@dptimizationof DFEswhosestruc-
tureis fixedprior to thedesign[4], [5], [6].

In this paper we provide tools for model-basedFE de-
signsandfor understandingf their structuralproperties.In
SectionlV, we presenia generalizedFE with severalinputs
andoutputs which minimizesthemeansquareerrorunderthe
constraintof realizability The designis basedon a multi-
variable discrete-timellR channelmodel and a multivariate
ARMA noisedescription.An MMSE optimal DFE basedon
theseassumptionsvill in generahave multivariablelIR filters
in boththefeedforwardandfeedbackpaths.Thesefilters will
have optimal degreeswith parameter®btainedfrom closed-
form designequations. In the limit, when the decisionde-
lay tendsto infinity, we alsoobtainthe non-realizableMMSE
DFE. We derive novel necessanandsufficient conditionsfor
the existenceof zero-forcingDFEs,and point out the signifi-
canceof theseconditionsfor the designof multiuserdetectors.
For example,they indicatewell-behavednessandnearfar re-
sistanceof MMSE equalizersdesignedfor low noiselevels.



Moreover, the conditionsfor the existenceof ZF solutionsare
muchmilder for DFEsthanfor linearequalizers.

An MMSE optimal GDFE will containlIR filters in gen-
eral. Simulationsin SectionV indicatethat the performance
obtainedwith anlIR DFE is reducednorethanfor a (subop-
timal) FIR DFE whenerror propagatioris takeninto account,
sincethe useof IIR feedbacKilters tendsto worsenthe error
propagation.

A. Notations

Throughoutthe paper channelsandfilters are assumedo
belinearandtime-invariant.A scalardiscrete-timechannebr
filter will berepresentetly arationalfunction (¢~!) in the

unit delayoperatorg—!, or asaratio of polynomialsin ¢~ !:

~1
s() = Hla (k) = G ul)

Whenappropriatethe complec variablez will be substituted
for the forward shift operatorg. For convenience polynomi-

al agumentswill often be omitted when thereis no risk of

misunderstanding.

Multivariable channels,or MIMO channels,will be de-
scribedby rational matrices thatis, matriceswhoseelements
arerational functions. We canexpandary stableand causal
rationalmatrix 7 (¢—1) in the series

T =) Tug™" (1a)
n=0

whereT,, aretheMarkov parametersf 7 (¢~ ). Forany such
rationalmatrix, we define

o0

T.@= Y THg

n=0

(1b)

where(-)¥ denotesomplex conjugatdransposeWe will also
considerrationalmatricesvhicharenon-causalSuchamatrix
canbeexpandedn theseries

T@qg )= ) Tag".

(2a)
In this case the definition (1b) (;nbegeneralizedo
T H2 Y Ty (2b)
Thedegreeof a polynomialmatrix P(g~1)
P(¢ 2Py +Pig ' +---+Pspg 7 (3a)

equalghehighestdegreeof ary of its elementsandis denoted
0P. For ary polynomialmatrix (3a), we alsodefine

A
P.(q)=P{ +PHg+---+Pig"
= _ VAN
P =q¢°"P.(q)
=PL +Ph_jg' + -+ PiqF.

(3b)
(3¢)

A square rational matrix P~'(g~') is called stable if
det P(z7') hasall its zerosinside|z| = 1.

Il. MULTIVARIABLE CHANNEL MODELS

We shall considercommunicationsystemswith recever
front-endsasdepictedin Figurel. Thein-phaseandquadra-
ture componentsof the receved passbandsignal r(t) are
down-cornvertedto the baseband. The basebandsignal is
passedhrougha fixed anti-aliasingfilter and sampled. De-
pendingonthe application the samplingrateeitherequalsor
is a multiple of, the symbolrate. Whendesigningthe detec-
tors,thetransmittefilter, themultipathchannehlndtherecei/-
er filter are lumpedtogether and the resulting discrete-time
channefrom thetransmittedsymbolsto therecevedsampled
signalis usedasa basisfor detectordesign.

—sinw,t

Fig. 1. Thefront-endof arecever in the considereccommunicatiorsystem.

All signalsarerepresentethy their complex ervelopesand
the coeficientsin the discrete-timechannelmodelswill in
generabe complex-valued.

Remark 1. Asis apparenfrom Figurel, therecever front-
end incorporateso filter matchedto the receved signal, as
is commonin optimal, model-basedietectordesign[7]. This
meanghatthereis noguarante¢hatthesampledsignalconsti-
tutesasufficientstatisticof theoriginal continuous-timesignal
r(t). Also, the noisesuppressiorf the anti-aliasindfilter is
worsethanthat of anideal matchedfilter. Still, we will not
usea matchedfilter asana priori componenin our detector
design.Thereasorfor thisis threefold:

1. As explainedin SectionlV.C, matchediltering maynot

be optimalfor adetectomwith finite smoothingag.

2. For channelshaving infinite impulse responseglIR
channels)the matchedilter would not berealizable.

3. Inapracticalcommunicatiorsystemafixedanalodfilter
mustbeused.
[

With thereceier front-enddepictedin Figurel, theresult-
ing channelis scalar basebandand discrete-time. We now
collectthe outputsfrom n,, suchchannelsn avector

y(k) 2 (y(k)  ya(k) Yn, (F)) (4)

Assumethatthechannebutputis affectedby n4 inputsignals.
Thesen, signalsarestacledin avector

(k)2 (dy(k) da(k) N05) N )

wherethe signald; (k) is transmittedfrom userj. We now
assumehat a multiple input-multiple output (MIMO) model
of thechannein theform

y(k) = H(q ")d(k) +w(k)

T

(6)



has beenmadeavailable. Here, the n, x ng channelma-
trix 2 (¢—1) maybearational(lIR) transferfunction matrix,
whichis assumedo becausabndstable.lt is alsoassumedo
betime-invariantover the time interval of interest. The noise
vector

T

w(k) = (wi(k) w2 (k) wn, (k)) ()

representshermalnoiseandalsothe effecton y (k) of all co-
channelinterfererswhich are not modeledexplicitly via the
input-outputmodel H.(¢~1)d(k). It is assumedo be station-
ary andzeromean.

v(k)
b

M
W

Fig. 2. Themultivariablesystemmodel.Both thellR channelandthe ARMA
noisemodelareparametrizedsleft matrix fractiondescription{MFDs).

dk)~ A™'B

We now assumehe channematrix # (¢—!), andthevector
ARMA modelrepresentinghe noisew(k) to be describedby
left matrix fractiondescriptiongMFDs) [8]:

y(k)

A7 (g Y)B(g (k) + N_l(ql)M(ql)v(k)(g-

Thepolynomialmatrix B(¢~') hasn, rowsandng columns,
whereasA (¢~ 1), M(q~!) and N (¢ ') aresquarepolynomi-

al matricesof dimensiomn,,. Thesethreematricesareassumed
to bestablyinvertible therootsof

det A(z7') =0, det M(27") =0, det N(z7') =0 (9)

areall locatedinside|z| = 1. For FIR channelsA(¢!) =1,
while N (¢g~!) = I for moving averagenoisemodels.For au-
toregressve noisemodels,M (g ') is aconstanmatrix M.

In general,we assumethe leadingmatrix coeficient M
of M(q~!) to be non-singular The denominatormatrices
A(q~!) and N(¢~') areassumedo be monic (the leading
matrix coeficientis equalto the identity matrix). To simplify
thepresentationA(g ') and N (¢ 1) arealsoassumedo be
diagonal® Thepolynomialelementsn thematricesmayhave
comple coeficients,andareassumedo beknown a priori or
correctlyestimated.

Eachelementf thevectord(k) is takenfrom afinite setof
valuesthesymbolalphabet,

For instance whenbinary phaseshift keying (BPSK) is em-
ployed, 4; = {+1,—1}. We assumesachd;(k) to be a sto-
chasticvariablewith zero mean,which is uncorrelatedwith

IThis will resultin lesscomplex designequationsbut might leadto un-

necessarilyhigh polynomial degreesin the matrix elements,since, neither
A~!B nor N~ M constituterreducibleMFDs.

the disturbancevectorv (k). Finally, d;(k) is assumedvhite?
with covariancematrix
Ed(k)d® (k) = M\l (10)

Thenoisevectorv(k) is awhite stochastiprocessvith zero
meanandcovariancematrix

E[w(k)vH (k)] = A\ I. (11)
For futurereferencewe alsodefine
A Ay
=2 12
= (12)

Modelsof thetype (6) appeawhenusing,for example,

1. Diversity receives or antennaarraysin digital mobile
radio systemssee,for example,[9], [10], [11] and[12],
wherethe signal at recever i is denotedy; (k) andthe
channef(¢~!) is acolumnmatrix of FIR channelsde-
scribingthe multipathpropagatiorfrom oneuserto each
recever. Theaimis hereto detectthe messagdrom the
userandto rejectthe interference. A MIMO channel
model(6), with ng > 1, canfurthermorebe usedfor de-
signingmultiuserdetectorsyhich simultaneouslyletect
several symbolstreams.This approachwasfirst studied
by Wintersin [13] andmorerecentlyfor TDMA/FDMA
systemsby Tidesta et al. in [6]. Sucha MIMO mod-
el may alsobe usedto describea situation,whereone
userterminalis equippedwith severaltransmitteranten-
nas.Overeachantennaadifferentsymbolstreancanbe
transmitted.Thiswill increasehe peakrateof thatuser

2. Multiuser detectionin DS-CDMAsystems Here mary
users,distinguishedby a userspecific spreadingcode,
sharethe samechannel. At the recever, signalsfrom
the differentusersare separated;despread” by means
of cross-correlatiowith theappropriatespreadingode.
Dueto multipathpropagatiorandasynchronismthe de-
spreadsequencesvill be mutually correlated,so they
haveto befurtherprocessedAssumethat(4) represents
thesymbol-sampledutputfrom n, correlatorsandthat
shortspreadingcodesareused. We thenobtaina time-
invariant symbol-samplednput-outputmodel (6) for a
systemwith ng = n, simultaneousisers[14], [5]. The
channelH will constitutea matrix of polynomials(FIR
filters). This modelcanbe usedfor designingdecorre-
lating (zero-forcing)or MMSE-optimalmultiuserdetec-
tors.

3. Fractionally spacedsampling canbe usedto reducethe
sensitvity of the recever to synchronizatiorerrors, or
simply to improve detectoperformance Whena scalar
receved basebanaignalis sampledn, timespersym-
bol period, it will have cyclo-stationarystatistics. We
may stackn, recevedsamplesat atime into a symbol-
sampledvector y(k), which will then have stationary

2In acommunicatiorsystememplging interlearing, this assumptioris in
generabalid.



statistics. A time-invariantchannelmodel (6) canthen
be obtained where is a columnvectorof FIR filters
(for wirelesschannels)r IIR filters (for wireline chan-
nels). Whenseveral signalsaretransmittedover a com-
monchannelanoversampledersionof therecevvedsig-
nal canbe usedto detectall of them. This canbeimple-
mentedin CDMA systems,as describedin [15], [16],
andin xDSL systemsasdescribedn [17]. Theresult-
ing modelwill have multiple inputs,aswell asmultiple
outputs.

Our goalis to reconstructhe sequencef symbolvectors
d(k) from themeasurementg(k). For this purposewe intro-
ducethegenerallR decisionfeedbackequalize{GDFE)

PROBLEM STATEMENT

d(k — t)k) = R(g " )y(k) — F(g~ )d(k — £ —1)

. R (13)

d(k —0) =£f(d(k — £|k)) .
In orderto avoid introducingstructuralconstraintsthe feed-
forwardfilter R(g~!) andthe feedbackKilter F(¢~!) areas-
sumedto be rationalmatrices. They are however requiredto
be stableand causal. The designvariable/ is known asthe
decisiondelayor thesmoothindag andrepresentthenumber
of future measurementssedto estimatethe currentsymbol.
The function f(-) constitutesthe decisionnon-linearity: For
eachelementd; (k — £|k) of thevectord(k — £|k), thedecision
device selects

A e s
di(k —£) = arg min |d;(k — (|k) — di]
Thevectord(k — £) thusconstituteghe decisionmadeon the

estimated(k — £|k). The GDFEis depictedn Fig. 3.

d(k—£|k)

Rig ) -+ -

y(k) — d(k — ¢)

Feedforward

Feedback

Fig. 3. ThegenerallR decisionfeedbackequalize{ GDFE).

The GDFE(13)is assumedo berealizable This constraint
impliesthat
« thesmoothinglag £ mustbefinite, and

« thefilters mustbe causalandstable.

In SectionlV.C, we relaxthe constrainiof causality

Given the receved sequence (k) and the model (8), we
seekthestableandcausalineartime-invariantrationalMIMO
filters {R(¢~'), F(¢~')} which minimize the estimationer-
ror covariancematrix®

P2 Ee(k - 0)e" (k- 0) (14)

3The covariancematrix is minimizedin the sensehatary otheradmissible
choiceof {R (g~ 1), F(g~1)} will resultin anestimationerror covariance

matrix P suchthatP — P is positve definite.

wheretheestimatiorerrore(k — £) is definedas

e(bk—0)2d(k — ) — d(k — (]k) . (15)
The GDFE which minimizes (14) will be calledthe MMSE
GDFE.

We arealsointerestedn finding the conditionsunderwhich
a zeo-forcing solutionto the equalizationproblemexists. A
scalarzero-forcingequalizeremovesall intersymbolinterfer
encefrom the symbol estimate. A natural extensionto the
multivariable case[11] is to requirethat both the intersym-
bolinterferenceandall co-channeinterferencdrom usersex-
plicitly includedin the channelmodelshouldberemoved. A
multivariablezeroforcing (ZF) equalizercanthenbe defined
accordingly:

Definition1: Considerthe channelmodel(8) anda multi-
variableequalizerwhich forms the estimated(k — £|k) of a
transmittecsymbolvectord(k — ¢). If

dk — k) =d(k — ) — e(k — 0) (16)
wheree(k — £) is uncorrelatedwith all transmittedsymbol
vectorsd(m) ¥ m, thentheequalizetis saidto bezeo-forcing.

Becauseof the presenceof the non-lineardecisiondevice
in (13), closedform expressiongor the parametersf themin-
imum meansquareerror or the zero-forcingGDFE cannotbe
found. To enablea usefultuning of the GDFE coeficients,
we shalladoptthe commonassumptiorthatall pastdecisions
affectingthe currentestimatearecorrect,or equivalently

dk—-n)=dk-n) n=0+1,0+2,....
This assumptiorimplies that we do not usethe actualdeci-
sionsin our design,but only in the implementation. When
this assumptionis violated,the estimateshataredeliveredby
the equalizerwill degrade,possibly causingadditionaldeci-
sionerrors. This phenomenotis known aserror propagation
Considerablesffort hasbeenspenton deriving performance
boundsfor DFEs when error propagationare taken into ac-
count[18], [19], [20]. However, decisionfeedbackequalizers
designedasecdn correctpastdecisiongyenerallywork well,
andmoreelaborateschemesghat, for example,modelthe ef-
fect of decisionerrorsasan extra additive noiseterm, mostly
give only smallimprovementq21].

When all past decisionsare assumedcorrect, minimiz-
ing (14) becomes linearfiltering problemandthe DFE can
befoundby solvinga systemof linearequations.

IV. OPTIMUM GENERAL DECISION FEEDBACK
EQUALIZERS

Basedon the known multivariablechannel8) we will now
describehow to adjustthe coeficients of the multivariable
GDFE(13), sothattheestimationerrorcovariancematrix (14)
is minimized. We alsoderive the conditionsunderwhich the
GDFE canbetunedsothatthe zero-forcingcondition (16) is
satisfied.



A. TheoptimumMMSEGDFE
Introducethe following polynomialmatrices:

T(g™")
(¢ ")

Also, definethe polynomialmatricesI’(¢~*) and#(g~!) by
the matrixidentity

2A(@HM(gY)

SN )B(¢ ).

(17a)
(17b)

) (18)

Withoutrestriction,we assumei-(q—l)f‘_l(q—l) to constitute
anirreducibleright MFD.*

We arenow readyto formulateour mainresult.

Theoem1l: Considera multivariable channel described
by (8) andassumehatthe transmitteddataare characterized
by (10). Furthermore let the secondorder momentsof the
noisebedescribedy (11), (12) with aknown p > 0. Assum-
ing correctpastdecisionsthe generalmultivariableDFE (13)
minimizesthe estimationerror covariancematrix (14) if and
only if

R(g ") =S¢ HYM (¢ )N(¢)
Fl@H)=Q@ "I (¢7).

Above, S and Q, togetherwith the polynomial matricesL,
and L, canbe calculatedas the unique solution to the two
coupledpolynomialmatrix equations

(19a)
(19b)

T -¢'S7¥+¢'Q =L,,T
qilLl*T* - pST* = qL2*

(20a)
(20b)

wherethedegreesof theunknawn polynomialmatricessatisfy

S =1 (21a)
8Q = max (T, 67) — 1 (21b)
6Ly =1 (21c)
0Ly = max(d7,6T) — 1. (21d)

Theminimum covariancematrix of the estimatiorerror of the
generalmultivariableDFE is givenby

4 4
P=X ) LiLi,+X ) 8,87,

n=0

(22)
n

Remark 1. Thedegreedistedin (21a)-(21d)aresuficiently
high. Whent, (andhencet,) hasfull rank,thesedegreecon-
ditionsarealsonecessaryThesolution(19a) (19b)is unique,
apartfrom stablecommonfactorsin thefilter elementswhich
affect theinitial transientout do not affectthe steady-stater-
ror covariance.

Remark 2. The two coupled Diophantine equations(20a)
and (20b) are unilateral, sinceall the unknovn polynomial

n=0
Proof: SeeAppendixA.

4Sincepolynomial and rational matricesin generaldo not commute this
factorizationis requiredto obtaina minimal right MFD from aleft MFD. See,
for example,[8].

matricesappearon the same(in this caseleft) side of their
respectie coeficient polynomialmatrices.Solving theseuni-
lateralDiophantineequationsorrespondso solvinga block-
Toeplitz systemof linear equations,as demonstratedn Ap-
pendixA, equationg50)-(53).

Remark 3. The first termin (22) is causedby residualin-
tersymbolandco-channelnterferencerom the first £ tapsin
theequalizecchannel.Thedeviation of thereferencaapfrom
the identity matrix alsocontributesto theterm. The lastterm
in (22) is causeddy thenoise.

Remark 4. The smoothinglag ¢ is a designvariable and
shouldbe chosenasa trade-of betweencompleity andper
formance.In general the smoothinglag shouldbe chosenso
that “enough” signal power can be collectedby the feedfor
wardfilter beforea decisionis made. [

The presentedVIMSE solution provides an optimal DFE
structuee. It is evidentthatunderthe conditionsin Theoremt,
the corventional DFE structure,whereboth the feedforward
andthefeedbacHilters have finite impulseresponsesds opti-
malonlywhenA(q~!) = M(¢!) = L. In otherwords,the
channelmustbe describedy a finite impulseresponsenod-
el, whereagshe additive noise must be an autorgyressve (or
white) process.

In additionto providing an optimal DFE structureand op-
timal filter degrees, Theorem1 gives guidelineson how to
choosethefilter degreesin a corventionalstructurewhenthe
useof the optimal structureis deemednappropriate.For in-
stancewhenthenoiseis describedy a moving averagemod-
el, Theoreml statesthat both the feedforward and feedback
filters shouldhave infinite impulseresponsedn thatcasethe
trans\ersalfeedforward filter in the corventional DFE struc-
ture shouldhave along impulseresponseof length> ¢, par
ticularly if the zerosof M (2~!) arelocatedcloseto the unit
circle. If, onthe otherhand,the noiseis describedy an au-
toregressve processboth the feedforward and the feedback
filter of anoptimumDFE will beFIR filters.

B. TheZF GDFE

The primary focusin the literatureregardingequalizerde-
sign hasbeenon MMSE equalizers.Whennoiseis present,
an MMSE equalizerwill in generalprovide superiorperfor
mance,ascomparedo a correspondingF equalizer There-
fore, in an actualimplementationan MMSE equalizeris in
generalpreferable However, zero-forcingequalizersanpro-
vide informationaboutthe performancef their MMSE coun-
terparts.If a ZF solutionexists,thenthe MMSE solutionwill
approximatea ZF solutionfor small noiselevels. If, on the
otherhand,a ZF solutiondoesnot exist, thenthe MSE of a
MMSE designwill not vanish,andthe MMSE DFE may in
factprovide aninadequatgerformance Thesepropertiesare
indicative of thenearfar resistancg22] of a MMSE multius-
erdetectol[6]. We will thereforenow studythe conditionsfor
existenceof realizableZF solutions.

5Whenp = 0, the MMSE GDFE may reduceto the ZF DFE discussedn
SubsectionV.B. In this casetheconsentionalDFE structureis optimumalso
for IR channels.



Theoem?2: Considerthe multivariablechannelmodel (8)
with known MFDs andthe generalDFE (13). Thereexistsa
zero-forcingmultivariableDFE, in the senseof Definition 1,
if andonly if thereexist stableand causalrational matrices
R(q ') andF (¢ !) suchthat

¢ I=RA'B-—q “'F. (23)

Proof: SeeAppendixB. |

Equation(23) may have several solutions.Hence for a given

channel theremay be mary multivariablezero-forcingdeci-

sionfeedbackequalizersHowever, in somecaseqo solution

to (23) will exist. The preciseconditionfor this is statedin
Lemmal.

Lemmal: Thereexistsa solutionto (23) if andonly if the
following two conditionsarefulfilled:

o B(z~') hasnormalrankn.

« Theorderof everyzeroof B(z~!) atz = oo is lessthan
or equalto £.

Proof: SeeAppendixC. |
Two importantsituationswhenthe conditionsin Lemmal
arenotfulfilled arethefollowing:

1. The numberof channeloutputsn, is smallerthanthe
numberof channelinputsny. In this case,the normal
rankof B(z~1) will belessthann,.

2. Theminimal delayin ary channelof at leastoneof the
userss largerthan/. Thiswouldimply that B(z~!) has
atleastonezeroat z = oo of orderatleast? + 1.

Remark 5. Additional insightsinto the problem of finding
zero-forcingDFEscanbe obtainedby rewriting (23) as

T I=1+¢'F)'"RAT'BENH Y . (29)
with H(g™!) = A'BandH (¢"!) = T+ ¢ ' F)"'R.

Sinceboth F andR arerequiredto becausalH’ (¢~!) must
be causal. However, H*(¢~!) is not requiredto be stable:

Evenif F is stable(I + ¢~ F)~! mayverywell beunstable.

Thus, the classof admissible#”s is muchlarger for DFEs
thanfor linearequalizer§ F = 0): Unstablezerosof B can-
notbecanceledy R, sinceR is requiredto be stable.
Anotherreformulationof (23) alsoprovidessomeadditional
insight. We realizethatwe canwrite
—1
1= (R F) (_‘:_EEJ (25)

We thusseethatthereexistsa ZF GDFEwheneerit is possi-
ble to find (to within a delayof £ samplesh stableandcausal

left inverseto
A™'B
_qflfll :

Remark 6. NotethatwhenaZF GDFE exists, it canalways
berealizedwith polynomialR (¢g~!) andF(¢~1). O

C. Thestructue of decisionfeedba& equalizes with asymp-
totically large smoothindags

As mentionedin Sectionll, it is commonin theoreti-
cal investigationsto let the received signal passthrough a
(continuous-timef¥ilter matchedto the channel,andthende-
sign the DFE to operateon this signal. In otherwords, the
matchedfilter is usedas an a priori constrainton the DFE
solution. In the MIMO case,a matchedfilter would have to
beincludedfor every scalarchannel3], resultingin a bankof
ny X ng matchedilters. In this sectionwe will shav thatsuch
abankof matchedilterswill indeedbe presentn theMSE op-
timal GDFE, but only whenthe smoothinglag £ is allowedto
goto infinity.

To prove this claim, we rewrite (13) as

d(klk + 0) = ¢"R(¢")y(k) — F(q")
d(k) = £(d(k|k + 0)) .

We now let £ tend to infinity to obtain the optimum non-
realizableMIMO DFE:

d= (k) =R>(q,q ")y(k) — F>(¢ ")d(k — 1)

(k-1

R . (26)
d(k) = £(d>(k)) ,
wherewe have defined

d= (k) 2 Jim d(kk+0) (27a)

—00
R™(¢,q7") 2 Jim ¢'R(q™") (27b)

—00
F2(r )2 lim F(g ). (27¢)

£—o0

The coeficients of the non-realizableDFE can be obtained
usingthefollowing theorem:

Theoem3: Thenon-causaleedforwardfilter R*>°(q, q~1)
andthe causalffeedbacKilter F*°(g~!) of the optimumnon-
realizableMIMO MMSE GDFE (26), basedon correctpast
decisionswill begivenby

1

R>(q,q ") = ;foW*lﬁzlf*nrglM*N (28a)
= %fOW*lﬁ*—lf-*M*IN (28b)

-~
FX(g ) =qToBT ~ -T), (28¢)

wherel', is theleadingcoeficientof I andg is the stableand
monicsolutionto the matrix spectrafactorization
~ o~ 1
BWB =TT+ —7.7. (29)
p
In (29), W is a constantpositive definite matrix which has

beenintroducedto make 8 monic.
Proof: SeeAppendixD. |

Remark 7. NotethatsinceT', is non-singulayequation(29)
hasa uniquesolution. l

The filter 7,I',' M "N, which appearsas a right factor

of (28a) canbeexpresseds

B.N,AJ'M'M™'N = (B,A;'"N.M;')YM™'N |
(30)



sinceA and N areassumedliagonalandthuscommute.This
filter constitutes bankof whiteningmatdedfilters, wherethe
factor M ' N performsnoisewhiteningandthe matchingis
performedwith respecto this noisewhiteningfilter in cascade
with the channel.Hence whenthe smoothinglag tendsto in-
finity, thereis no performanceenaltyassociatedvith thein-
troductionof suchafilter prior to theoptimizationof the DFE.
However, this is not true for therealizableDFE; no whitened
matchedilter is presenin (19a)

D. Acomparisorbetweerthe DFE andMLSE

A maximumlikelihood sequencesstimator(MLSE) com-
putesthe transmittedsignalwhich maximizesthe conditional
probability of therecevedsignal,

{d(k)}ils = arg max p({y(k)}s: {d(k) o)

31
d(k)eA ( )

whered(k) € Aimpliesthatelement in d(k) shouldbetaken
from the alphabet4;. Whenthe channeland noisestatistics
areknown, the MLSE is the optimumsequenceletector
Whenthe channememoryis finite, theoptimizationin (31)
can be efficiently implementedusing the Viterbi algorith-
m [25]. Still, the compleity is very high. Assumingthatthe
channelengthis L andthesizeof thealphabet4; is M;, deter
minationof thesequench(k) N, in (31) usingthe Viterbi
algorithmrequireson the orderof

nd
2 L
neN [[ M
i=1

operationswhich can be an enormouslylarge number On
the otherhand,calculatingthe coeficientsof a corresponding
multivariableMMSE DFE requireson the orderof

3 3., .2 2
ny, (£ +1)° +ny(£+1)"ng

operationswhile equalizationof the N symbolsrequiresap-
proximately

N(nyng(€+ 1) + n3L)

operationsFor largeny, alphabet@andchannelengths there
is alargedifferencein complexity betweerthe MLSE andthe
DFE. Ontheotherhand,thedifferencen performanceanbe
expectedto berathersmall.®

V. A NUMERICAL EXAMPLE

To illustratethe performancebtainedby usingthe GDFE,
a Monte Carlo simulationhasbeenconducted.Considerthe
two input-two outputFIR channel(cf. (8))

0.979 + 0.204¢~1

B B 0.826 + 0.563¢ "
A=IL B= (—0.843 —0.538¢ ! )

0.403 + 0.915¢

Over this channelwe transmittwo BPSK modulatedsignals,
thatis d;(k) = {+1,—-1}, j = 1,2. At therecever, noiseis
8This is true when the SISO and MISO MLSEs and DFEs are com-

pared[26]. Although suchresultsare not available yet, we foreseethat this
will bethecasealsofor MIMO DFEs.

added.Thenoiseis Gaussiarandwill bedescribedy thefirst
ordermoving averagemodel

-0.409— 0.179;7!

_ _ -0.535+ 0.717%"
N=L M= (-o.5o7+ 0.36 )

0.761- 0.181 !

This noise model haszerosin z;5 = 0.424 £+ 0.457j
0.623e+70-823 We comparethe performanceof two DFEs
with smoothingag £ = 1:
« The MMSE GDFE, with degreesand parametergjiven
by Theoreml.

+« TheMMSE FIR DFEdescribedn [6]. ThisDFEhasFIR
filtersof degree2 and1 in thefeedfornardandfeedback
links, respectiely.’
In Fig. 4, thebit errorrate(BER) is displayedasa function of
the signal-to-noiseatio (SNR) of a singleuser The SNR of
userj is definedas

El|s; ()II?

Ef|w(k)|>

A

SNR; = (32)

where

A7 ¢ ) B;(g")d; (k)
N=Yg " YM (g ")o(k)

e >

and B;(g ') is columnj in B(g~!). We assumethat the
SNRsof thetwo usersareidentical,SNR, = SNR;. Thesim-
ulationsare performedusingboth correctdecisionsanddeci-
sionsfrom the decisiondevice.
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Fig. 4. The BER of the GDFE comparedo the BER of the conventionalDFE
(CDFE)for correctdecisiongsolid line) andrealdecisiongdashedine).

FromFig. 4, we seethatin somecasesit is advantageouso
take the noisemodelinto account.The GDFE doesthisin an
optimumway, whereaghe corventionalDFE doesnot. With
correctdecisions,the GDFE is about0.6 dB betterthanthe

"Thesedegreeshare beenchosersothatboth DFEsaredescribedisingthe
samenumberof parameters.



corventionalDFE over the rangeof investigatedSNRs. With
real decisionsthe performanceof the two DFEsis identical
for low SNRs,while it differsby 0.6 dB for high SNRs.

By usinghigherfilter degreesthe performanceof the con-
ventionalDFEwould beimproved. In thelimit, whenthefilter
lengthsgo to infinity, it attainsthe performancef the GDFE.

FromFig. 4, we alsoseethatwith realdecisionsthe perfor
manceof both DFEsworsen,andthatthe differencebetween
thetwo DFEsis smaller This indicatesthatthe DFE with op-
timal structure,andlongerimpulseresponsén the feedback
filter, is moresensitie to incorrectpastdecisions.

For the consideredFIR channel, the corventional DFE
structureis optimal when the additive noise is temporally
white. White noisecorresponds$o noisedescribedy a mov-
ing averageprocess,whosezerosare locatedin the origin.
Therefore the differencebetweenthe optimum DFE andthe
cornventionalDFE shouldbe smaller the closerto the origin
the noisezerosarelocated. Corversely whenthe noisezeros
arelocatedcloseto the unit circle, the differenceshouldbe
larger.

To investigatethis assumptionthe locationsof the zerosof
thenoisemodelarevariedaccordingto

219(r) = refi®83 1 =0.01,0.1,0.2,...,0.9
r = 0.95,0.98,0.99

while the SNR, asdefinedin (32), is kept constantat 5 dB.
Thus, the noisemodel zerosare moved alonga radius,from
the origin towardsthe unit circle. All otherconditionsfor the
simulationscenaricareasin Fig. 4. Theresultis depictedin
Fig.5.

10
107
L
o0
e}
(O]
©
=
k7
Wio™t :
—— GDFE (correct)
—— CDFE (correct)
--- GDFE (real)
-©-  CDFE (real)
1074 L L L L
0 0.2 0.4 0.6 0.8 1

Magnitude of noise zeros

Fig. 5. The BER of the GDFE ascomparedo the conventional DFE (CDFE)
asafunctionof thelocationof the zerosof the noisemodel.

The location of the noisezerosclearly affectsthe relative
performancesf thetwo algorithms.Whenthezerosareclose
to the origin, the performanceof the two DFEsareidentical,
but the furtherouttowardsthe unit circle the zerosaremoved,
the larger the differencebecomes.Oneinterestingdiscovery
is the performanceof the GDFE with realdecisionsvhenthe

noisezerosarelocatedvery closeto theunit circle: In thissce-
nario, error propagatiorcausesery bad performancdor the
GDFE. The reasonis that whenthe noisezerosare closeto
the unit circle, soarethe polesof the feedbackilter. Theim-
pulseresponsaf the feedbackilter thenbecomewery long,
leadingto longererrorbursts.

VI. CONCLUSIONS

From a practicalpoint of view, a decisionfeedbackequal-
izer mustbe realizable. Also, optimum performancecan be
achieredonly if thestructureof the DFE is appropriatdor the
consideredscenario. We have presenteda generalizedDFE
with optimal structure derived underthe constraintof realiz-
ability. ThellR filters in this DFE are obtainedfrom closed
form designequationswhich involve the channeland noise
descriptions.By allowing the smoothinglag to go to infinity,
we have alsoderivedthe optimumnon-realizabldFE.

From knowledgeof the optimum DFE structure,it is also
possibleto give guidelineson how to choosethefilter degrees
in acorventionalDFE.

The performanceof the generalDFE is demonstratedh a
numericalexample. This exampleindicatesthat for heavily
colorednoise,a GDFE with IR filters outperformsthe con-
ventionalFIR DFE. However, the conventionalDFE seemdo
be lesssensitve to the presenceof incorrectpastdecisions:
Whenincorrectdecisionsoccur, thedifferencein performance
is reduced.

Sincethe GDFEseemdo besensitveto incorrectdecisions,
robust designwhich take the signal uncertaintyinto accoun-
t would be of interest. Suchmethodsexist for scalarDFEs,
seg[21] andthey canbegeneralizedo MIMO systemg27].

The performanceof the GDFE ascomparedo the corven-
tional DFE when identified modelsare employed is a topic
for future research Particularattentionshouldbe paid to the
noisemodel: Sinceautorgressive modelsare easierto obtain
thanMA models,t couldbeof interestto approximateanMA
noiseprocesswith an AR description[28], [26]. This would
havetheadditionaladvantagehattheproblemwith errorprop-
agationwould be reducedsincethe cornventionalFIR DFE is
optimumfor this modelstructure.
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APPENDIX
A. PROOF OF THEOREM 1

Considetthechanneldescribedy (8), andthe generamul-
tivariabledecisionfeedbackequalizer(13). Insertthe expres-
sionfor thesymbolestimatei(k—£|k) into theexpressiorn(15)



for theestimationerrorandassumeorrectpastdecisions:

~

e(k — 0) = d(k — €) — d(k — £|k)

=dk—-{0) —Ry(k)+Fdk—£—-1). (33)
Inserty (k) from (8) into (33) andrearrange:

e(k—20) =d(k—0) —R(A'Bd(k) + N ' Mu(k))

+ Fdk—£-1)
= (¢ I-RA'B+ ¢ “1F)d(k)
— RN 'Mu(k) . (34)

Introducethe alternatie estimated, (k — £|k) 2 d(k — £]k) +
n(k), wherethevariationn (k) is alinearfunctionof all signals
whichtheestimatei(k — £|k) maybebasedupon.Thus,

n(k) =n1(k) + na(k)
where

ny (k) = Gry (k)
na(k) 2 God(k — £ — 1) .

(35a)
(35b)
Above, G1(¢~') andG,(¢~') arearbitrary stableandcausal
rationalmatrices.If the estimationerrorobtainedwith (13)is
orthogonato any admissiblevariation(35a) (35b), thatis,
Ee(k — O)nt (k)
Ee(k — O)nd (k)

(36a)

=0

0 (36b)
thend,(k — £|k) = d(k — k) or equivalentlyn(k) = 0
minimizestheestimatiorerrorcovariancematrix (14): Forary
estimationerror covariancematrix P obtainedwith n(k) # 0,
P — P will bepositive definite. We mustthusassurehat(36a)
and(36b)arefulfilled.

To computethe cross-correlation§36a)and (36b), we will
useParse&val’s relationfor complex signals[29] and evaluate
the expressionsn the frequeny domain. We thusinsert(34)
and(35a)into (36a)anduseParseal’s relationto obtain

Ee(k—b)nT (k) = ;_dj j{{(ﬂl CRA Btz F)x
s
B.A;' - pRN "MM.N"} Gl*d—; . @37)

For anexplanationof how Parseval’s relationis usedto obtain
this expressionsee[30]. SinceA and N areboth diagonal,
we canexpress(37) as

Ad

Ee(k—0)nH (k) = o)

f{(z—fl ~-RA'B+ 2" F)x
B.N,-pRN'MM,A,} A;lNglgl*@ . (38)
z

From(38) we seethat Es(k — £)nf! (k) = 0 if theintegrandis
analyticinsidetheintegrationpath|z| = 1. To assurghatthe
integral vanishedor any stableandcausalG, , this condition
is alsonecessaryseeLemmaA.1 in [24]. Accordingto the

assumption(9), A~ and N~! arestable. This implies that
A' and N, ! areanalyticinsidethe unit circle. The same
appliesfor G4, sinceG, is requiredto bestable.If

(z"T-RA'B+: " 'F)B.N,

—pRN 'MM.A, =2L,, (39)

for somerationalmatrix L. () with all its polesoutsidethe
unit circle, thenthe integrandwill be analyticinside the unit
circle. Proceedingn the sameway with (36b) resultsin a
secondcondition

2 TI-—RA'B+ ' F=z2"t,, (40)

for somerationalmatrix £1.(z) with all its polesoutsidethe
unit circle. However, noneof the termson the left handside
of (40) canhave polesoutsidethe unit circle. Therefore,we
concludethat £4, (z) mustbea polynomialmatrix. Thus,

2 NI-—RA''B+ 21\ F=27Ly, (41)

for somepolynomialmatrix L. (z). We cannow insert(41)
into (39) to obtain

27'L1,B.,N, —pRN MM A, = 2L,,. (42)

We realize that neither of the termson the left hand side
of (42) canhave ary polesoutsidethe unit circle. Therefore,
L..(z) cannothave ary suchpoleseither andwe conclude
that £2..(z) mustbe a polynomial,ratherthana rational, ma-
trix. Hencewe canexpressequation(42) as

2 ‘Li,B.N, —pRN 'MM,A, =zLy,. (43)

for somepolynomial matrix Lo.(z). In the integrand (43),

the poles contrituted by N~'(z~!) mustbe canceledby a
correspondindactorin R(z~!). Also, the polynomial ma-
trix M (z~!) contributespolesin the origin, which mustbe
canceledby a correspondingactorin R (z~!). We therefore
insert

R=SM 'N (44)

wheresS is anarbitrarypolynomialmatrix, into (41) and(43)
andrearrange:
I-2SM'NA'B+2'F=L.

; (45)
27 "L14B,N, — pSM,A, = zL,, .

We now usethat A~' and IV are diagonaland hencecom-
mute.We alsoinsert(17a)and(17b)into (45).
I-2'ST 7427 'F = L.

46
z*ZLl*T,,= — pST, = zLs, . (46)

Equation (46) can be further simplified by using the equa-
tion (18) andmultiplying with T'(g~!) from theright:

T-2S7+2'FI = Ll*f‘
z*ZLl,.:r,,= — pST = 2zLs, .

(47a)
(47b)



Since F is the only remainingrational matrix in (47a) its
polesmustbe canceledby a correspondingactorin T'. We
thusconcludethat

F=qQr"
where @ is an undeterminecpolynomial matrix. Note that
@ andT may have commonfactors. We cannow insertthis
expressioninto (47a)to obtain

-8+ + zle = Ll*f‘
z*ZLl,,:r,,= —pST, = zLo, .

(48a)
(48Db)

By exchangingthe unknawn z for ¢, equation(48a)coincides
with (20a) whereag48b)coincideswith (20b)

The Diophantineequationg48a)and(48b) aredoublesid-
ed thatis, they containpowersof bothz~! andz. Thus,both
the powersof z—! andz ontheleft handside mustmatchthe
correspondingpowers on the right handside. For this pur-
pose,we list the degreesin z~! and z for eachtermin (48a)
and(48by)

Equation(48a)
27t: O, 68+ 67—, 6Q +1, 6T (49a)
z: 0,4,0,0L, (49b)
Equation(48b}
271 1,88, 0 (49c)
z: 0L+ 61 —4, 0T, 6Ly + 1 (49d)

From (49b) and (49¢c) we immediatelyobtain the conditions
for thedegreesof L, and.S respectiely:

0L, =1¢; 6S=1¢.
If weinsertdS = £ into (49a) we obtain(21b). Finally, by
insertingd L; = £ into (49d), we obtain(21d).

We will now showv that equations(48a) and (48b) have a
solutionwith the degreesspecifiedby (21a}-(21d) For this
purposewe rewrite (48a)and (48b) astwo systemsof linear
equations.Two matrix polynomialsareidenticalif andonly
if all the correspondingoeficient matricesareidentical. We
mustthusadjustthe coeficientsof S, Q, L, and L, sothat
the expressiondor the matrix coeficientsfor eachpower of
z andz~! areequalon the left andright handside of (48a)
and (48b). We thus evaluatethe expressiondor the matrix
coeficients,conjugatefransposeandequatethe left andright
handsides.For (48a)we obtain

~ H

I 0 Ty 0\ (5o 0
: : : L
YA I AN Vo = I S
14 af

5 Gl 5

0 T(?IIa 0 Tsa Lio aﬂl

(50)

wherewe have defined

a(zH) =T +271Q(1). (51)

Note thatda = max(d7,6L). In (50) 1 = 0 if m > 67
andT,,, = 0if m > éT'. Proceedingn the samemanner
with (48b)resultsin

—pLs1041 0 ToLo+1 0
—[;I'o —pLs0,41 7'.0 T6Lo+1
0 —p.I‘O 0 To
st Losi,
X Ei = L3° (52)
t) \ o

whereI',,, = 0if m > 6" andr,, = 0if m > 67.

Neither(50) nor (52) canbe solveddirectly, sinceunknovn
coeficientmatricesappeaontheirright handsides.However,
we cancombinethefirst (¢ + 1)ng equationsfrom (50) with
thelast(¢ + 1)n, equationdrom (52) to obtaina systermwith
equalnumberof equationsandunknavns

FH 0o Ty 0\ /s 0
: ~: i : ~1H
71 A v ry || s T
—pI‘O —pI‘g To Ty Lu 0
0 —pIy 0 To Lio 0
(53)

where only known coeficient matricesappearon the right
handside. We will now shaw thatthis systemof linearequa-
tionshasauniquesolutionwheneer p > 0. Define

T --- Ty To Ty
T2 SO R ) 2 ;
0 To 0 To
Lo Ty To I,
G= | 6s 5
0 To 0 T,
E (So S¢ Liy L%)H
g2 (0 Ty 0 0) .
Equation(53) canthenbewritten as
T GH\,
(—pG T ) - &
-

A%

X



Thematrix V is non-singulaisince

det V = (=1)" det G det (pG + Té_H’i‘H)
= (-1)" det G¥ det (pG + T(G~'T))
= (—1)"det G det (p GG + TTH) det G™#

where(-)~H = ((-)"")¥. Above, theintegerr compensates

for the sign shifts causedby the elementaryoperationsper
formedon the determinant.In the secondequality we have
usedthat TG~! = G 'T, which is a consequencef (18).
Now, sinceboth G andG arenon-singularsoareG— and
GH . Also, GGH s positive definite. Thereforethe matrix V
is non-singulawheneverp > 0.

After having solved (53) for SE andLj,,, we use(50) to
calculatethe coeficientsof a. We thencomputethe feedback
filter @ with the aid of (51):

Q=" =z(a(z"") - T(z=7")).
Sincethe solutionto (53) is unique,anda(z~!) andQ(z~1)
aredeterminedxplicitly from (50) and(54), we concludethat
thereexistsa uniquesolutionto (48a)and(48b)

It remainsto derive the expressiorfor theresidualMSE at
the outputof the estimator Replacez—! andz with ¢~ ! and
g respectiely in (41) and(44) andusetheresultingrelationto
rewrite (33) as:

(54)

e(k —0) = ¢~ L1.(q)d(k) — S(g~")v(k) . (55)

Sinced(k — n) andv(k — m) arewhite andmutuallyuncorre-
latedfor all n andm, we easilyobtain

4 4
PEEe(k)e (k) = A Y L Lin+ Ay >SS,
n=0 n=0

which coincideswith (22).

B. PROOF OF THEOREM 2

We startwith the expression(13), and usethe assumption
on correctpastsymbols:

d(k — £|k) = R(q " )y(k) — F(g " )d(k —£-1).
We theninserty (k) from (8) andrearrange:

d(k — k) = (RAT'B — ¢~ ' F)d(k) + RN Mu(k)
=dk—0)+(RA'B—q¢ " 'F - ¢ 'Dd(k)
+RN*Mu(k) . (56)

Sinced(k) andv(m) areuncorrelatedor all k¥ andm, the
zero-forcingcondition(16) canbe satisfiedf andonly if

(RAT'B-q¢ 7 'F-¢g D=0,

which coincideswith (23).

C. PROOF OF LEMMA 1

We will begin by shaving necessityof the conditionsin
Lemmal. In (23), we substitutethe delay operatorg—! for
thecomplex variable\:

MI=RMNATTNBW) — X FO). (57)

Studyingthe zerosof B(z~1) atinfinity will thenbe equiva-
lentto studyingthe zerosof B(\) atA = 0.
Thematrix B(A\) canbewritten as

B())

(58)

UANDNV (),

whereU ()\) andV (\) areunimodularmatricesand D()\) is
the Smith form of B()\). By extractingthe zerosat A = 0,
D()\) maybedecomposeds

D()\) = D;(\)D2(X) , (59)

where

Dy()) £ diag (M1 A= At 0)
andr = rank B()). We now insert(58) and (59) into (57)

andrearrange:

RAT'UD.D, + FVINFL =V~IN | (60)

wherewe havedroppedhepolynomialargumenth to simplify
thenotation.Now, if » < ng4, then

Ay = diag (1 I
———

ndfl

is aright factorof A" 'UD D, andV ~'X{*+!. SinceA; is

not a right factorof V= ¢, equation(60) will not have ary

solution, accordingto the theory of Diophantineequations,
see[23]. Sincer < ng4, we concludethatr = ngy is a nec-
essaryconditionfor the existenceof a solutionto (23). Note
thatsince B canhave rankng4 only whenn, > ng4, therank
conditionimpliesthatn, > ng4.

Now, assumehatu,, > £+ 1 for somen. In this case,

Ay =diag(1 ... 1 X1
———

n—1 ng—mn

will bearight factorof A~'UD; D, andV '\, but not
of V!Xt Hencethe Diophantineequation(60) will lack a
solution. We canthereforeconcludethat u,, < £V n is a
necessargonditionfor theexistenceof asolutionto (60). This
completeghe proof of the necessity

We will now proove sufiiciency. Whenpu,, < £V n, the
following factorizationsarepossible:

A1 =1,D,
\NI1=1I,D,

wherel, andI, arestableandcausalationalmatrices.These
factorizationganbeinsertednto (60) to yield

RAT'UD, +FV 'L, =V7'I,. (61)



We now obsenethatA~'U D; andV ~' I, arerightcoprime,

since
A'UD,
v'r
hasfull rank ng for all A. This can be realizedby noting
that
o A7'UD; hasfull rankng for A = 0.

« VI, hasfull rankng for A # 0.

SinceA 'UD; andV ~'I, areright coprime equation(61)
will alwayshave a solution. This completeshe proof also of
thesufficiency.

D. PROOF OF THEOREM 3
Considetthe GDFE (13) with correctpastdecision:

dklk+0) =R(g Hylk+€) — FgHd(k —1). (62)

If we now let the smoothindag tendto infinity, we canequiv-
alently expressthe symbol estimateof the asymptoticGDFE
as

~

d* (k) = R (¢,97")y(k) Dd(k —1).
wherewe have definedd™ (k) andR>(g¢, ¢~ ') in (27a)and
(27b), respectiely. NotethatR*°(g,q 1) is stablebut non-
causal.

By usingthe channelmodel(8) the estimationerrorcanbe

expresse@s
e(k) = d(k) — d*° (k)
= (I-R>®(¢,¢ HA™'B + ¢ ' F=)d(k)
- R>(q,q " )N~ Mu(k)

—F* (¢ (63)

Introducethe alternateestimated>° (k)
die (k) 2 d (k) + n(k)
wherethe variationn(k) is basedon all signalsthe estimate
d*> (k) maybebasedupon:
n(k) S (k) +na(k)
with
ni(k) =65 (a, 0y (k)
A _
n2(k) = G5° (¢~ ')d(k — 1)

andwhereG$°(q,q~!) andG3°(¢~!) arearbitrarystablera-
tional matrices.In addition,G5° (¢~!) is requiredto becausal.
If the estimationerrorobtainedwith (63) is orthogonalo ary
admissiblevariation(64a) (64b), thatis if

Ee(k)nH (k) =0
Ee(k)nf (k) =0

(64a)
(64b)

(65a)
(65b)
thende (k) = d°°(k) or equialentlyn(k) = 0 minimizes

the MSE (14). We mustthusassurethat (65a)and (65b) are
fulfilled.

To derive the designequationf the MSE optimumGDFE
with asymptoticallylarge smoothingag, we useParseval’'sre-
lation to evaluatethe cross-correlatior§é5a)in the frequeny
domain.Proceedingsin AppendixA, we obtain

Ee(k)nfl (k) = 507 ?{{ —RA'B + 271 F®) x

B.N, - pR®*N'MM.A,} A:IN;IQ‘EZ— (66)

Since G377 contributespolesin the origin, this integral will
equalzeroif andonly if

I-R*A'B+2'F*°)B,N, —

pPREN 'MM,A, =0. (67)

Thisis provenformally in LemmaA.1 in [24].
Using the sameargumentas in Appendix A, the cross-
correlationin (65b)canbesimplifiedto yield

I-RTA B+ 1F* =L,. (68)

for somestableandcausakationalmatrix £1,. Inserting(68)
into (67)yields:

L£,B.N,—pR*N 'MM,A,=0.
We cannow expressthefeedforwardfilter as

R>™ = %LI*B*N*AglM,lele )

If we usethedefinitions(17a)and(17b), we obtain

R>® =

1
;Ll*‘r*l‘:lM_lN ) (69)

We now insert(69) into (68) andrearrange:
—1 oo 1 —1p—-1
I + 2z F El* (I + pT* T )

=L, ( 5 i-fl)

LT (f Feliz )fl
p

E

= £, T, B, Wpt

wherewe in the secondequality usedthe identity (18) and
in the last equality the spectralfactorization(29). We now
collect polynomialmatricesin z=! on the left handside and
polynomialmatricesin z ontheright handside:

I+ 2 LF°)PB~! = £, B,W. (70)
The left handside containsonly powersof z~1 andtheright
handside containsonly powersof z. The only way for this
equalityto hold is to requirethat both sidesequala constant
matrix. Sinced is monic,we seethatthe constantermof the



left handsideequalsl’y, theconstantermof I'. We mustthus
require

I+ 2z 'F)TB =T,
£.T.'B,W =Ty,
or, equivalently
L.
Foo

= f‘OW_lﬂ:lf‘*
= 2(TBl ' —1).

(71)
(72)

We cannow insert(71) into (69) to arrive at our final expres-
sionfor theasymptoticDFE filters:

1~ ~
R® = -TW g 'T.r.,0,'M 'N (73a)
p
1~
= ;row*ﬂ;lf-*M—lN (73b)
F* = 2([ofT —1). (73c)

If we replacez and z~! with ¢ andg™! respectiely, (73a)
coincideswith (28a) (73b)coincideswith (28b)and(73c)co-
incideswith (28c).
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