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RealizableMIMO DecisionFeedbackEqualizers:
StructureandDesign

ClaesTidestav, AndersAhlénandMikael Sternad

Abstract— We presentand discussthe structure and design of opti-
mum multi variable decisionfeedbackequalizers(DFEs). The equalizers
arederived under the constraint of realizability, that is, causaland stable
filters and finite decisiondelay. The designis basedon a known disper-
sive discrete-time multi variable channel model, with infinite impulse re-
sponse.The additive noiseis describedby a multi variate ARMA model.
Equations for obtaining minimum meansquareerror (MMSE) and zero-
forcing DFEsarederived,under the assumptionof correct pastdecisions.
Designof a realizableMMSE DFE requiresthe solution of a linear sys-
tem of equations in the model parameters. No spectral factorization is
required.

Wederivenovel necessaryand sufficient conditionsfor the existenceof
zero-forcing DFEs, and point out the significanceof theseconditions for
the designof multiuser detectors.

An optimal MMSE DFE will contain IIR filters in general.Simulations
indicate that the performanceimprovementobtainedwith an IIR DFE is
reducedmore than for a (suboptimal) FIR DFE when error propagation
is taken into account,sincethe useof IIR feedbackfilters tendsto worsen
the error propagation.

I . INTRODUCTION�
URING the last threedecades,decisionfeedback equal-
izers (DFEs)have beenusedin digital communications

to suppressintersymbolinterference(ISI). TheDFE provides
a goodcompromisebetweenperformanceandcomplexity: It
givesmuchbetterperformancethana linear equalizer, andit
hasa muchlower complexity thanthe optimumdetector, the
maximumlikelihoodsequenceestimator(MLSE).

A (scalar)DFE is a symbol-by-symboldetectorwhich con-
sistsof two linear filters and a decisionsnon-linearity. The
ISI-corruptedmeasurementsareprocessedby thefeedforward
filter. Already detectedsymbolsarefed backvia a feedback
filter andsubtractedfrom thefeedforwardfilter outputto pro-
vide a soft symbolestimate.A harddecisionis thenmadeto
decidewhatsymbolwastransmitted.This decisionis fed into
the feedbackfilter to remove its effect on future symbol es-
timates. The filter coefficientsaremostly adjustedaccording
to eitherthe zero-forcing(ZF) or the minimum meansquare
error(MMSE) criterion. With a zero-forcingequalizer, all in-
tersymbolinterferenceis to be removed, whereasan MMSE
equalizerminimizesthe meansquaredifferencebetweenthe
transmittedsymbolsandtheir soft estimates.

In the literature[1], two typesof MMSE DFEshave been
proposed:

1. Optimal model based design, which results in a
continuous-timenon-causalfeedforward filter. This
structureis optimizedbasedon a known noisespectrum
andtransferfunctionof thecommunicationchannel.

2. Fixedstructuredesign,wheretheDFE oftenhasFIR fil-
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ters of predetermineddegreesin both the feedforward
andfeedbackpaths.Thecoefficientsof thesefilters are
determinedby solvingtheWiener-Hopf equations.

The performanceof the non-causalDFE is always better
than that of a realizable(causalandstable)DFE, with finite
decisiondelay. The fixed structureDFE on the other hand
mayhaveasuboptimalstructureor incorrectfilter degrees,re-
sultingin a sub-optimumperformance.

Thestructuralproblemwasresolved in [2], whereanopti-
mumrealizableDFE wasderived basedon discretetime IIR
modelsof the channelandthe noise. The resultingDFE had
optimalstructurewith optimalfilter degreesanddesignequa-
tionson closedform werealsopresented.

During the last few years, channelswith several inputs
and/oroutputshave gainedincreasedinterest.Suchchannels
occur in many areas,for examplein cellular communication
systemswhere antennaarraysare usedto improve the de-
tection. Oversampledreceived signalscan also be regarded
asgeneratedby time-invariantchannelswith several outputs.
With a detectorbasedon a modelwith multiple inputsand/or
outputs,it ispossibleto suppressnotonly intersymbolinterfer-
ence,but alsoco-channelinterference,the interferencefrom
othersources.

A multiple input-multipleoutput (MIMO) DFE is a DFE
whereboththefeedforwardandthefeedbackfilter have mul-
tiple inputs and multiple outputs. The DFE is an attractive
compromisebetweencomplexity andperformancealsoin the
MIMO case. As in the scalarcase,studiesof MIMO DFEs
have beenbasedon one of two principles: Either a model-
baseddesignof aDFEwith anon-causalfeedforwardfilter [3]
or a model-or data-basedoptimizationof DFEswhosestruc-
tureis fixedprior to thedesign[4], [5], [6].

In this paper, we provide tools for model-basedDFE de-
signsandfor understandingof their structuralproperties.In
SectionIV, we presenta generalizedDFE with several inputs
andoutputs,whichminimizesthemeansquareerrorunderthe
constraintof realizability. The designis basedon a multi-
variablediscrete-timeIIR channelmodel and a multivariate
ARMA noisedescription.An MMSE optimalDFE basedon
theseassumptionswill in generalhavemultivariableIIR filters
in boththefeedforwardandfeedbackpaths.Thesefilters will
have optimal degreeswith parametersobtainedfrom closed-
form designequations. In the limit, when the decisionde-
lay tendsto infinity, we alsoobtainthenon-realizableMMSE
DFE. We derive novel necessaryandsufficient conditionsfor
theexistenceof zero-forcingDFEs,andpoint out thesignifi-
canceof theseconditionsfor thedesignof multiuserdetectors.
For example,they indicatewell-behavedness,andnear-far re-
sistanceof MMSE equalizersdesignedfor low noiselevels.
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Moreover, theconditionsfor theexistenceof ZF solutionsare
muchmilder for DFEsthanfor linearequalizers.

An MMSE optimal GDFE will containIIR filters in gen-
eral. Simulationsin SectionV indicatethat the performance
obtainedwith anIIR DFE is reducedmorethanfor a (subop-
timal) FIR DFE whenerrorpropagationis takeninto account,
sincetheuseof IIR feedbackfilters tendsto worsentheerror
propagation.

A. Notations

Throughoutthe paper, channelsandfilters areassumedto
belinearandtime-invariant.A scalardiscrete-timechannelor
filter will berepresentedby a rationalfunction �������	��
 in the
unit delayoperator���	� , or asa ratioof polynomialsin ���	� :� ��
�
�������� �	� 
�����
�
���� �����	��
� ��� ��� 
 ����
�
��
Whenappropriate,thecomplex variable  will besubstituted
for the forwardshift operator� . For convenience,polynomi-
al argumentswill often be omitted when thereis no risk of
misunderstanding.

Multivariable channels,or MIMO channels,will be de-
scribedby rational matrices, thatis, matriceswhoseelements
arerational functions. We canexpandany stableandcausal
rationalmatrix !"��������
 in theseries

!#��� �	� 
��%$&')(	*,+ ' � � ' (1a)

where+ ' aretheMarkov parametersof !-�����	��
 . For any such
rationalmatrix,we define

!/.)���0
�1� $&'0(�* +32' � ' (1b)

where �54 
 2 denotescomplex conjugatetranspose.Wewill also
considerrationalmatriceswhicharenon-causal.Suchamatrix
canbeexpandedin theseries

!#���768� ��� 
�� $&'0( � $ +
' � � ' � (2a)

In this case,thedefinition(1b)canbegeneralizedto

! . ���968� ��� 
	1� $&'0( � $ +32
' � ' � (2b)

Thedegreeof a polynomialmatrix :/��� �	� 
:���� ��� 
	1�<; *>= ; � � �	� = 4�4�4 = ;@?8A�� � ?8A (3a)

equalsthehighestdegreeof any of its elements,andis denotedBDC
. For any polynomialmatrix (3a), wealsodefine: . ���E
	1��; 2* = ; 2 � � = 4�4�4 = ; 2?8A � ?5A (3b)F:���� ��� 
	1��� � ?8A :G.H���0
 (3c)�I; 2?5A = ; 2?8A �	� � �	� = 4�4�4 = ; 2* � � ?5A �

A square rational matrix : �	� ��������
 is called stable ifJ�KML :��� ��	��
 hasall its zerosinside N  ONH�QP .

I I . MULTIVARIABLE CHANNEL MODELS

We shall considercommunicationsystemswith receiver
front-endsasdepictedin Figure1. The in-phaseandquadra-
ture componentsof the received passbandsignal RE�TS5
 are
down-converted to the baseband. The basebandsignal is
passedthrougha fixed anti-aliasingfilter andsampled. De-
pendingon theapplication,thesamplingrateeitherequals,or
is a multiple of, the symbolrate. Whendesigningthe detec-
tors,thetransmitterfilter, themultipathchannelandthereceiv-
er filter are lumpedtogether, and the resultingdiscrete-time
channelfrom thetransmittedsymbolsto thereceivedsampled
signalis usedasa basisfor detectordesign.

UV WYXZ\[] ]^^ UV _a` b�ced�fhgggg ijk,l�mon prq�s�t�u mv w x UV kOlzy,n
UV WYXZ\[] ]^^ UV _a` b�ced�f gggg UV { v w
| s~}��ht�u mv w

Fig. 1. Thefront-endof a receiver in theconsideredcommunicationsystem.

All signalsarerepresentedby their complex envelopesand
the coefficients in the discrete-timechannelmodelswill in
generalbecomplex-valued.

Remark 1. As is apparentfrom Figure1, thereceiver front-
end incorporatesno filter matchedto the received signal, as
is commonin optimal,model-baseddetectordesign[7]. This
meansthatthereis noguaranteethatthesampledsignalconsti-
tutesasufficientstatisticof theoriginalcontinuous-timesignalR9��S5
 . Also, the noisesuppressionof the anti-aliasingfilter is
worsethanthat of an ideal matchedfilter. Still, we will not
usea matchedfilter asan a priori componentin our detector
design.Thereasonfor this is threefold:

1. As explainedin SectionIV.C, matchedfiltering maynot
beoptimalfor adetectorwith finite smoothinglag.

2. For channelshaving infinite impulse responses(IIR
channels),thematchedfilter would notberealizable.

3. In apracticalcommunicationsystem,afixedanalogfilter
mustbeused.

With thereceiver front-enddepictedin Figure1, theresult-
ing channelis scalar, basebandand discrete-time. We now
collecttheoutputsfrom ��� suchchannelsin avector� ��
�
	1��� � � ��
�
 �)� ��
�
������ � ')� ��
�
o��� � (4)

Assumethatthechanneloutputis affectedby ��� inputsignals.
These��� signalsarestackedin a vector� ��
�
	1��� � � ��
�
 � � ��
�
������ � ')� ��
�
o��� 6 (5)

wherethe signal
�0� ��
�
 is transmittedfrom user � . We now

assumethat a multiple input-multipleoutput(MIMO) model
of thechannelin theform� ��
�
����Q��� ��� 
 � ��
�
 ="� ��
�
 (6)
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has beenmadeavailable. Here, the � ��� ��� channelma-
trix �Q��������
 maybea rational(IIR) transferfunctionmatrix,
which is assumedto becausalandstable.It is alsoassumedto
be time-invariantover the time interval of interest.Thenoise
vector � ��
�
�1��� � � ��
�
 � � ��
�
������ � ' � ��
�
5��� (7)

representsthermalnoiseandalsotheeffect on � ��
�
 of all co-
channelinterfererswhich are not modeledexplicitly via the
input-outputmodel �������	�M
 � ��
�
 . It is assumedto bestation-
ary andzeromean. ���~���

�����¡ �¢
��£ �~����¤¥ ¦ �¡ H§ ¤¥ ¨ ¤¥ ©��o���

Fig. 2. Themultivariablesystemmodel.Both theIIR channelandtheARMA
noisemodelareparametrizedasleft matrix fractiondescriptions(MFDs).

Wenow assumethechannelmatrix �������	��
 , andthevector
ARMA modelrepresentingthenoise � ��
�
 to bedescribedby
left matrix fractiondescriptions(MFDs) [8]:� ��
�
��«ª ��� ��� �	� 
8¬"��� �	� 
 � ��
�
 =®­ �	� ��� �	� 
5¯°��� ��� 
²±O��
�
��

(8)

Thepolynomialmatrix ¬#�����	��
 has� � rowsand ��� columns,
whereasª/�����	�M
 , ¯°�������M
 and ­ �������M
 aresquarepolynomi-
al matricesof dimension��� . Thesethreematricesareassumed
to bestablyinvertible; therootsofJEK�L ª<�� ��� 
��´³µ6 JEKML ¯¶�� ��� 
��´³µ6 JEKML ­ �� ��� 
��·³ (9)

areall locatedinside N  ON��¸P . For FIR channels,ª��������M
>�I¹ ,
while ­ �����	��
º�«¹ for moving averagenoisemodels.For au-
toregressivenoisemodels,̄¶�����	��
 is a constantmatrix » * .

In general,we assumethe leadingmatrix coefficient » *
of ¯°��� �	� 
 to be non-singular. The denominatormatricesª��������M
 and ­ �����	��
 are assumedto be monic (the leading
matrix coefficient is equalto theidentity matrix). To simplify
thepresentation,ª<�����	��
 and ­ �����	��
 arealsoassumedto be
diagonal.1 Thepolynomialelementsin thematricesmayhave
complex coefficients,andareassumedto beknown a priori or
correctlyestimated.

Eachelementof thevector
� ��
�
 is takenfrom a finite setof

values,thesymbolalphabet,��¼ ��
�
¾½À¿ ¼ �
For instance,whenbinary phaseshift keying (BPSK) is em-
ployed, ¿ ¼ �ÂÁ = P)6�Ã@P0Ä . We assumeeach

��¼ ��
�
 to be a sto-
chasticvariablewith zero mean,which is uncorrelatedwithÅ

This will result in lesscomplex designequations,but might lead to un-
necessarilyhigh polynomial degreesin the matrix elements,since,neitherÆ3Ç Å5È

nor É Ç Å5Ê constituteirreducibleMFDs.

thedisturbancevector ±O��
�
 . Finally,
� ¼ ��
�
 is assumedwhite2

with covariancematrixË � ��
�
 � 2 ��
�
��IÌ � ¹Í� (10)

Thenoisevector±7��
�
 is awhitestochasticprocesswith zero
meanandcovariancematrixËÏÎ

±7��
�
²± 2 ��
�
�Ð	�«Ì�ÑD¹Í� (11)

For futurereference,we alsodefine

Ò 1� Ì ÑÌ � � (12)

Modelsof thetype(6) appearwhenusing,for example,

1. Diversity receivers or antennaarrays in digital mobile
radiosystemssee,for example,[9], [10], [11] and[12],
wherethe signalat receiver Ó is denoted� ¼ ��
�
 and the
channel�Q��������
 is acolumnmatrixof FIR channels,de-
scribingthemultipathpropagationfrom oneuserto each
receiver. Theaim is hereto detectthemessagefrom the
userand to reject the interference. A MIMO channel
model(6), with � �µÔ P , canfurthermorebeusedfor de-
signingmultiuserdetectors,whichsimultaneouslydetect
severalsymbolstreams.This approachwasfirst studied
by Wintersin [13] andmorerecentlyfor TDMA/FDMA
systemsby Tidestav et al. in [6]. Sucha MIMO mod-
el may alsobe usedto describea situation,whereone
userterminalis equippedwith severaltransmitteranten-
nas.Overeachantenna,adifferentsymbolstreamcanbe
transmitted.Thiswill increasethepeakrateof thatuser.

2. Multiuser detectionin DS-CDMAsystems. Heremany
users,distinguishedby a user-specificspreadingcode,
sharethe samechannel. At the receiver, signalsfrom
the differentusersareseparated,“despread”,by means
of cross-correlationwith theappropriatespreadingcode.
Dueto multipathpropagationandasynchronism,thede-
spreadsequenceswill be mutually correlated,so they
have to befurtherprocessed.Assumethat(4) represents
thesymbol-sampledoutputfrom ��� correlators,andthat
shortspreadingcodesareused. We thenobtaina time-
invariantsymbol-sampledinput-outputmodel (6) for a
systemwith ���\�¸� � simultaneoususers[14], [5]. The
channel� will constitutea matrix of polynomials(FIR
filters). This modelcanbe usedfor designingdecorre-
lating (zero-forcing)or MMSE-optimalmultiuserdetec-
tors.

3. Fractionallyspacedsampling, canbeusedto reducethe
sensitivity of the receiver to synchronizationerrors,or
simply to improvedetectorperformance.Whena scalar
receivedbasebandsignal is sampled��� timesper sym-
bol period, it will have cyclo-stationarystatistics. We
maystack � � receivedsamplesat a time into a symbol-
sampledvector � ��
�
 , which will then have stationaryÕ

In a communicationsystememploying interleaving, this assumptionis in
generalvalid.
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statistics. A time-invariantchannelmodel (6) can then
be obtained,where � is a columnvectorof FIR filters
(for wirelesschannels)or IIR filters (for wireline chan-
nels). Whenseveralsignalsaretransmittedover a com-
monchannel,anoversampledversionof thereceivedsig-
nal canbeusedto detectall of them.This canbeimple-
mentedin CDMA systems,as describedin [15], [16],
andin xDSL systems,asdescribedin [17]. The result-
ing modelwill have multiple inputs,aswell asmultiple
outputs.

I I I . PROBLEM STATEMENT

Our goal is to reconstructthe sequenceof symbolvectors� ��
�
 from themeasurements� ��
�
 . For thispurpose,we intro-
ducethegeneralIIR decisionfeedbackequalizer(GDFE)Ö� ��
\Ã�×HN 
�
Ø�·Ù���� �	� 
 � ��
�
ØÃ�Ú-��� �	� 
	Û� ��
ÜÃ�×>Ã�PÝ
Û� ��
\Ã/×�
Ø�·ÞÝ� Ö� ��
\Ã/×HN 
�
5
�� (13)

In orderto avoid introducingstructuralconstraints,the feed-
forwardfilter Ù������	��
 andthefeedbackfilter Ú-�������M
 areas-
sumedto be rationalmatrices.They arehowever requiredto
be stableandcausal. The designvariable × is known as the
decisiondelayor thesmoothinglag andrepresentsthenumber
of future measurementsusedto estimatethe currentsymbol.
The function ÞÝ�54 
 constitutesthe decisionnon-linearity: For
eachelement

Ö��¼ ��
hÃß×HN 
�
 of thevector
Ö� ��
hÃß×HN 
�
 , thedecision

deviceselects

Û�H¼ ��
ÜÃ�×�
��´à)á8âäãYåçæ�~è�é)êëè N Ö��¼ ��
\Ã�×HN 
�
eÃ ��¼ N � �
Thevector Û� ��
\Ã�×�
 thusconstitutesthedecisionmadeon the
estimate

Ö� ��
\Ã�×HN 
�
 . TheGDFEis depictedin Fig. 3.

ìHí�îrïñðò ó¸ôzõHö,÷oø ðò ù�úûoüþý~ÿ���� ý��ðòðò�� � ô�	 ø ðò

�����
���������� �� í�î����8ï
�����
���� �"!#���$
 õHö,÷&%·ôzõHö,÷oø')( *

Fig. 3. ThegeneralIIR decisionfeedbackequalizer(GDFE).

TheGDFE(13) is assumedto berealizable. Thisconstraint
impliesthat+ thesmoothinglag × mustbefinite, and+ thefilters mustbecausalandstable.

In SectionIV.C, we relaxtheconstraintof causality.
Given the received sequence� ��
�
 and the model (8), we

seekthestableandcausallineartime-invariantrationalMIMO
filters Á�Ù��������M
M65Ú-�����	��
~Ä which minimize theestimationer-
ror covariancematrix3

;�1�
Ë , ��
ÜÃ�×�
 , 2 ��
ÜÃ/×�
 (14)-

Thecovariancematrix is minimizedin thesensethatany otheradmissible
choiceof .�/1032 Ç Å�46587 092 Ç Å�4": will result in an estimationerror covariance
matrix ;< suchthat ;<>=?<

is positive definite.

wheretheestimationerror , ��
\Ã/×�
 is definedas, ��
ÜÃ�×�
O1� � ��
\Ã/×�
eÃ Ö� ��
\Ã/×HN 
�
�� (15)

The GDFE which minimizes(14) will be called the MMSE
GDFE.

Wearealsointerestedin findingtheconditionsunderwhich
a zero-forcing solutionto the equalizationproblemexists. A
scalarzero-forcingequalizerremovesall intersymbolinterfer-
encefrom the symbol estimate. A naturalextensionto the
multivariablecase[11] is to requirethat both the intersym-
bol interferenceandall co-channelinterferencefrom usersex-
plicitly includedin thechannelmodelshouldberemoved. A
multivariablezeroforcing (ZF) equalizercanthenbedefined
accordingly:

Definition1: Considerthe channelmodel(8) anda multi-
variableequalizerwhich forms the estimate

Ö� ��
ÀÃ�×HN 
�
 of a
transmittedsymbolvector

� ��
ÜÃ/×�
 . IfÖ� ��
\Ã/×HN 
�
�� � ��
µÃ�×�
�Ã , ��
ÜÃ/×�
 (16)

where , ��
/Ã´×�
 is uncorrelatedwith all transmittedsymbol
vectors

� �A@À
CBD@ , thentheequalizeris saidto bezero-forcing.
Becauseof the presenceof the non-lineardecisiondevice

in (13), closedform expressionsfor theparametersof themin-
imum meansquareerroror thezero-forcingGDFEcannotbe
found. To enablea useful tuning of the GDFE coefficients,
we shalladoptthecommonassumptionthatall pastdecisions
affectingthecurrentestimatearecorrect,or equivalently

Û� ��
\Ã���
�� � ��
\Ã���
 �<��× = P)6²× =FE 6������º�
This assumptionimplies that we do not usethe actualdeci-
sionsin our design,but only in the implementation. When
this assumptionis violated,theestimatesthataredeliveredby
the equalizerwill degrade,possiblycausingadditionaldeci-
sionerrors.This phenomenonis known aserror propagation.
Considerableeffort hasbeenspenton deriving performance
boundsfor DFEs when error propagationare taken into ac-
count[18], [19], [20]. However, decisionfeedbackequalizers
designedbasedon correctpastdecisionsgenerallywork well,
andmoreelaborateschemesthat, for example,modelthe ef-
fect of decisionerrorsasanextra additive noiseterm,mostly
giveonly smallimprovements[21].

When all past decisionsare assumedcorrect, minimiz-
ing (14) becomesa linear filtering problemandthe DFE can
befoundby solvingasystemof linearequations.

IV. OPTIMUM GENERAL DECISION FEEDBACK

EQUALIZERS

Basedon theknown multivariablechannel(8) we will now
describehow to adjust the coefficients of the multivariable
GDFE(13), sothattheestimationerrorcovariancematrix(14)
is minimized. We alsoderive theconditionsunderwhich the
GDFEcanbetunedso that thezero-forcingcondition(16) is
satisfied.
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A. TheoptimumMMSEGDFE

Introducethefollowing polynomialmatrices:G ��� �	� 
	1��ª/��� �	� 
5¯¶��� ��� 
 (17a)H ��� �	� 
	1� ­ ��� �	� 
5¬-��� �	� 
�� (17b)

Also, definethe polynomialmatrices ÛG �������M
 and ÛH �����	�M
 by
thematrix identity

ÛH ��� ��� 
 ÛG �	� ��� ��� 
�� G ��� ��� �	� 
 H ��� ��� 
�� (18)

Without restriction,weassumeÛH �������M
�ÛG ��� �������M
 to constitute
anirreducibleright MFD.4

We arenow readyto formulateourmainresult.
Theorem1: Consider a multivariable channel described

by (8) andassumethat the transmitteddataarecharacterized
by (10). Furthermore,let the secondorder momentsof the
noisebedescribedby (11), (12) with a known Ò Ô ³ . Assum-
ing correctpastdecisions,thegeneralmultivariableDFE (13)
minimizesthe estimationerror covariancematrix (14) if and
only if

Ù���� �	� 
��JI3��� �	� 
5¯ ��� ��� �	� 
 ­ ��� �	� 
 (19a)Ú-��� �	� 
��LK/��� �	� 
 ÛG �	� ��� ��� 
�� (19b)

Above, I and K , togetherwith the polynomialmatricesM �
and M � can be calculatedas the uniquesolution to the two
coupledpolynomialmatrix equations

ÛG Ãä�ON�I ÛH = � �	� KÂ�LM � . ÛG (20a)� � N M � . H . Ã Ò I G . �I�PM � . (20b)

wherethedegreesof theunknownpolynomialmatricessatisfyB�Q �·× (21a)B�R �´ãßà�S	� B ÛT 6 B ÛU 
�Ã�P (21b)B�V � �·× (21c)B�V � �´ãßà�S	� B U 6 B T 
�Ã�P � (21d)

Theminimumcovariancematrixof theestimationerrorof the
generalmultivariableDFE is givenby

; �«Ì,� N&'0(	* W 2 � ' W � ' = Ì Ñ N&')(	* X ' X 2' � (22)

Proof: SeeAppendixA.

Remark 1. Thedegreeslistedin (21a)–(21d)aresufficiently
high. When U * (andhenceÛU * ) hasfull rank,thesedegreecon-
ditionsarealsonecessary. Thesolution(19a), (19b)is unique,
apartfrom stablecommonfactorsin thefilter elements,which
affect theinitial transientbut do not affect thesteady-stateer-
ror covariance.

Remark 2. The two coupledDiophantineequations(20a)
and (20b) are unilateral, sinceall the unknown polynomialY

Sincepolynomialand rationalmatricesin generaldo not commute,this
factorizationis requiredto obtainaminimal right MFD from aleft MFD. See,
for example,[8].

matricesappearon the same(in this caseleft) side of their
respectivecoefficientpolynomialmatrices.Solvingtheseuni-
lateralDiophantineequationscorrespondsto solvinga block-
Toeplitz systemof linear equations,as demonstratedin Ap-
pendixA, equations(50)–(53).

Remark 3. The first term in (22) is causedby residualin-
tersymbolandco-channelinterferencefrom thefirst × tapsin
theequalizedchannel.Thedeviationof thereferencetapfrom
the identity matrix alsocontributesto theterm. The last term
in (22) is causedby thenoise.

Remark 4. The smoothinglag × is a designvariable and
shouldbe chosenasa trade-off betweencomplexity andper-
formance.In general,thesmoothinglag shouldbechosenso
that “enough” signalpower canbe collectedby the feedfor-
wardfilter beforea decisionis made.

The presentedMMSE solution provides an optimal DFE
structure. It is evidentthatundertheconditionsin Theorem1,
the conventionalDFE structure,whereboth the feedforward
andthefeedbackfilters have finite impulseresponses,is opti-
mal only when ª/��������
 � ¯°��������
 � ¹ . In otherwords,the
channelmustbedescribedby a finite impulseresponsemod-
el, whereasthe additive noisemust be an autoregressive (or
white) process.5

In additionto providing an optimal DFE structureandop-
timal filter degrees,Theorem1 gives guidelineson how to
choosethefilter degreesin a conventionalstructurewhenthe
useof the optimal structureis deemedinappropriate.For in-
stance,whenthenoiseis describedby amoving averagemod-
el, Theorem1 statesthat both the feedforward andfeedback
filters shouldhave infinite impulseresponses.In thatcase,the
transversalfeedforward filter in the conventionalDFE struc-
tureshouldhave a long impulseresponse,of length Ô × , par-
ticularly if thezerosof ¯¶�� ���� 
 arelocatedcloseto the unit
circle. If, on the otherhand,thenoiseis describedby an au-
toregressive process,both the feedforward and the feedback
filter of anoptimumDFE will beFIR filters.

B. TheZF GDFE

The primary focusin the literatureregardingequalizerde-
sign hasbeenon MMSE equalizers.Whennoiseis present,
an MMSE equalizerwill in generalprovide superiorperfor-
mance,ascomparedto a correspondingZF equalizer. There-
fore, in an actualimplementation,an MMSE equalizeris in
generalpreferable.However, zero-forcingequalizerscanpro-
vide informationabouttheperformanceof theirMMSE coun-
terparts.If a ZF solutionexists,thentheMMSE solutionwill
approximatea ZF solution for small noiselevels. If, on the
otherhand,a ZF solutiondoesnot exist, thenthe MSE of a
MMSE designwill not vanish,and the MMSE DFE may in
factprovide aninadequateperformance.Thesepropertiesare
indicativeof thenear-far resistance[22] of a MMSE multius-
erdetector[6]. Wewill thereforenow studytheconditionsfor
existenceof realizableZF solutions.Z

When []\_^ , theMMSE GDFEmayreduceto theZF DFE discussedin
SubsectionIV.B. In thiscase,theconventionalDFEstructureis optimumalso
for IIR channels.
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Theorem2: Considerthe multivariablechannelmodel (8)
with known MFDs andthe generalDFE (13). Thereexists a
zero-forcingmultivariableDFE, in the senseof Definition 1,
if and only if thereexist stableandcausalrational matricesÙ �������M
 and Ú-�����	�M
 suchthat

� � N~¹ ��Ù·ª ��� ¬ÂÃ�� � N ��� Ú � (23)
Proof: SeeAppendixB.

Equation(23) mayhave severalsolutions.Hence,for a given
channel,theremay be many multivariablezero-forcingdeci-
sionfeedbackequalizers.However, in somecasesno solution
to (23) will exist. The precisecondition for this is statedin
Lemma1.

Lemma1: Thereexistsa solutionto (23) if andonly if the
following two conditionsarefulfilled:+ ¬#�� ����M
 hasnormalrank � � .+ Theorderof everyzeroof ¬#�� ���� 
 at  µ�a` is lessthan

or equalto × .
Proof: SeeAppendixC.

Two importantsituationswhenthe conditionsin Lemma1
arenot fulfilled arethefollowing:

1. The numberof channeloutputs � � is smaller than the
numberof channelinputs � � . In this case,the normal
rankof ¬#�� ��	��
 will belessthan � � .

2. Theminimal delayin any channelof at leastoneof the
usersis largerthan × . Thiswould imply that ¬#�� ����M
 has
at leastonezeroat  µ�b` of orderat least× = P .

Remark 5. Additional insights into the problemof finding
zero-forcingDFEscanbeobtainedby rewriting (23)as

� � N ¹Í�¸��¹ = � �	� Ú�
 ��� Ù�ª �	� ¬dc���feO� � (24)

with �������	��
µ�Âª ��� ¬ and � e ��������
Ü����¹ = ���	� Ú�
~���~Ù .
Sinceboth Ú and Ù arerequiredto becausal,� e ��� ��� 
 must
be causal. However, � e �������M
 is not requiredto be stable:
Evenif Ú is stable��¹ = �����~Ú�
 �	� mayverywell beunstable.
Thus, the classof admissible� e s is much larger for DFEs
thanfor linearequalizers�TÚ �Q³H
 : Unstablezerosof ¬ can-
not becanceledby Ù , sinceÙ is requiredto bestable.

Anotherreformulationof (23)alsoprovidessomeadditional
insight.We realizethatwecanwrite

� � N~¹Í��� Ù Ú�� g ª ��� ¬ÃÍ��� N �	�~¹ih � (25)

We thusseethatthereexistsa ZF GDFEwhenever it is possi-
ble to find (to within a delayof × samples)a stableandcausal
left inverseto g ª �	� ¬ÃÍ��� N ���~¹ h �
Remark 6. Notethatwhena ZF GDFEexists,it canalways
berealizedwith polynomial Ù �������M
 and Ú-�����	�M
 .

C. Thestructureof decisionfeedback equalizerswith asymp-
totically largesmoothinglags

As mentionedin Section II, it is common in theoreti-
cal investigationsto let the received signal passthrough a
(continuous-time)filter matchedto the channel,andthende-
sign the DFE to operateon this signal. In other words, the
matchedfilter is usedas an a priori constrainton the DFE
solution. In the MIMO case,a matchedfilter would have to
beincludedfor everyscalarchannel[3], resultingin abankof��� � � � matchedfilters. In thissection,wewill show thatsuch
abankof matchedfilterswill indeedbepresentin theMSEop-
timal GDFE,but only whenthesmoothinglag × is allowedto
go to infinity.

To provethisclaim,we rewrite (13)asÖ� ��
�N 
 = ×�
��´�ON8Ù���� �	� 
 � ��
�
�Ã�Ú-��� �	� 
	Û� ��
\Ã�PÝ
Û� ��
�
���ÞÝ� Ö� ��
�N 
 = ×�
8
��
We now let × tend to infinity to obtain the optimum non-
realizableMIMO DFE:Ö� $ ��
�
���Ù $ ���96o� �	� 
 � ��
�
�Ã�Ú $ ��� �	� 
	Û� ��
ÜÃ�PÝ
Û� ��
�
���Þr� Ö� $ ��
�
8
º6 (26)

wherewehavedefinedÖ� $ ��
�
	1�kjçåçãN�l $ Ö� ��
�N 
 = ×�
 (27a)Ù $ ���968� ��� 
	1�kjçåçãN�l $ �ON5Ù ��� �	� 
 (27b)Ú $ ��� ��� 
	1�kjçåçãN�l $ Ú-��� ��� 
�� (27c)

The coefficients of the non-realizableDFE can be obtained
usingthefollowing theorem:

Theorem3: Thenon-causalfeedforwardfilter Ù $ ���968������
andthecausalfeedbackfilter Ú $ ��������
 of theoptimumnon-
realizableMIMO MMSE GDFE (26), basedon correctpast
decisions,will begivenby

Ù $ ���96o� �	� 
º� PÒ ÛG *nm �	�po �	�. ÛG . H . G �	�. ¯ �	� ­ (28a)

� PÒ ÛG *nm �	�po �	�. ÛH . ¯ ��� ­ (28b)

Ú $ ��� �	� 
º�·�E� ÛG * o ÛG ��� Ãä¹�
�6 (28c)

where ÛG * is theleadingcoefficientof ÛG and o is thestableand
monicsolutionto thematrix spectralfactorizationo . m o � ÛG . ÛG = PÒ ÛH . ÛH � (29)

In (29), m is a constant,positive definitematrix which has
beenintroducedto make o monic.

Proof: SeeAppendixD.

Remark 7. Notethatsince ÛG * is non-singular, equation(29)
hasa uniquesolution.

The filter H . G ���. ¯ �	� ­ , which appearsas a right factor
of (28a), canbeexpressedas¬ . ­ . ª �	�. ¯ �	�. ¯ ��� ­ �¸��¬ . ª �	�. ­ . ¯ �	�. 
5¯ �	� ­ 6

(30)
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sinceª and ­ areassumeddiagonalandthuscommute.This
filter constitutesabankof whiteningmatchedfilters, wherethe
factor ¯ �	� ­ performsnoisewhiteningandthematchingis
performedwith respectto thisnoisewhiteningfilter in cascade
with thechannel.Hence,whenthesmoothinglag tendsto in-
finity, thereis no performancepenaltyassociatedwith the in-
troductionof suchafilter prior to theoptimizationof theDFE.
However, this is not true for therealizableDFE; no whitened
matchedfilter is presentin (19a).

D. A comparisonbetweentheDFE andMLSE

A maximumlikelihoodsequenceestimator(MLSE) com-
putesthe transmittedsignalwhich maximizestheconditional
probabilityof thereceivedsignal,Á Û� ��
�
~Ärqs ( � �´à0áoâ�ãßà�S�nt s�u é)êwv �²Á � ��
�
 ÄOqs ( � N Á � ��
�
 ÄOqs ( � 
 (31)

where
� ��
�
>½ ¿ impliesthatelementÓ in

� ��
�
 shouldbetaken
from the alphabet¿ ¼ . Whenthe channelandnoisestatistics
areknown, theMLSE is theoptimumsequencedetector.

Whenthechannelmemoryis finite, theoptimizationin (31)
can be efficiently implementedusing the Viterbi algorith-
m [25]. Still, thecomplexity is very high. Assumingthat the
channellengthis

V
andthesizeof thealphabet¿ ¼ is x ¼ , deter-

minationof thesequenceÁ�Û� ��
�
~Ä q s ( � in (31) usingtheViterbi
algorithmrequireson theorderof

� ��ry ' �z¼ ( � x e¼
operations,which can be an enormouslylarge number. On
theotherhand,calculatingthecoefficientsof a corresponding
multivariableMMSE DFE requireson theorderof�|{� �T× = PÝ
�{ = � �� �T× = PÝ
 � ���
operations,while equalizationof the y symbolsrequiresap-
proximately y �T���r� � ��× = Pr
 = � � � V 

operations.For large � � , alphabetsandchannellengths,there
is a largedifferencein complexity betweentheMLSE andthe
DFE.On theotherhand,thedifferencein performancecanbe
expectedto berathersmall.6

V. A NUMERICAL EXAMPLE

To illustratetheperformanceobtainedby usingtheGDFE,
a Monte Carlo simulationhasbeenconducted.Considerthe
two input-two outputFIR channel(cf. (8))

ªÂ�·¹D6 ¬�� g ³�� }P~�} = ³�� E ³������	� ³�� � E��h= ³�� � ��� �����ÃÍ³�� ��� � Ãä³���� � �)���	� ³�� ��³ �h= ³�� }�PO�0����� h �
Over this channel,we transmittwo BPSKmodulatedsignals,
that is

� � ��
�
 � Á = PH6�Ã@P0Ä�67�G� PH6 E . At thereceiver, noiseis�
This is true when the SISO and MISO MLSEs and DFEs are com-

pared[26]. Although suchresultsarenot availableyet, we foreseethat this
will bethecasealsofor MIMO DFEs.

added.Thenoiseis Gaussianandwill bedescribedby thefirst
ordermoving averagemodel

­ �´¹06 ¯ � g
-0.409 Ã 0.179� ��� -0.535 = 0.717� ���
-0.507 = 0.361����� 0.761 Ã 0.181���	� h �

This noise model has zeros in  ��� � � ³�� � E ��� ³�� ����~M���³�� ��E������ � *n� � � { . We comparethe performanceof two DFEs
with smoothinglag × �QP :+ The MMSE GDFE,with degreesandparametersgiven

by Theorem1.+ TheMMSEFIR DFEdescribedin [6]. ThisDFEhasFIR
filtersof degreesE and P in thefeedforwardandfeedback
links, respectively.7

In Fig. 4, thebit errorrate(BER) is displayedasa functionof
the signal-to-noiseratio (SNR)of a singleuser. The SNR of
user� is definedas

SNR
� 1�

Ë
NçN � � ��
�
�NçN �Ë
NçN � ��
�
�N N � (32)

where � � ��
�
	1��ª ��� ��� �	� 
5¬ � ��� �	� 
 �0� ��
�
� ��
�
	1� ­ �	� ��� �	� 
5¯¶��� �	� 
²±O��
�

and ¬ � �����	��
 is column � in ¬#�����	��
 . We assumethat the
SNRsof thetwo usersareidentical,SNR� � SNR� . Thesim-
ulationsareperformedusingbothcorrectdecisionsanddeci-
sionsfrom thedecisiondevice.
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Fig. 4. TheBER of theGDFEcomparedto theBER of theconventionalDFE
(CDFE)for correctdecisions(solid line) andrealdecisions(dashedline).

FromFig. 4, weseethatin somecases,it is advantageousto
take thenoisemodelinto account.TheGDFEdoesthis in an
optimumway, whereastheconventionalDFE doesnot. With
correctdecisions,the GDFE is about0.6 dB betterthan the�

ThesedegreeshavebeenchosensothatbothDFEsaredescribedusingthe
samenumberof parameters.
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conventionalDFE over therangeof investigatedSNRs.With
real decisions,the performanceof the two DFEsis identical
for low SNRs,while it differsby 0.6dB for highSNRs.

By usinghigherfilter degrees,theperformanceof thecon-
ventionalDFEwouldbeimproved.In thelimit, whenthefilter
lengthsgo to infinity, it attainstheperformanceof theGDFE.

FromFig. 4, wealsoseethatwith realdecisions,theperfor-
manceof bothDFEsworsen,andthat thedifferencebetween
thetwo DFEsis smaller. This indicatesthattheDFE with op-
timal structure,andlonger impulseresponsein the feedback
filter, is moresensitive to incorrectpastdecisions.

For the consideredFIR channel, the conventional DFE
structureis optimal when the additive noise is temporally
white. White noisecorrespondsto noisedescribedby a mov-
ing averageprocess,whosezerosare locatedin the origin.
Therefore,the differencebetweenthe optimumDFE andthe
conventionalDFE shouldbe smaller, the closerto the origin
thenoisezerosarelocated.Conversely, whenthenoisezeros
are locatedcloseto the unit circle, the differenceshouldbe
larger.

To investigatethis assumption,thelocationsof thezerosof
thenoisemodelarevariedaccordingto

 ��� � �TR0
º�·R � � � *i� � � { 6eRa�I³�� ³�PH68³�� PH68³�� E 6������86o³�� }Ra�I³�� }���68³�� }���68³�� }�} 6
while the SNR, asdefinedin (32), is kept constantat 5 dB.
Thus, the noisemodelzerosaremoved alonga radius,from
theorigin towardstheunit circle. All otherconditionsfor the
simulationscenarioareasin Fig. 4. The resultis depictedin
Fig. 5.
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Fig. 5. TheBER of theGDFEascomparedto theconventionalDFE (CDFE)
asa functionof thelocationof thezerosof thenoisemodel.

The locationof the noisezerosclearly affects the relative
performancesof thetwo algorithms.Whenthezerosareclose
to the origin, the performanceof the two DFEsareidentical,
but thefurtherout towardstheunit circle thezerosaremoved,
the larger the differencebecomes.Oneinterestingdiscovery
is theperformanceof theGDFEwith realdecisionswhenthe

noisezerosarelocatedverycloseto theunit circle: In thissce-
nario,error propagationcausesvery badperformancefor the
GDFE. The reasonis that when the noisezerosarecloseto
theunit circle, soarethepolesof thefeedbackfilter. Theim-
pulseresponseof thefeedbackfilter thenbecomesvery long,
leadingto longererrorbursts.

VI . CONCLUSIONS

From a practicalpoint of view, a decisionfeedbackequal-
izer mustbe realizable. Also, optimum performancecanbe
achievedonly if thestructureof theDFE is appropriatefor the
consideredscenario. We have presenteda generalizedDFE
with optimal structure,derivedundertheconstraintof realiz-
ability. The IIR filters in this DFE areobtainedfrom closed
form designequations,which involve the channelandnoise
descriptions.By allowing thesmoothinglag to go to infinity,
wehavealsoderivedtheoptimumnon-realizableDFE.

From knowledgeof the optimumDFE structure,it is also
possibleto giveguidelineson how to choosethefilter degrees
in a conventionalDFE.

The performanceof the generalDFE is demonstratedin a
numericalexample. This exampleindicatesthat for heavily
colorednoise,a GDFE with IIR filters outperformsthe con-
ventionalFIR DFE.However, theconventionalDFE seemsto
be lesssensitive to the presenceof incorrectpastdecisions:
Whenincorrectdecisionsoccur, thedifferencein performance
is reduced.

SincetheGDFEseemsto besensitiveto incorrectdecisions,
robust designwhich take the signaluncertaintyinto accoun-
t would be of interest. Suchmethodsexist for scalarDFEs,
see[21] andthey canbegeneralizedto MIMO systems[27].

Theperformanceof theGDFEascomparedto theconven-
tional DFE when identified modelsare employed is a topic
for future research.Particularattentionshouldbepaid to the
noisemodel:Sinceautoregressivemodelsareeasierto obtain
thanMA models,it couldbeof interestto approximateanMA
noiseprocesswith an AR description[28], [26]. This would
havetheadditionaladvantagethattheproblemwith errorprop-
agationwould be reducedsincethe conventionalFIR DFE is
optimumfor this modelstructure.
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APPENDIX

A. PROOF OF THEOREM 1

Considerthechanneldescribedby (8), andthegeneralmul-
tivariabledecisionfeedbackequalizer(13). Inserttheexpres-
sionfor thesymbolestimate

Ö� ��
�Ã¡×HN 
�
 into theexpression(15)
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for theestimationerrorandassumecorrectpastdecisions:, ��
ÜÃ/×�
�� � ��
ÜÃ/×�
�Ã Ö� ��
\Ã�×HN 
�
� � ��
ÜÃ/×�
�Ã�Ù � ��
�
 = Ú � ��
ÜÃ/×¾Ã®Pr
�� (33)

Insert � ��
�
 from (8) into (33)andrearrange:, ��
ÜÃ�×�
�� � ��
ÜÃ�×�
�Ã/ÙQ��ª �	� ¬ � ��
�
 =®­ ��� ¯ ±7��
�
8
= Ú � ��
µÃ�×¾Ã®Pr
� ��� � N ¹¾Ã�Ù�ª �	� ¬ = � � N �	� Ú�
 � ��
�
Ã/Ù ­ ��� ¯ ±7��
�
º� (34)

Introducethealternativeestimate
Ö��� ��
ÜÃ<×HN 
�
	1� Ö� ��
ÜÃ<×HN 
�
 =����
�
 , wherethevariation����
�
 isalinearfunctionof all signals

which theestimate
Ö� ��
\Ã�×HN 
�
 maybebasedupon.Thus,

����
�
	1�/� � ��
�
 = � � ��
�

where

� � ��
�
71��� � � ��
�
 (35a)� � ��
�
71��� � � ��
\Ã�×>Ã�PÝ
�� (35b)

Above, � � �����	��
 and � � �������M
 arearbitrarystableandcausal
rationalmatrices.If theestimationerrorobtainedwith (13) is
orthogonalto any admissiblevariation(35a), (35b), thatis,Ë , ��
\Ã/×�
²� 2 � ��
�
��·³ (36a)Ë , ��
\Ã/×�
²� 2� ��
�
��·³ (36b)

then
Ö��� ��
<ÃI×HN 
�
�� Ö� ��
/Ã´×HN 
�
 or equivalently ����
�
��°³

minimizestheestimationerrorcovariancematrix(14): Forany
estimationerrorcovariancematrix Û; obtainedwith ����
�
���·³ ,Û;äÃß; will bepositivedefinite.Wemustthusassurethat(36a)
and(36b)arefulfilled.

To computethecross-correlations(36a)and(36b), we will
useParseval’s relationfor complex signals[29] andevaluate
theexpressionsin the frequency domain. We thusinsert(34)
and(35a)into (36a)anduseParseval’s relationto obtainË , ��
7Ã¾×�
�� 2 � ��
�
�� ÌO�E�� ���J� �� � N8¹¾Ã/Ù·ª ��� ¬ =  � N ��� Ú�
 �

¬ . ª ���. Ã Ò Ù ­ �	� ¯ ¯ . ­ �	�.)� � � . �   � (37)

For anexplanationof how Parseval’s relationis usedto obtain
this expression,see[30]. Since ª and ­ areboth diagonal,
we canexpress(37)asË , ��
7Ã¾×�
�� 2 � ��
�
�� ÌO�E�� ��� � �� � N ¹¾Ã/Ù·ª ��� ¬ =  � N ��� Ú�
 �

¬/. ­ .¾Ã Ò Ù ­ �	� ¯ ¯ .�ª . � ª �	�. ­ ���. � � . �   � (38)

From(38)weseethat

Ë , ��
¡Ã ×�
�� 2 � ��
�
��I³ if theintegrandis
analyticinsidetheintegrationpath N  7N�� P . To assurethatthe
integral vanishesfor anystableandcausal� � , this condition
is alsonecessary, seeLemmaA.1 in [24]. According to the

assumption(9), ª �	� and ­ ��� arestable. This implies thatª �	�. and ­ �	�. areanalytic insidethe unit circle. The same
appliesfor � � . , since � � is requiredto bestable.If

�� � N ¹¾Ã/Ù·ª ��� ¬ =  � N ��� Ú�
5¬�. ­ .Ã Ò Ù ­ ��� ¯ ¯ .�ª .Í�I �� � . (39)

for somerationalmatrix � � .)�� 9
 with all its polesoutsidethe
unit circle, thenthe integrandwill be analyticinsidethe unit
circle. Proceedingin the sameway with (36b) resultsin a
secondcondition � N ¹>Ã/Ù·ª ��� ¬ =  � N ��� Ú �´ � N � � . (40)

for somerationalmatrix � � .)�� 9
 with all its polesoutsidethe
unit circle. However, noneof the termson the left handside
of (40) canhave polesoutsidethe unit circle. Therefore,we
concludethat � � . �� 9
 mustbea polynomialmatrix. Thus, � N ¹¾Ã�Ù�ª �	� ¬ =  � N ��� Ú �· � N M � . (41)

for somepolynomialmatrix M � .H�� 9
 . We cannow insert(41)
into (39) to obtain

 � NpM � . ¬ . ­ . Ã Ò Ù ­ �	� ¯ ¯ . ª . �´ P� � . � (42)

We realize that neither of the terms on the left hand side
of (42) canhave any polesoutsidethe unit circle. Therefore,� � .H�� 9
 cannothave any suchpoleseither, andwe conclude
that � � . �� 9
 mustbea polynomial,ratherthana rational,ma-
trix. Hencewecanexpressequation(42)as � N M � .Ý¬/. ­ .¾Ã Ò Ù ­ ��� ¯ ¯ .�ªG. �´ �M � . � (43)

for somepolynomial matrix M � .)�� 9
 . In the integrand(43),
the polescontributed by ­ �	� �� ��	�M
 must be canceledby a
correspondingfactor in ÙQ�� ��	�M
 . Also, the polynomial ma-
trix ¯ �� ����M
 contributespolesin the origin, which mustbe
canceledby a correspondingfactorin Ù �� ��	� 
 . We therefore
insert

Ù°�bI ¯ ��� ­ (44)

where I is anarbitrarypolynomialmatrix, into (41) and(43)
andrearrange:

¹>Ã� �N�I ¯ �	� ­ ª �	� ¬ =  ��� Ú �LM � . � NpM � .Ý¬/. ­ .¾Ã Ò IÍ¯ .�ªG. �´ �M � . � (45)

We now usethat ª �	� and ­ arediagonalandhencecom-
mute.We alsoinsert(17a)and(17b)into (45):¹>Ã� �N�I G �	� H =  �	� Ú �JM � . � NpM � . H . Ã Ò I G . �´ PM � . � (46)

Equation(46) can be further simplified by using the equa-
tion (18)andmultiplying with ÛG ��� �	� 
 from theright:

ÛG Ã� N I ÛH =  ��� Ú ÛG �bM � . ÛG (47a) � NpM � . H . Ã Ò I G . �´ �M � . � (47b)
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Since Ú is the only remainingrational matrix in (47a), its
polesmustbe canceledby a correspondingfactor in ÛG . We
thusconcludethat

Ú��bK�ÛG �	�
where K is an undeterminedpolynomial matrix. Note thatK and ÛG may have commonfactors. We cannow insert this
expressioninto (47a)to obtain

ÛG Ã� N I ÛH =  ��� K��LM � . ÛG (48a) � N M � . H .hÃ Ò I G . �´ �M � . � (48b)

By exchangingtheunknown  for � , equation(48a)coincides
with (20a), whereas(48b)coincideswith (20b).

TheDiophantineequations(48a)and(48b)aredoublesid-
ed, that is, they containpowersof both  ��	� and  . Thus,both
thepowersof  ��	� and  on theleft handsidemustmatchthe
correspondingpowers on the right handside. For this pur-
pose,we list the degreesin  ��	� and  for eachterm in (48a)
and(48b):
Equation(48a):

 ���]� B ÛT 6 B�Q = B ÛU Ã�×06 B�R = PH6 B ÛT (49a) � ³�6�×06ë³�6 B�V � (49b)

Equation(48b):

 ��� � ×06 B�Q 6�³ (49c) � B�V � = B U Ã/×06 B T 6 B�V � = P (49d)

From (49b) and(49c) we immediatelyobtain the conditions
for thedegreesof M � and I respectively:B�V � ��×�� B�Q �·×Í�
If we insert

B�Q ��× into (49a), we obtain(21b). Finally, by
inserting

B�V � ��× into (49d), weobtain(21d).
We will now show that equations(48a) and (48b) have a

solutionwith the degreesspecifiedby (21a)–(21d). For this
purpose,we rewrite (48a)and(48b)astwo systemsof linear
equations.Two matrix polynomialsare identical if andonly
if all thecorrespondingcoefficient matricesareidentical. We
mustthusadjustthe coefficientsof I , K , M � and M � so that
the expressionsfor the matrix coefficientsfor eachpower of and  ��	� areequalon the left andright handsideof (48a)
and (48b). We thus evaluatethe expressionsfor the matrix
coefficients,conjugate,transposeandequatetheleft andright
handsides.For (48a)weobtain ¡¡¡¡¡¡¡¢ ÛH 2* ³ ÛG 2* ³

...
. . .

...
. . .ÛH 2?p£ ÛH 2* ÛG 2?p£ ÛG 2*

. . .
...

. . .
...³ ÛH 2?p£ ³ ÛG 2?�£

¤i¥¥¥¥¥¥¥¦
 ¡¡¡¡¡¡¡¡¢
X 2*...X 2NW � N...W � *

¤ ¥¥¥¥¥¥¥¥¦ �
 ¡¡¡¡¡¡¡¡¢
³
...ÛG 2*§ 2 �...§ 2?�£

¤ ¥¥¥¥¥¥¥¥¦
(50)

wherewehavedefined§ �� �	� 
�� ÛG �� �	� 
 =  �	� K<�� �	� 
�� (51)

Note that
B�¨ ��ãßà�S�� B ÛU 6 B ÛT 
 . In (50) ÛHª© ��³ if @ Ô B ÛU

and ÛG © � ³ if @ Ô B ÛT . Proceedingin the samemanner
with (48b)resultsin ¡¡¡¡¡¡¢ Ã Ò G ? e¬«p­ � ³ H ? eC«�­ � ³

...
. . .

...
. . .Ã Ò G * Ã Ò G ? e « ­ � H * H ? e « ­ �

. . .
...

. . .
...³ ����� Ã Ò G * ³ ����� H *

¤i¥¥¥¥¥¥¦ �
�

 ¡¡¡¡¡¡¡¡¢
X 2*...X 2NW � N...W � *

¤ ¥¥¥¥¥¥¥¥¦ �
 ¡¡¡¡¡¡¡¡¢
W � ? e¬«...W � *³

...³

¤ ¥¥¥¥¥¥¥¥¦ (52)

where
G © �I³ if @ Ô B T and H®© �´³ if @ Ô B U .

Neither(50)nor (52)canbesolveddirectly, sinceunknown
coefficientmatricesappearontheirright handsides.However,
we cancombinethefirst �T× = Pr
���� equationsfrom (50) with
thelast �T× = Pr
�� � equationsfrom (52) to obtainasystemwith
equalnumberof equationsandunknowns ¡¡¡¡¡¡¡¡¡¢

ÛH 2* ³ ÛG 2* ³
...

. . .
...

. . .ÛH 2N ����� ÛH 2* ÛG 2N ����� ÛG 2*Ã Ò G * �����°Ã Ò G N H * H N
. . .

...
. . .

...³ ����� Ã Ò G * ³ ����� H *
¤ ¥¥¥¥¥¥¥¥¥¦

 ¡¡¡¡¡¡¡¡¢
X 2*...X 2NW � N...W � *

¤ ¥¥¥¥¥¥¥¥¦ �
 ¡¡¡¡¡¡¡¡¢
³
...ÛG 2*³
...³

¤ ¥¥¥¥¥¥¥¥¦ 6

(53)

where only known coefficient matricesappearon the right
handside. We will now show that this systemof linearequa-
tionshasauniquesolutionwhenever Ò Ô ³ . Define

+ 1�
 ¡¢ H * ����� H N

. . .
...³ ����� H *
¤ ¥¦ � Û+ 1�  ¡¢ ÛH * ����� ÛH N

. . .
...³ ����� ÛH *
¤ ¥¦

¯ 1�
 ¡¢ G * ����� G N

. . .
...³ ����� G *
¤ ¥¦ � Û¯ 1�

 ¡¢ ÛG * ����� ÛG N
. . .

...³ ����� ÛG *
¤ ¥¦

° 1��� X * ����� X N W 2 � N ����� W 2 � * � 2Û± 1� � ³ ����� ÛG * ³ ����� ³ � 2 �
Equation(53) canthenbewrittenasg Û+ 2 Û¯ 2Ã Ò ¯ + h² ³�´ µ¶ ° � Û± �
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Thematrix · is non-singularsinceJ�KML ·�� �²Ã@Pr
&¸ J�KML Û¯ 2 JEKMLº¹ Ò ¯ = + Û¯ � 2 Û+µ2�»� �²Ã@Pr
&¸ J�KML Û¯ 2 JEKML � Ò ¯ = + � ¯ ��� + 
 2 �� �²Ã@Pr
 ¸ J�KML Û¯ 2 JEKML � Ò ¯¼¯ 2 = +µ+ 2 � JEK�L½¯ � 2
where �²4þ
~� 2 � �5�54 
 �	��
 2 . Above, the integer R compensates
for the sign shifts causedby the elementaryoperationsper-
formedon the determinant.In the secondequality, we have
usedthat Û+ Û¯ �	� � ¯ ��� + , which is a consequenceof (18).
Now, sinceboth

¯
and Û¯ arenon-singular, soare

¯ � 2 andÛ¯ 2 . Also,
¯¼¯ 2 is positivedefinite.Therefore,thematrix ·

is non-singularwhenever Ò Ô ³ .
After having solved (53) for

X 2© and
W � © , we use(50) to

calculatethecoefficientsof § . We thencomputethefeedback
filter K with theaidof (51):K<�� ��� 
��I ,� § �� �	� 
�Ã ÛG �� �	� 
5
�� (54)

Sincethesolutionto (53) is unique,and § �� ��	� 
 and K/�� ��	� 

aredeterminedexplicitly from (50)and(54), weconcludethat
thereexistsauniquesolutionto (48a)and(48b).

It remainsto derive theexpressionfor theresidualMSE at
the outputof the estimator. Replace ��� and  with � �	� and� respectively in (41)and(44)andusetheresultingrelationto
rewrite (33)as:, ��
\Ã/×�
��´� � N¾M � . ���0
 � ��
�
�Ã¿I3��� �	� 
�±7��
�
º� (55)

Since
� ��
 ÃÀ��
 and ±7��
 Ã>@ 
 arewhiteandmutuallyuncorre-

latedfor all � and @ , weeasilyobtain

;�1�
Ë , ��
�
 , 2 ��
�
��IÌO� N&')(	* W 2 � ' W � ' = Ì Ñ N&'0(�* X ' X 2' 6

which coincideswith (22).

B. PROOF OF THEOREM 2

We startwith the expression(13), andusethe assumption
on correctpastsymbols:Ö� ��
\Ã/×HN 
�
���ÙQ��� ��� 
 � ��
�
�Ã�Ú-��� ��� 
 � ��
\Ã/×¾Ã®Pr
��
We theninsert � ��
�
 from (8) andrearrange:Ö� ��
µÃ�×HN 
�
�� �TÙ�ª �	� ¬ Ãä� � N �	� Ú�
 � ��
�
 = Ù ­ �	� ¯ ±7��
�
� � ��
\Ã�×�
 = ��Ù�ª �	� ¬ÂÃ�� � N ��� Ú�Ãä� � N8¹�
 � ��
�
= Ù ­ �	� ¯ ±7��
�
�� (56)

Since
� ��
�
 and ±O�A@À
 are uncorrelatedfor all 
 and @ , the

zero-forcingcondition(16)canbesatisfiedif andonly if

��Ù·ª ��� ¬ Ãä� � N �	� Ú Ãä� � N ¹�
��·³Ü6
which coincideswith (23).

C. PROOF OF LEMMA 1

We will begin by showing necessityof the conditionsin
Lemma1. In (23), we substitutethe delayoperator���	� for
thecomplex variableÌ :ÌÀN~¹Í��ÙQ��ÌO
5ª �	� ��ÌO
5¬"��Ì,
ØÃäÌ¬N ­ � Ú-��Ì,
º� (57)

Studyingthezerosof ¬#�� ����M
 at infinity will thenbeequiva-
lent to studyingthezerosof ¬#��ÌO
 at Ì �I³ .

Thematrix ¬#��ÌO
 canbewrittenas¬#��Ì,
º�bÁ���Ì,
�Â´��ÌO
¾Ã"��Ì,
�6 (58)

where Áä��Ì,
 and Ã���ÌO
 areunimodularmatricesand Â���Ì,
 is
the Smith form of ¬#��Ì,
 . By extractingthe zerosat Ì´��³ ,Â���ÌO
 maybedecomposedasÂ·��ÌO
��bÂ � ��Ì,
�Â � ��Ì,
º6 (59)

whereÂ � ��Ì,
	1� J å à0âÜ� ÌÅÄ�Æ ÌCÄ « ����� ÌCÄ�Ç ³ ������³��
and R���áoà)æ¬È>¬"��ÌO
 . We now insert (58) and(59) into (57)
andrearrange:Ù·ª ��� Á¼Â � Â � = Ú¿Ã ��� Ì¬N ­ � �ÉÃ �	� Ì¬Nh6 (60)

wherewehavedroppedthepolynomialargumentÌ to simplify
thenotation.Now, if R�Ê-��� , thenË � � J å à0âµ� P ����� P² ³ ´ µ' � �	� Ì N ­ ���
is a right factorof ª �	� Á1Â � Â � and Ã �	� Ì N ­ � . Since

Ë � is
not a right factorof Ã �	� Ì N , equation(60) will not have any
solution, accordingto the theory of Diophantineequations,
see[23]. Since RÍÌ���� , we concludethat R�� ��� is a nec-
essaryconditionfor the existenceof a solutionto (23). Note
that since ¬ canhave rank � � only when ���¼Î � � , the rank
conditionimpliesthat ����Î®� � .

Now, assumethat Ï ' Î®× = P for some� . In this case,Ë � � J å à0âÜ� P ����� P² ³ ´ µ' ��� Ì N ­ � P������ P² ³�´ µ')� � ' �
will bea right factorof ª ��� Á¼Â � Â � and Ã ��� Ì N ­ � , but not
of Ã ��� Ì N . Hencethe Diophantineequation(60) will lack a
solution. We can thereforeconcludethat Ï ' Ì ×DB"� is a
necessaryconditionfor theexistenceof asolutionto (60). This
completestheproofof thenecessity.

We will now proove sufficiency. When Ï ' Ì ×ÐB�� , the
following factorizationsarepossible:ÌÀN ­ � ¹h�JÑ � Â �Ì¬N ¹h�JÑ � Â �
whereÑ � and Ñ � arestableandcausalrationalmatrices.These
factorizationscanbeinsertedinto (60) to yieldÙ�ª �	� Á1Â � = ÚÍÃ ��� Ñ � �ÉÃ �	� Ñ � � (61)
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Wenow observethat ª ��� Á¼Â � and Ã �	� Ñ � areright coprime,
since g ª �	� Á1Â �Ã �	� Ñ � h
has full rank ��� for all Ì . This can be realizedby noting
that+ ª ��� Á¼Â � hasfull rank ��� for Ì �I³ .+ Ã �	� Ñ � hasfull rank � � for Ì¿��·³ .
Since ª �	� Á¼Â � and Ã �	� Ñ � areright coprime,equation(61)
will alwayshave a solution. This completestheproof alsoof
thesufficiency.

D. PROOF OF THEOREM 3

ConsidertheGDFE(13)with correctpastdecision:Ö� ��
�N 
 = ×�
���ÙQ��� ��� 
 � ��
 = ×�
�Ã�Ú-��� �	� 
 � ��
\Ã®Pr
�� (62)

If wenow let thesmoothinglag tendto infinity, wecanequiv-
alently expressthe symbolestimateof the asymptoticGDFE
as Ö� $ ��
�
���Ù $ ���O6o� �	� 
 � ��
�
�Ã�Ú $ ��� �	� 
 � ��
\Ã�PÝ
Ø� (63)

wherewe have defined
Ö� $ ��
�
 and Ù $ ���768�����M
 in (27a)and

(27b), respectively. Note that Ù $ ���O6o���	�M
 is stablebut non-
causal.

By usingthechannelmodel(8) theestimationerrorcanbe
expressedas, ��
�
�� � ��
�
�Ã Ö� $ ��
�
� ��¹¾Ã/Ù $ ���76o� �	� 
8ª ��� ¬ = � �	� Ú $ 
 � ��
�
Ã�Ù $ ���76o� �	� 
 ­ �	� ¯ ±7��
�

Introducethealternateestimate

Ö� $� ��
�
Ö� $� ��
�
	1� Ö� $ ��
�
 = ����
�

wherethe variation ����
�
 is basedon all signalsthe estimateÖ� $ ��
�
 maybebasedupon:����
�
	1�/� � ��
�
 = � � ��
�

with � � ��
�
	1��� $ � ���768� �	� 
 � ��
�
 (64a)� � ��
�
	1��� $� ��� �	� 
 � ��
\Ã�PÝ
 (64b)

andwhere � $ � ���O68� ��� 
 and � $� ��� �	� 
 arearbitrarystablera-
tionalmatrices.In addition, � $� �������M
 is requiredto becausal.
If theestimationerrorobtainedwith (63) is orthogonalto any
admissiblevariation(64a), (64b), thatis ifË , ��
�
�� 2 � ��
�
��´³ (65a)Ë , ��
�
�� 2� ��
�
��´³ (65b)

then
Ö� $� ��
�
À� Ö� $ ��
�
 or equivalently ����
�
�� ³ minimizes

the MSE (14). We mustthusassurethat (65a)and(65b) are
fulfilled.

To derive thedesignequationsof theMSEoptimumGDFE
with asymptoticallylargesmoothinglag,weuseParseval’sre-
lation to evaluatethecross-correlation(65a)in the frequency
domain.Proceedingasin AppendixA, weobtainË , ��
�
�� 2 � ��
�
�� Ì,�E�� ��� � ��¹¾Ã/Ù $ ª ��� ¬ =  ��� Ú $ 
 �¬ . ­ . Ã Ò Ù $ ­ �	� ¯ ¯ . ª . � ª �	�. ­ ���. � $ � . �   � (66)

Since � $ � . contributespoles in the origin, this integral will
equalzeroif andonly if

��¹¾Ã/Ù $ ª ��� ¬ =  �	� Ú $ 
5¬ . ­ . ÃÒ Ù $ ­ ��� ¯ ¯ .�ªÀ.Í�·³Ü� (67)

This is provenformally in LemmaA.1 in [24].
Using the sameargumentas in Appendix A, the cross-

correlationin (65b)canbesimplifiedto yield

¹¾Ã/Ù $ ª ��� ¬ =  ��� Ú $ �L� � . (68)

for somestableandcausalrationalmatrix � � . . Inserting(68)
into (67)yields:� � . ¬ . ­ . Ã Ò Ù $ ­ ��� ¯ ¯ . ª . �´³3�
We cannow expressthefeedforwardfilter as

Ù $ � PÒ � � .�¬�. ­ .Ýª �	�. ¯ �	�. ¯ ��� ­ �
If we usethedefinitions(17a)and(17b), we obtain

Ù $ � PÒ � � . H . G �	�. ¯ �	� ­ � (69)

We now insert(69) into (68)andrearrange:

¹ =  ��� Ú $ �J� � . g ¹ = PÒ H . G �	�. G ��� H h
�J� � . g ¹ = PÒ ÛG ���. ÛH . ÛH ÛG �	� h
�J� � . ÛG ���. g ÛG . ÛG = PÒ ÛH . ÛH h ÛG ���
�J� � . ÛG ���. o . m o ÛG ���

wherewe in the secondequality usedthe identity (18) and
in the last equality the spectralfactorization(29). We now
collect polynomialmatricesin  ��	� on the left handsideand
polynomialmatricesin  on theright handside:

��¹ =  �	� Ú $ 
 ÛG o ��� �J� � . ÛG ���. o . m � (70)

The left handsidecontainsonly powersof  ���� andthe right
handsidecontainsonly powersof  . The only way for this
equalityto hold is to requirethat both sidesequala constant
matrix. Sinceo is monic,we seethattheconstanttermof the
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left handsideequalsÛT * , theconstanttermof ÛG . Wemustthus
require

��¹ =  ��� Ú $ 
 ÛG o �	� � ÛG *� � . ÛG �	�. o . m � ÛG * 6
or, equivalently � � . � ÛG * m �	�¾o ���. ÛG . (71)Ú $ �´ O� ÛG * o ÛG �	� Ãä¹�
º� (72)

We cannow insert(71) into (69) to arrive at our final expres-
sionfor theasymptoticDFEfilters:

Ù $ � PÒ ÛG *im ��� o �	�. ÛG . H . G �	�. ¯ ��� ­ (73a)

� PÒ ÛG *im ��� o �	�. ÛH . ¯ �	� ­ (73b)

Ú $ �I O�rÛG * o ÛG �	� Ãä¹�
º� (73c)

If we replace  and  ��� with � and � �	� respectively, (73a)
coincideswith (28a), (73b)coincideswith (28b)and(73c)co-
incideswith (28c).
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