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ABSTRACT

We introducebootstrappingas a genericmethodfor im-
proving channelequalizationin TDMA cellular systems
wherethe channelsremainapproximatelyconstantover a
transmittedburst. Bootstrappingimpliesthatthedetection
is repeated,using an equalizertunedwith detectedsym-
bols. The procedurecanbe iteratedto achieve even bet-
ter performance. The initial equalizeris assumedto be
tunedusinga short known training sequence.Whenap-
plied to experimentaldatafrom a DCS-1800antennaar-
ray testbed,bootstrapequalizationyields a performance
improvementof 14 dB for a space-timemaximumlikeli-
hood sequencedetectorand 17 dB for a space-timede-
cision feedbackequalizerin an interferencelimited sce-
nario.

I. INTRODUCTION

In wirelesscellular telephonesystems,the channelsoften
suffer fromsevereintersymbolandco-channelinterference.
In suchsystems,coherentdetectionandequalizersarenec-
essaryto achieve satisfactoryperformance.To designan
equalizer, accurateestimationof themultipathchanneland
thenoisespectrumis vital. A trainingsequence,known at
the receiver, is typically usedto estimatetheseunknown
parameters.

Theaccuracy of theestimatesis stronglydependenton
the lengthof the training sequence.In systemscurrently
in operation,the lengthof the trainingsequencehasbeen
chosento give sufficiently accuratechannelestimatesfor
thedeployeddetectors,typicallyemploying temporalfilter-
ing. Noveldetectors,performingspace-timefilteringonthe
outputof anantennaarraycanhowevergainfrom increased
accuracy of thechannelandnoisespectrumestimates.This
is dueto thefactthatthesedetectorshave moredegreesof
freedomin their filtering. Hence,theperformanceof these
algorithmscanbeconsiderablyimprovedby usingalonger
trainingsequence[1, 2].

However, alongertrainingsequenceleadsto lowerspec-
tral efficiency, sincetheportionof thetransmittedsequence
which can be usedto communicateunknown datais re-
duced. Also, new detectorsmay be desirablein present
standards,wherethelengthof trainingsequencecannotbe
altered.

Onepossibilityto increasetheaccuracy of thechannel
estimateswouldbeto usedecision-directedlearning[3] to
updatethechannelrecursively, usingconsecutivedecisions
from the detector. However, this would not improve the
qualityof theinitial decisions.

Instead,weproposeto designanequalizerbasedonthe
trainingsequence.We would thenusethis equalizerto de-
tect all the transmittedsymbols. Thesedetectedsymbols
canthenbe usedto repeatthe channelestimationandre-
designtheequalizerbasedontheestimatesobtainedin this
secondstep. Hopefully, the tuning of the equalizerbased
on all the estimatedsymbolswill be more accuratethan
the tuning basedonly on the training sequence,resulting
in lower bit error ratein thesecondstagethanin thefirst.
If desired,this procedurecan be repeatedto further im-
prove the performance.Suchiterative bootstrappingwas
appliedin [4], whereit waspresentedasanintegralpartof
a specificnovel detector. However, bootstrappingleadsto
substantialperformanceimprovementsfor otherdetectors
aswell. In this paper, we will investigatebootstrapequal-
izationin conjunctionwith space-timeversionsof� MaximumLikelihoodSequenceEstimation(MLSE)

implementedby meansof theViterbi algorithm.� TheDecisionFeedbackEqualizer(DFE).

Bothdetectorshavebeenappliedto experimentaldatacol-
lectedatanantennaarraytestbed,whichcomplieswith the
air interfacestandardof DCS-1800.

II. CHANNEL MODEL

Throughoutthepaper, wewill considerdiscretetimechan-
nelmodelsanddetectors.A discretetimefilter will berep-
resentedasa polynomialin theunit delayoperator��� � , as
exemplifiedbelow:���	��
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Filterswill alsobeallowedto havetermswith powersof � ,
theadvanceoperator.

Multiple-input-single-output(MISO)filterswill berep-
resentedaspolynomialrow vectors,whereassingle-input-
multiple-output(SIMO) filterswill berepresentedaspoly-
nomial column vectors. Further, the complex conjugate
transposeof apolynomialfilter is definedas�	��� � � � 
6
87:9�;� 7<� � 
5��� 7� ����7� � �����-�&����7�"! � �"!
Notethatthisfilter is non-causal.

A. A general singleinput-multipleoutputmodel

We considera casewherethereis onetransmitterand =
receiverantennas.Thetransmittedsymbol > �	��
 propagates

1



throughthediscrete-timechannel?A@6B	C�DFE-G to receiver an-
tennaH . ThesignalreceivedatantennaH atthediscretetime
instant I is denotedJK@LB(I�G andcanbeexpressedasJK@LB(I�G
M�? @NBOC D)E G8PKB	IQGSR�TU@LB(I�GMVBO?XW@ R;Y-Y�Y.R�?�ZQ[@ C D Z�[ G6P\B(I�G]R�TU@LB(I�G
Theterm TU@NB	IQG correspondsto noiseandinterference.The
situationis depictedin Figure1. T E B(I�G^_`a ? E B	C DFE G `a b `a J E B(I�G

ccccc cccccPKB	IQG dddddddd
eeeeeeeee

e T"f1B	I�G^_`a ?Af1B	C�DFEgG `a b `a J f B(I�G
Figure1: The generalSIMO channelmodel. The signalsT @ B	IQG representnoiseandco-channelinterference.

To obtain a single-input-multiple-output(SIMO) mo-
del,we introducethevectorsJSB(I�GihMkj J E B(I�GlJKm"B	IQGon�n-npJ f B	I�GLq�r (1a)TKB(I�GihMkj T E B	IQGpT m B(I�Gsn�n-ntT"fuB(I�G6q-r n (1b)

The wide sensestationaryvectorof interferencesamplesT�B	IQG canbebothspatiallyandtemporallycoloredandhas
thematrix-valuedcovariancefunctionv5w D�x hM�y{z T�B	IQG�T}|<BO~�G��)n (2)

The vectorof sampledantennaoutputs JSB	IQG can now be
expressedas

J'B	I�G�M ��� ? E B	C�DFE-G...?AfuBOC D)E G
���� PKB	I�GSR�T�B	I�GMk��B	C DFE G6PKB	I�GSR�T�B	I�GM�� W PKB	I�GSR;Y-Y�Y.R�� Z PKB	I<����G)R�T�B	I�G (3)

wherewehavedefinedtheSIMO impulseresponse

��BOC D)E GihM ��� ? E BOC D)E G...? f BOC DFE G
���� (4)

with individualmatrixcoefficients

�<��hM ��� ? �E...? �f
���� n (5)

In (3), �;hM����U� @ � @ representsthemaximumdelayspread
overall subchannels.

III. DESCRIPTION OF THE DETECTORS

A. Thespatio-temporal MLSE

The methodof maximumlikelihoodsequenceestimation
searchesfor the transmittedsymbolsequence�-PKB	I�G�� that
maximizestheconditionalprobabilityof thereceivedsam-
ples ��JSB(I�G�� given the transmittedsignal �&PKB	IQG�� . Let us
assumethat T�B	IQG canbemodeledastemporallywhite but
spatiallycoloredGaussiannoise.Thenthemaximumlike-
lihood estimateof thesequenceis thesequencethatmaxi-
mizes ��� ��JSB(I�G����w�� E5� �.P\B(I�G�� �w�� E��� ¡ �3¢ � � �£w�� E z JSB(I�G�����BOC D)E G6P\B(I�G¤� |:¥ (6)¦ D)E§�§ z J'B	I�G5����BOC DFE G8PKB	I�G�� �©¨
where ��BOC�DFE�G is the channeldefinedin (4) and

¦ §�§ Mv W is thespatialcovariancefor thenoiseplusinterference,
definedin (2).

Maximizing (6) is equivalent to minimizing the log-
likelihoodfunction�£w�� E z JSB	IQG�����BOC DFE G8PKB	I�G��ª| ¦ DFE§�§ z JSB(I�G�����BOC D)E G6P\B(I�G¤� (7)

Direct minimizationof (7) is possibleusingtheViterbi al-
gorithm.However, by rewriting (7), thecomplexity canbe
reducedwithoutsacrificingperformance.

Neglectingboundaryeffects,minimizingthelog-likeli-
hoodmetric(7) is equivalent[2] to maximizingthematch-
ed-filtermetric« f<¬ hMk­ Re ® �£� � E3¯ |�B±°]G6P\BO°]G�²� �£� � E �£x � E P}³#B±°]G�´}� DKx P\BO~�G ¨

(8)

wherethescalarsignal ¯ B	IQG is definedby

¯ B(I�G hM¶µ·BOC3G8JSB	IQG�n (9)

Themulti-dimensionalmatchedfilter (MMF) µ¸B	C3G is de-
finedby µ·BOC3GihM¹� | BOCUG ¦ DFE§�§ n (10)

In (8), the coefficients ´ w arethe coefficientsof the com-
plex conjugatesymmetricdoublesidedmetricpolynomialº B	C ¨ C D)E G»hMk� | B	CUG ¦ DFE§�§ ��BOC D)E G (11)M�´ D Z C Z R�Y�Y-Y&R�´ W R�Y�Y-Y&R�´ Z C D Z
wheré DKx M�´ ³x . Themetric(8) canberecursively com-
putedas« f<¬ B(I�G
M « f<¬ B	I<�,¼&G)R Re½KP ³ B	I�G3¾¿­ ¯ B	I�G��´ W PKB	I�G5��­ Z£x � E ´ x P\B(I<�u~ÀG¤Á#Â (12)
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andthemaximizationcanthusbeperformedusingtheViterbi
algorithm.Notethatthememorylengthin thematchedfil-
termetric(12) is thesameasfor thechannelÃ�ÄOÅ�ÆFÇ�È . The
Viterbi algorithmbasedon the matchedfilter metric will
thushave the samenumberof statesas the Viterbi algo-
rithm basedon thelog-likelihoodmetric(7).

Thespatio-temporalMLSE cannow bedividedinto the
MMF, É·Ä	ÅUÈ , followedby a scalarViterbi algorithmusing
the metric definedby the polynomial, Ê
ÄOÅ}ËNÅ ÆFÇ È , seeFig-
ure 2. Note that the MMF É·ÄOÅ3È is non-causal.In a real
implementation,a sufficiently largedelayhasto be intro-
duced.

Ã�ÄOÅ Æ)Ç È É·ÄOÅ3ÈÌ Ì Í ÌÎ�Ï±Ð#Ñ ÌÒ�Ï±Ð#Ñ
.........ÍÓÔ3Ï±Ð#Ñ

.....................
.....................

.....................Õ MMFÖ Ï±Ð#Ñ Scalar
Viterbi

Ì'×�ØÖ Ï±Ð#Ñ�Ù
Figure2: Spatio-temporalMLSE with multi-dimensional
matchedfilter.

B. Thespatio-temporal DFE

We shallusea spatio-temporalDFE with transversalfeed-
forwardandfeedbackfiltersasdepictedin Figure3.ÎKÚ�Ï±Ð#ÑÎ�Û�Ï±Ð�ÑÝÜÞ... ÜÞ ß1à6áFâäã-å ÜÞ æ çÖ Ï±Ð èêé�ÑÜÞ ë Ï¤ì Ñ ØÖ Ï±Ð è�é�Ñ ÜÞíè»î ï

áFâäã�ðñà6áFâäã-å òóFigure3: Thestructureof thespace-timeDFE.

The received signalsamplesôSÄ	õQÈ arefiltered through
thefeedforward filter ö÷Ä	Å�ÆFÇ-È5ø¹ù)úKû�ù Ç Å�ÆFÇ\ûýü�ü�ü�û�ù�þLÅ�Æ þ
andpreviously detectedsymbols ÿ� Ä	õ��������.È arefiltered
throughthefeedback filter ��Ä	Å�ÆFÇ�È
ø�� úSû	� Ç Å�Æ)Ç)û�ü�ü�üLû��
 ÆFÇ Å�Æ 

� Ç to form anestimateof thetransmittedsymbol� Ä	õ����-È . Thefeedforwardfilter has� inputsanda single
output,whereasthefeedbackfilter is asingle-input-single-
outputfilter. TheDFEthusformsthedecisionvariable�� Ä(õ����-È5ø¹ö÷Ä	Å ÆFÇ È�ôSÄ(õ�È�����ÄOÅ Æ)Ç È ÿ� Ä(õ��������&È (13)

whichisusedasinputto thedecisiondevice �'Ä8ü È toproduce
ahardestimateÿ� Ä(õ����-È of thetransmittedsymbol

� Ä	õ����-È .1
Theorderof thefeedforwardfilter equalsthedecisiondelay� , whereasthe orderof the feedbackfilter shouldbe one
lessthantheextentof theintersymbolinterference,����� .

Tomakederivationof optimalequalizercoefficientsfea-
siblewe shalladopttheusualassumptionthatall previous
decisionsaffectingthecurrentsymbolestimatearecorrect,
i.e. ÿ� Ä	õ��������]È
ø � Ä	õ��	�����]È�Ë��©ø �"Ë"!#!"!�Ë$� .

We will use a minimum meansquareerror decision
feedbackequalizer. The coefficientsof suchan equalizer

1Thesoftestimate %&('*) â +$, canbeusedto decodethechannelcode.A
decisionfeedbackequalizerthusprovidessoft informationto thechannel
decoderwithoutany additionalcomplexity.

aretunedto minimize- ø�.0/*1 � Ä	õ��	�-È�� �� Ä(õ2�	�-È#1 3546! (14)

Tocomputethecoefficientsof theMMSEoptimalmulti-
input-single-outputdecisionfeedbackequalizer, wewill use
estimatesof thechannelcoefficients,thenoisecovariance
functionandthefollowing theorem.

Theorem1 Considerthe spatio-temporal DFE described
by equation(13), thechannelmodel(4) and thenoisede-
scription (2). Assumethe signal

� Ä	õQÈ is white with unit
varianceanduncorrelatedwith thenoise7�Ä98ÀÈ�:;8 . If all
pastdecisionsare correct,thematrix polynomialsöXÄOÅ�ÆFÇ�È
and ��ÄOÅ Æ)Ç È of orders � and �<�=� respectively, minimiz-
ing (14), are obtainedasfollows:

1. Solvethesystemof linear equations

Ä?>@>�A�û�B È CDE ù Aú...ù Aþ
F#G
H ø CDE I þ...I ú

F#G
H (15)

where

>ñø CDE I ú !"!#! I þ...
...

...J !"!#! I ú
F G
H B¹ø CDE K ú !#!#! K þ

...
...

...K Æ þ !#!#! K ú
F G
H

with respectto thematrixcoefficientsù AL .

2. Calculatethe coefficientsof the feedback filter ac-
cording to

� L ø<MON P(Q þSR 
 Æ L ÆFÇUTV WYX ú ùFþ Æ W I W � L � Ç ! (16)

Proof: See[5, 6].

Remark. An optimally tunedDFEexploits thefull spatio-
temporalcovariancefunctionof thenoise

KOZ õ ø J Ë"!#!"!gË[� .
However, the matrix valuedinterferencespectrumcannot
bereliablyestimatedwith ashorttrainingsequence.There-
fore, we are forced to use only the spatial color of the
noise.[1]

IV. THE BOOTSTRAP IDEA

Let usassumethatwehavedesignedanequalizerusingthe
trainingsequence.If wewantto improvethis initial equal-
izer, wecouldusedecision-directedlearning[3]. Sincewe
aredesigningthe detectorbasedon a channelmodel,this
would imply thatwe updatethechannelrecursively, using
consecutive decisionsfrom the detector. As the decision
from thedetectorarenotnecessarilycorrect,theestimated
channelcoefficientswill not minimizetheoutputMSE. In
the spirit of [7], we would saythat the estimatedchannel
coefficientsminimizetheoutputbootstrapmean-squareer-
ror (BMSE):
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Definition 1 Theoutputbootstrapmean-squareerror is de-
finedby \

BMSE ]^`_ba�c6dfe
g�h�ijd?kml6n#g6op dqergsaut (17)

where op dfe
g is theoutputof thedetector.

Whendecisiondirectedlearningis usedto adaptthechan-
nel coefficients, (17) is minimized recursively using e.g.
LMS or RLS. The currentchannelestimateis usedto re-
tune the detector, which outputsa new symbol decision,
which is usedto updatethechannelcoefficientsandsoon.
However, this would not improve the estimateof the first
symbolsin theburst,sincethesearedetectedusingtheini-
tial equalizer.

Instead,weproposetominimizetheoutputBMSEwith
iterative block processing.We would thenusethe initial
equalizerto detectthe entire symbol sequenceand then
minimize(17)with respectto thechannelcoefficientswhile
keepingthesymboldecisionsfixed. If theinitial errorrateis
sufficiently low thesenew estimateswill providebetterac-
curacy andleadto a detectorwith improvedperformance.
If desired,theestimationanddetectioncanbeiterated.

V. EXPERIMENTS ON MEASURED DATA

To investigatethepotentialbenefitsof usingthebootstrap
algorithmoutlinedin SectionIV, we appliedthemethods
describedin SectionIII to asetof uplink measurements.

A. Themeasurements

The measurementswere performedon an antennaarray
testbedconstructedby EricssonRadio SystemsAB and
EricssonMicrowave SystemsAB [8]. The testbedimple-
mentedtheair interfaceof a DCS-1800basestation.

The arrayhadeight antennaoutputs. A conventional
singlesectorantennawith two polarizationdiversitybran-
cheswasalsoincludedin the measurementsetupfor two
reasons:To facilitatecomparisonandto estimatethetrans-
mittedsignalpower.

Themeasurementswereperformedin downtown Düs-
seldorf,Germany.

In themeasurementsonemobileandoneinterfererwere
used.Thetransmitpowersof themobileandtheinterferer
were adjustedso that the performanceof the algorithms
wouldbelimited by theinterferenceandnotby thenoise.

Theperformanceof thealgorithmswill dependon the
averagecarrier-to-interferenceratio C/I. To estimatethis
quantity, wemeasuredthereceivedpowerat thesectoran-
tenna1) whenthemobilewasactive but theinterfererwas
not and2) when the interfererwas active but the mobile
wasnot. Theratiobetweenthesetwo measurementconsti-
tutesthe C/I for this frame. This ratio wasaveragedover
a segmentof 100 frames. Due to the shadow fading,this
averagewill vary betweensegments,andtheperformance
of thealgorithmscanbeaddressedasa functionof theav-
erageC/I.

The algorithmsdescribedin SectionIII were applied
to thedatarecordedat the arrayantennaandat thesingle
sectorantennawhenbothmobileandinterfererweretrans-

mitting.

B. Channelestimation

Both the spatio-temporalMLSE and the spatio-temporal
DFE requirethe estimationof the multipathchanneland
thespatialcovarianceof thenoise.We estimatedthechan-
nel using the off-line leastsquaresmethod.2 The noise
covariancematrix wascomputedfrom theresidualsof the
channelidentification.Theidentifiedchannelhadfivetaps.

C. Results

C-1. Thearrayantenna
We appliedbootstrappedversionsof the MLSE and the
DFE to theexperimentaldatafrom thearrayantenna.The
resultsareshown in Figure4.

v�w5xUyqz${ux}|6~5�������6������ ���q� �*�?� �*��� ��� � �

� ��� ��
� �� �
��

�U�#���
�U�#�"�
�U�#���
�U� �� 
�U�#�¢¡

£�¤
¥�¦?§ z${ux �£�¤
¥�¦?§ z${uxO¨©«ª­¬�¥;¦?§ zS{5x �©«ª­¬�¥;¦?§ zS{5xO¨
Figure4: Resultsfrom the arrayantenna.Stage1 refers
to the equalizerdesignedusing the training sequence,
whereasstage2 refersto theequalizerdesignedusingthe
detectionsfrom stage1.

From Figure4, we seethat it indeedpaysto usethe
detectedsymbolsto improvetheestimationof channeland
noisespectrum,especiallyfor highC/I: at5 dB, thesecond
passis 14dB betterthanthefirst passfor theMLSE and17
dB for theDFE!

C-2. Thesectorantenna
We alsoappliedbootstrappedversionsof the MLSE and
theDFE to theexperimentaldatafrom thesectorantenna.
Theresultsareshown in Figure5.

If we compareFigure5 with Figure4, we seethat the
gainfor thesectorantennaismuchsmaller. Theantennaar-
ray introducesextra degreesof freedom,makingpowerful
space-timeprocessingpossible.However, to make useof
theseextradegreesof freedom,moreaccurateestimationof
thechannelandnoisespectrumis vital. For thetwo-branch
diversity antenna,the performanceof the space-timepro-
cessingis not limited by the accuracy of the channeland
noisespectrumestimates,andbootstrappingdoesnot re-
ducetheBER.

2Otherchannelestimationalgorithmsmay yield betterperformance,
seee.g.[9, 10]
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Figure5: Resultsfrom the sectorantenna.Stage1 refers
to the equalizerdesignedusing the training sequence,
whereasstage2 refersto theequalizerdesignedusingthe
detectionsfrom stage1.

VI. DISCUSSION

In this paper, we have demonstratedthe ideaof bootstrap
equalizationfor systemswith time-invariantchanneland
noisestatistics.Wearguethattheperformanceof detectors
usingantennaarraysis in fact limited by the accuracy of
the estimatesof channelandnoisestatistics,andthat the
performanceof suchdetectorscanbe improved by using
detectedsymbolsto improve the requiredestimates.Sub-
sequently, weusethesenew estimatesto retunethedetector
andrepeatthedetection.Hopefully, theerrorratefrom the
secondstagewill belowerthantheerrorrateresultingfrom
thedetectortunedusingonly thetrainingsequence.

Whenintroducingbootstrapequalizationinto a system
it mayalsobepossibleto reducethe lengthof thetraining
sequence.Bootstrappingcanthenbeusedto make up for
theshortertrainingsequence,therebyincreasingthespec-
tral efficiency. Also,with accessto anestimateof theentire
transmittedsequence,it maybepossibleto rejectstrongin-
terferersappearingoutsidethetrainingsequence.

Wehaveevaluatedbootstrappedversionsof MLSE and
DFE on a setof experimentaldata. The resultsshow that
theperformanceis substantiallyimprovedwhenappliedto
measurementsfrom anarrayantennahaving eightoutputs.
However, whenappliedto atwo-branchdiversitysectoran-
tenna,theperformanceis only marginally improved.
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