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ABSTRACT

In wirelesscommunicatiorsystemsvith antennarrayshespatio-
temporalchannelcan often be describedby a low-rank model.
By exploiting thisinformation,correspondindpw rankequalizers
with reducedcompleity canbe designed By applyingsuchlow
rank equalizerdo a setof uplink measurementsye demonstrate
thatthe performancdossassociateavith thelower compleity is
small.

I. INTRODUCTION

Theintroductionof wirelesscommunicatiorreceverswith mul-
tiple antennaelementsmakesit possibleto perform space-time
equalization. Suchreceversefficiently combatintersymboland
co-channeinterferencecausedby the spatio-temporastructure
of the multipathchannels However, oftenthe spatialandtempo-
ral dispersionsn the channelis restrictedto a low-dimensional
subspaceWe call sucha channel reduced rank channel.

Oneexampleof sucha situationis whena partialresponseignal
is sentthrougha physicalchannelwith negligible delay spread.
Due to the partial responsenodulation,the receved signal will
suffer fromintersymbointerferenceHowever, thecombinedspa-
tio-temporalchannewwill lie in aone-dimensionadubspacsince
all tapshave the samespatialsignature.

An equalizerfor a channelwith reducedrank will alsohave re-
ducedrankin the sensehatit will notexploit all spatio-temporal
dimensiongn the space-timédiltering. This canbetakeninto ac-
countalreadyin the design,leadingto an equalizerwith lower
compleity. Thespace-timdiltering in suchanequalizewill con-
sistof a(small)numbernof beamformersachfollowedby ascalar
temporaffilter.

Whatwewould call arankonelinearequalizeicanbefoundin [1]
andwhatin effectis a reducedrank decisionfeedbackequalizer
is presentedh [2]. However, boththeseequalizersaretunedwith
iterative direct methodsand do thereforenot directly exploit the
rankstructureof the channel.

In this paperwe usereducedankchanneimodelsto designrank
reducedversionsof the maximum-likelihoodsequencestimator
(MLSE) andthedecisionfeedbaclequalize(DFE).We alsocom-
paretheperformancesf thesdow rankdetectorgo thoseof their
full rank counterpart®n a setof uplink measurementgom an
antennarraytestbed.

Il. REDUCED RANK CHANNEL APPROXIMA TION

Throughouthepaperwewill considediscretdime channemod-
elsanddetectors.A discretetime filter will be representedsa
polynomialin the unit delayoperatorg—*, asexemplifiedbelow:

() = alg”Mu(t) = (a0 +a1q™" + -+ + anag™"*) u(t)
= aou(t) + aru(t — 1) + - -+ + apgu(t — na) .
Filtersmayalsohavetermswith powersof theadvanceoperator.

Multiple-input-single-outpufMISO) filters will berepresenteds
polynomialrow vectors andsingle-input-multiple-outputSIMO)
filterswill berepresentedspolynomialcolumnvectors.Further
the complex conjugatetransposeof a filter (MISO or SIMO) is
definedas

_ A
(alg7")" =a"(¢) =af +ai'q¢+... +a,¢™
Notethatthis filter is non-causal.

A. Channel model

Considerthe discrete-timespatio-temporaFIR modelof a wire-
lesschannelwith L taps

x(t) = b(g")d(t) + n(t)
= (bo +...+br_1¢g7E)d(t) + n(t)
wherex(t) is therecevedsignal,d(t) arethetransmittedsymbols

andn(t) is noiseandinterferenceThechannehasoneinputand
M outputs.
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Figurel: Channelwith spatiallycolorednoiseandnoisewhiten-
ing filter.

Sincethe temporalspectrumof the noisecannotbe reliably esti-
mated[3], we will considerthe noiseto be temporallywhite but
spatiallycoloredwith covariancematrix

Run = E[n(t)nf (¢)] .

Therelative strengthof thesignalcomparedo the noiseandinter-
ferencein the differentspatialdirectionsis of importancefor the
equalization.This informationis containedn the noise-whitened
channel. We thereforeprewhiten the outputof the channelx(#)



with Ran’? asin Figurel, giving the equivalentchannemodel

x'(t) = b'(¢”)d(t) + n'(t)
= (by + ...+ by ¢ ¥ N)d(t) + n'(t)

where
b'(¢7") = Rya/*b(g ™) (1a)
x'(t) = Rph/x(t) (1b)
n'(t) = R7n(t) . (1c)

Workingwith this noise-whitened@hannemodelwill alsobecon-
venientin thefollowing treatment.

B. Rank reduced model
We canexpressthe channeb’(g~1) with the channel matrix
by - (2)

By usinga singularvaluedecompositionywe candecomposéhe
channematrixas

B'=[b, b

B' = UVH (3)

whereU consistof theleft singularvectorsuy, of B’ andV con-
sistsof theright singularvectorsv;, with singular valuesincluded:

U= [ul L )
V = [Vl Vo

] (@)

vi]

whereK = min(M, L). Theleft singularvectorsu;, areorthonor
mal, andthe right singularvectorsare orthogonal,sortedin de-
scendingorderof magnitude|| vy || >|| va || > -+ >|| vk || -

We canusethe singularvaluedecompositior{3) and(4) to write
the channelin polynomialform. For this purposewe introduce
thepolynomials

vk(g™") = vko + vk .+ 1119,1:—1(1_“r1

wherewy; is elementj in v;. The noise-whitenedchannelcan
thenberewritten

() =3 weonle™).
k=1

Thisdecompositions depictedn Figure?2.

With this model,the spatialpropertieof thechannehbrecaptured
in the orthogonakpatialsignaturess,, whereaghetemporaldis-
persionis describedy the polynomialsvy, (g~ 1).

We arenow readyto definetherankof thechannel.

Definition 1 Consider the singular value decomposition (3), (4)
of the channel matrix (2). If
”vk ” =0Vk>K,

we say that the channel hasrank K. If K. = K the channel is
said to have full rank

n’(t)
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Figure2: Decompositiorof thenoise-whitened¢hannel.

The rank of a wirelesschannelis determinedby the propagation
ernvironment. We believe that most practicalwirelesscommuni-
cation channelscan be well approximatedwith a reducedrank
modelas

K,
b7 &> wr(gh), K. <K. (5)
k=1

The correspondingank reduceddecompositiorof the channel
matrixwill be

B ~ U, VT,

TherankreducedmatricesU, andV, containonly thefirst K,
columnsof the correspondingnatricesU andV. Whentherank
of thechannekxceedsk,, thisensureshatwe keepthe principal
componentof the noise-whitenedchannel. Although this will

not in generalleadto the truly optimal rank reducedequalizerit
is well motivatedsincewein thisway keepthecomponentsf the
channelith the highestsignalto noiseratios.

I1l.  REDUCED RANK SPACE-TIME MLSE
A. Spatio-temporal MLSE
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Figure3: Space-timeMLSE with multi-dimensionamatchedil-
ter.

As shavnin Figure3, thespace-timeMLSE canbeseparate¢hto
a multidimensionalmatchedfilter (MMF), w(q), followed by a
scalar Viterbi algorithm[4]. The MMF is givenby

w(q) = b (¢)R;L = b (gR;L/2.

The signal afterthe MMF is processedby a scalarViterbi algo-
rithm in orderto find the symbol sequencehat maximizesthe
recursiely definedmatchedilter metric

g (t) = parw(t — 1) + Re{d* () (22(t) — od(t)

vy (6)
= 'ymd(t—m))} .



In (6),

2(t) = w(g)x(?)

is theoutputof the MMF, and-~;, arethe coeficientsof thedouble
sidedcomplex conjugatesymmetricmetric polynomial

WGa D) =™+ 0+ Vg™
=b" (q)Rgab(g™") = b (gb'(g7) .
Thefull rankMLSE is depictedn Figure4.
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Figure4: Full rank MLSE.

B. Rank reduction

Whenthechannehasrank K., thebeamformersig, 11, ..,k
do not contributeto theinputto the Viterbi algorithm. Therefore,
we can rewrite the output of the MMF, usingthe rank reduced
channemodel(5):

2(t) = w(g)x(t) = b7 ()R *x(t)
K, K,

= ol (@ull Rx(1) = Y off (9l x(t)
k=1 k=1

wherewe have includedthe whiteningof therecevedsignal(1b)
in thebeamformerainddefined

(7)

TheMMF is followedby ascalarViterbi algorithmusingthemet-
ric definedby (6). However, whenthe channelis adequatelyde-
scribedby the low rank model(5), the metric polynomialcanbe
expresse@s

~ —1/2
ur = Rnn/ ug .

K,
v (@07 =)o (@or(g™) -
k=1
We call theresultingMLSE, depictedn Figure5, areduced rank
MLSE.
IV. REDUCED RANK SPACE-TIME DFE
A.  Space-time DFE

We assumehattherecevedsignalx(t) hasbeennoise-whitened
to form x'(¢t) andwe usea space-timeDFE asdepictedin Fig-
ure 6. Thereceved noise-whitenedignalsamplesx’(t) arefil-
teredthroughthefeedforvardfilter, s’(¢~') = s{ +sj g~ ' +...+

Viterbi

e (g, )40

iy H vk, (9)

Figure5: ReducedankMLSE.

si,¢~™, andpreviously decidedsymbolsarefiltered throughthe
feedbacKilter Q(¢™!) = Qo+ Q1¢7 L +...+ Qngg™ ™, in order
to form an estimated(t — m) of the symbold(t — m). The pa-
rametemn is thedecisiondelay Thelengthof thefeedbacKilter
shouldbe onelessthanthelengthof the channel.
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~
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Figure6: Structureof the generalMISO FIR decisionfeedback
equalizer

Whentuningthe equalizeiwe assumehatall previously decided
symbolsfed into the feedbacKilter arecorrect.We thentunethe
equalizetto minimizethe meansquareerror

J = E[ld(t —m) - d(t —m)|*]. ®)
The feedforward filter coeficients minimizing (8) can then be
computed5, 6] by solving

bl
m
BB s = ©)
bg
where
M= (sh s
and
b b:l b:m
5 0 bj b
0 0 b



ThefeedbacKilter coeficientscanbecomputedas

min(m,L—1—k)

Q= 3

=0

S;n—jb;-i-k-i-l . (20)
B. Rank reduction

Using the rank reducedchannelmodel (5), a rank reducedDFE
canbe computedWe definethe matrices

U, 0
U, = .
0 U,
Vriow 1 0
V, = :
VIow m Vriow 1
Vr,m = ( vVIow m Vrow 1 )
where
rowkinV, ifk<L
v = .
rowk =\ if k> L

Equation(9) cannow bewritten
UVIVUT + 18 =y

We now changeo thebasisconsistingpf thecolumnsof [U,. U, 1],
wherelf, | is amatrix whosecolumnsspanthe orthogonalkom-
plementto thespanof ;.. Notingthatt/Fi4, = | andu{ﬂur =0
we getthetwo equations

VEV, + Dufs'™ = vE (12a)
ul s =o0. (12b)
To solwe (12a)we canconsidetthe new unknovn variable
g = (2o gm)” = Ul
andthecorrespondingquation
Vv +Dg =V
If g satisfieghisequatiorwe seethat
s =ug" (13)

solvesboth(12a)and(12b)

We can now reformulate(13) to get an expressionfor s’(g~1).
Dueto the specialstructureof /., we obtain

K,
s'(q7) =Y k(g Huf!
k=1

wherewe have defined

m

gk(a™") = gok + gieq™ 4+ Gmkg”

andwheregy; is elementj in gy.

Finally, weincludethenoisewhiteningfilter from (1b)in thefeed-
forwardfilter of the DFE:

K,
s(g ) =@ HRW> =D gr(a iy
k=1

wherety, is definedin (7). The feedbacKilter canthenbe com-
putedfrom the feedforward filter by using (10). The resulting
reducedankDFE is depictedn Figure7.
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Figure7: ReducedankDFE.
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V. COMPLEXITY SAVINGS
A. Execution complexity

Theexecutionof thereducedankfilterswill typically requireless
computationghan the executionof the correspondindull rank
filters. The compleity of the executionof thefull rank (FR) and
thereducedank (RR) multidimensionamatchedilter (MMF) in
theMLSE is

CFR,MMF execution= NaM L cu

CRR,MMF execution= NaK(M + L) cu.
Here N, is the numberof symbolsequalized,M is the number
of antennaelementsand L is the channelength. The complexity

unit, cu, is the compleity of onecomplex multiplicationandone
complec addition.

The correspondingomplexities for the executionof the feedfor
wardfilter in theDFE s

CFR, sexecution= NaM(m + 1) cu
CRR, s execution= NaK (M +m + 1) cu
wherem is thedecisiondelayin thefeedforwardfilter in theDFE.
B. Tuning complexity

Reducingthe rank of the MMF for the MLSE will requiresome
extra computations. This is however negligible in comparison
with the compleity savingsin the MLSE execution.

The tuning of the reducedrank DFE will in generalbe simpler
thanthe tuning of the full rank DFE, sincethe systemof linear



equationg12a)hasfewer unknavnsthanthe correspondingys-
tem of linear equations(9). The compleity of solving for the
feedforwardcoeficientsis

CFR,SsoIving ~ (M(m +1))%/6 cu
CRR, Ssolving ® (Kr(m + 1))*/6 cu
for thefull andreducedankDFE:s,respectiely.
VI. EXPERIMENTS ON MEASURED DATA

We have appliedfull and rank reducedversionsof the spatio-
temporalMLSE andthe DFE to a setof uplink measurements.

A. The measurements

The measurementwere performedon an antennaarray testbed
designedy EricssorRadioSystem#AB andEricssorMicrowave
SystemsAB [7]. The testbedimplementedthe air interface of
DCS-1800. The array had eight antennaoutputs. The measure-
mentswereperformedn downtown Diisseldorf Germary.

In themeasurementsemobileandoneinterfererwereused and
theirtransmitpowerswereadjustedsothatthe performanc®f the
algorithmswould belimited by interferenceandnot by noise.

B. Algorithms

Both the MLSE andthe DFE requirethe estimationof the mul-
tipath channeland the spatialcovarianceof the noise. We esti-
mateda full rank,five tapmodelof the channelusingthe off-line
leastsquaresnethod. Reduced-ank modelsof the channelwere
obtainedby makinglow rankapproximation®f thefull rankesti-
mateasin (5).! Thenoisecovariancematrix wascomputedrom
theresidualf thechanneidentification.

C. Results

We appliedrank 1 andrank2 versionsof the MLSE andthe DFE
to the experimentaldatafrom the array antennaand compared

theirperformanceto thoseof theirfull rank(rank5) counterparts.

Theresultsareshavn in Figure8.

For the MLSE we seethatthe rank oneversionperformsalmost
asgoodasthe full rank MLSE. Theranktwo versionhasa BER
very closeto thefull rankMLSE.

For the DFE the rank oneversionhassomelossin performance.
Theranktwo versionconformsbetterwith theperformancef the
full rankDFE, shawving only asmalllossin performance.

VIl.  CONCLUSIONS

By applyingthe rank reduction,the compleity in the execution
of spatio-temporakéqualizerscanbe reduced.In the caseof the
spatio-temporaDFE, the tuning of the equalizerparametergan
alsobesimplified. The experimentaktudypresentedh this paper
demonstratethatfor practicalwirelesscommunicatiorchannels,
reducedankequalizersnayprovide adequat@erformance.

1Thelow rank propertymay alsobe explicitly includedin the channekestima-
tion by applyingthe methoddescribedn [8].
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Figure8: Performancef thefull andthereducedankequalizers.
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