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ABSTRACT

In wirelesscommunicationsystemswith antennaarraysthespatio-
temporalchannelcan often be describedby a low-rank model.
By exploiting this information,correspondinglow rankequalizers
with reducedcomplexity canbedesigned.By applyingsuchlow
rankequalizersto a setof uplink measurements,we demonstrate
thattheperformancelossassociatedwith thelower complexity is
small.

I. INTRODUCTION

The introductionof wirelesscommunicationreceiverswith mul-
tiple antennaelementsmakes it possibleto perform space-time
equalization.Suchreceiversefficiently combatintersymboland
co-channelinterferencecausedby the spatio-temporalstructure
of themultipathchannels.However, oftenthespatialandtempo-
ral dispersionsin the channelis restrictedto a low-dimensional
subspace.We call sucha channela reduced rank channel.

Oneexampleof sucha situationis whena partialresponsesignal
is sentthrougha physicalchannelwith negligible delayspread.
Due to the partial responsemodulation,the received signalwill
suffer from intersymbolinterference.However, thecombinedspa-
tio-temporalchannelwill lie in a one-dimensionalsubspacesince
all tapshave thesamespatialsignature.

An equalizerfor a channelwith reducedrank will alsohave re-
ducedrankin thesensethat it will not exploit all spatio-temporal
dimensionsin thespace-timefiltering. This canbetakeninto ac-
count alreadyin the design,leadingto an equalizerwith lower
complexity. Thespace-timefiltering in suchanequalizerwill con-
sistof a(small)numberof beamformers,eachfollowedby ascalar
temporalfilter.

Whatwewouldcall arankonelinearequalizercanbefoundin [1]
andwhat in effect is a reducedrank decisionfeedbackequalizer
is presentedin [2]. However, boththeseequalizersaretunedwith
iterative direct methodsanddo thereforenot directly exploit the
rankstructureof thechannel.

In this paper, we usereducedrankchannelmodelsto designrank
reducedversionsof themaximum-likelihoodsequenceestimator
(MLSE)andthedecisionfeedbackequalizer(DFE).Wealsocom-
paretheperformancesof theselow rankdetectorsto thoseof their
full rank counterpartson a setof uplink measurementsfrom an
antennaarraytestbed.

II. REDUCED RANK CHANNEL APPROXIMA TION

Throughoutthepaper, wewill considerdiscretetimechannelmod-
els anddetectors.A discretetime filter will be representedasa
polynomialin theunit delayoperator����� , asexemplifiedbelow:���	��
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Filtersmayalsohavetermswith powersof theadvanceoperator� .
Multiple-input-single-output(MISO) filterswill berepresentedas
polynomialrow vectors,andsingle-input-multiple-output(SIMO)
filters will berepresentedaspolynomialcolumnvectors.Further,
the complex conjugatetransposeof a filter (MISO or SIMO) is
definedas��4��5� ��� 
�
�687��496:�5�;
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Notethatthisfilter is non-causal.

A. Channel model

Considerthediscrete-time,spatio-temporalFIR modelof a wire-
lesschannelwith > taps?
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where?
����
 is thereceivedsignal,BJ�	��
 arethetransmittedsymbols
and EA�	��
 is noiseandinterference.ThechannelhasoneinputandK

outputs.
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Figure1: Channelwith spatiallycolorednoiseandnoisewhiten-
ing filter.

Sincethe temporalspectrumof thenoisecannotbereliably esti-
mated[3], we will considerthenoiseto be temporallywhite but
spatiallycoloredwith covariancematrixS Y#Y � E ` EA�	��
�E 6 �	��
�a�2
Therelativestrengthof thesignalcomparedto thenoiseandinter-
ferencein thedifferentspatialdirectionsis of importancefor the
equalization.This informationis containedin thenoise-whitened
channel. We thereforeprewhiten the outputof the channel?
�	��




with bTc�dVeXfg#g asin Figure1, giving theequivalentchannelmodelh�i�j	k�l
m�n)i^j�o c�d l�pCj�k�l&q�r)i�j	k�lmFj	n�is q,t-t�t.q�n�iu c�d o c u9v d lIpJj	k�l&q'r)i^j�k�l
where n�i5j5o c�d l
m b c�dVeVfg#g nAj5o c�d l (1a)h�i^j	k�l�m b c�dVeVfg#g h
j	k�l (1b)rDi^j	k�l�m b c�dVeVfg#g r�j�k�l3t (1c)

Workingwith thisnoise-whitenedchannelmodelwill alsobecon-
venientin thefollowing treatment.

B. Rank reduced model

We canexpressthechanneln i j5o c�d l with thechannel matrixw iCmyx n is n i d t�t-tzn iu c�d { t (2)

By usinga singularvaluedecomposition,we candecomposethe
channelmatrixas w i m�|~}�� (3)

where| consistsof theleft singularvectors��� of
w i and } con-

sistsof therightsingularvectors�&� with singular values included:|�m x � d � f t�t�t �)� {}�myx � d � f t-t�t ��� { (4)

where� m min j^���V��l . Theleft singularvectors��� areorthonor-
mal, andthe right singularvectorsareorthogonal,sortedin de-
scendingorderof magnitude,��� d ������� f �����-���9����� � � .

We canusethesingularvaluedecomposition(3) and(4) to write
the channelin polynomialform. For this purpose,we introduce
thepolynomials� � j�o c�d l3mQ� � s q�� � d o c�d q�t�t�t�q�� �.� u c�d o c u9v d
where � �X� is element� in �&� . The noise-whitenedchannelcan
thenberewritten n i j�o c�d l3m ����� d � � � � j�o c�d l3t
Thisdecompositionis depictedin Figure2.

With thismodel,thespatialpropertiesof thechannelarecaptured
in theorthogonalspatialsignatures� � , whereasthetemporaldis-
persionis describedby thepolynomials� � j�o c�d l .
We arenow readyto definetherankof thechannel.

Definition 1 Consider the singular value decomposition (3), (4)
of the channel matrix (2). If���&��� m,�����~� �¡ 
we say that the channel has rank �¡  . If �¡  m � the channel is
said to have full rank.
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Figure2: Decompositionof thenoise-whitenedchannel.

Therankof a wirelesschannelis determinedby thepropagation
environment. We believe that mostpracticalwirelesscommuni-
cation channelscan be well approximatedwith a reducedrank
modelas n�i�j�o c�d l3¾ �
¿��[� d � � � � j5o c�d l�� �  ÁÀ � t (5)

The correspondingrank reduceddecompositionof the channel
matrixwill be w i ¾�|   }ÃÂ  t
The rank reducedmatrices|   and }   containonly the first �¡ 
columnsof thecorrespondingmatrices| and } . Whentherank
of thechannelexceeds�¡  , thisensuresthatwekeeptheprincipal
componentsof the noise-whitenedchannel. Although this will
not in generalleadto the truly optimal rank reducedequalizerit
is well motivatedsincewein thiswaykeepthecomponentsof the
channelwith thehighestsignalto noiseratios.

III. REDUCED RANK SPACE-TIME MLSE

A. Spatio-temporal MLSE
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Figure3: Space-timeMLSE with multi-dimensionalmatchedfil-
ter.

As shown in Figure3, thespace-timeMLSE canbeseparatedinto
a multidimensionalmatchedfilter (MMF), Ì j�o;l , followed by a
scalar Viterbi algorithm[4]. TheMMF is givenbyÌ j5o;l3mQn Â j5o;l b c�dg#g m�n)i Â j�o;l b c�dVeXfg#g t
The signalafter the MMF is processedby a scalarViterbi algo-
rithm in order to find the symbol sequencethat maximizesthe
recursively definedmatchedfilter metricÍ&Î:ÏÐj	k�l3m,Í&Î:ÏÐj	k�Ñ+Ò�l�q Re Ó p1Ô;j�k�l[j^Õ;ËJj	k�l�Ñ0É s pCj�k�lÑ�Õ�Ö%×�Ø � d É Ø pJj	k�ÑÚÙ�lVl�Û�t

(6)



In (6), ÜCÝ�Þ�ß
àQáâÝ5ã;ß�ä
Ý	Þ�ß
is theoutputof theMMF, and å1æ arethecoefficientsof thedouble
sidedcomplex conjugatesymmetricmetricpolynomialå Ý�ã!çVã�è�é[ß
à å�êë;ì ã ë%ì<í�î�î-î�í å�ï í�î�î-î�í å ë;ì ã�è ë;ìà�ð)ñòÝ�ã;ß�ó è�éôõô ðZÝ�ã è�é ß
à�ð)ö ñ Ý5ã;ß�ð�ö�Ý�ã è�é ß î
Thefull rankMLSE is depictedin Figure4.
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Figure4: Full rankMLSE.

B. Rank reduction

Whenthechannelhasrank �	� , thebeamformers
ûü þ 
�� é ç î�î-î ç ûü þ

do not contributeto theinput to theViterbi algorithm.Therefore,
we can rewrite the output of the MMF, using the rank reduced
channelmodel(5):ÜCÝ�Þ�ß
à,áâÝ5ã;ß�ä
Ý�Þ�ß�à�ð ö ñ Ý5ã;ßIó è�é�
��ô#ô ä
Ý	Þ�ßà þ 
�æ�� é ÿ ñæ Ý�ã;ß ü ñ æ ó è�é�
��ô#ô ä
Ý�Þ�ß3à þ 
�æ�� é ÿ ñæ Ý�ã;ß ûü ñ æ ä
Ý	Þ�ß
wherewehave includedthewhiteningof thereceivedsignal(1b)
in thebeamformersanddefinedûü æ à�ó è�é�
��ô#ô ü æ î (7)

TheMMF is followedby ascalarViterbi algorithmusingthemet-
ric definedby (6). However, whenthechannelis adequatelyde-
scribedby the low rankmodel(5), themetricpolynomialcanbe
expressedas

å þ 
 Ý�ã!çVã è�é ß3à
þ 
�æ�� é ÿ ñæ Ý�ã;ß ÿ æ Ý5ã è�é ß î

We call theresultingMLSE, depictedin Figure5, a reduced rank
MLSE.

IV. REDUCED RANK SPACE-TIME DFE

A. Space-time DFE

We assumethatthereceivedsignal

ä
Ý	Þ�ß
hasbeennoise-whitened

to form

ä ö Ý�Þ�ß
andwe usea space-timeDFE asdepictedin Fig-

ure 6. The receivednoise-whitenedsignalsamples

ä ö Ý	Þ�ß
arefil-

teredthroughthefeedforwardfilter, � ö Ý5ã è�é ß3à � öï í � ö é ã è�é í î�î-î^í
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Figure5: ReducedrankMLSE.� ö� ã è � , andpreviously decidedsymbolsarefilteredthroughthe
feedbackfilter � Ý5ã è�é ß
à �Áï í � é ã è�é í�î�î�î�í � ë�� ã è ë�� , in order
to form an estimate �� Ý	Þ�����ß of the symbol

� Ý�Þ�����ß
. The pa-

rameter

�
is thedecisiondelay. Thelengthof thefeedbackfilter

shouldbeonelessthanthelengthof thechannel.
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Figure6: Structureof the generalMISO FIR decisionfeedback
equalizer.

Whentuningtheequalizerwe assumethatall previouslydecided
symbolsfed into thefeedbackfilter arecorrect.We thentunethe
equalizerto minimizethemeansquareerror) à

E *,+-�� Ý	Þ.�(��ß'� � Ý	Þ.�/�Tß + �10 î (8)

The feedforward filter coefficients minimizing (8) can then be
computed[5, 6] by solvingÝ32 ö 2 ö ñ í

I

ß � ö ñ à5467 ð ö�
...
ð öï

819: (9)
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Thefeedbackfilter coefficientscanbecomputedas@BADCFEHG IKJMLON PRQTS�Q A�UVW�XZY [-\LOQ W�] \W�^ A ^ SO_ (10)

B. Rank reduction

Using the rank reducedchannelmodel(5), a rank reducedDFE
canbecomputed.We definethematrices`ba Cdcefhg a i

...i g a
j1kl

m a C cefon row p i
...

...n row q r-r1r n row p
j1klmTa N L C<s n row q r1r1r n row pFt

where

n row u Cwv row u in x a if uzy�{i
if uz|�{ _

Equation(9) cannow bewritten} ` a m�~a m a `�~a��
I � [-\ ~ C ` a m�~a N L�_

Wenow changeto thebasisconsistingof thecolumnsof � ` a ` a N �'� ,wherè
a N � is a matrix whosecolumnsspantheorthogonalcom-

plementto thespanof
`ba

. Notingthat
` ~a `ba C

I and̀
~a N � `ba C 0

wegetthetwo equations} m�~a m a ��� � `�~a [-\ ~ C m�~a N L (12a)`�~a N � [-\ ~ C i _ (12b)

To solve (12a)wecanconsiderthenew unknown variable� ~ Cws � Y _-_1_ � L t ~ C `�~a [-\ ~
andthecorrespondingequation} m ~a m a ��� � � ~ C m ~L _
If � satisfiesthisequationweseethat[�\ ~ C ` a � ~ (13)

solvesboth(12a)and(12b).

We can now reformulate(13) to get an expressionfor [ \ }3� QTS � .Dueto thespecialstructureof
`ba

, weobtain

[�\ }3� QZS � C��b�VA X S�� A }3� QZS ��� ~ A
wherewehavedefined

� A }3� QTS � C � Y A � � S A � QZS � r1r1r � � L A � QRL

andwhere� A W is element� in � A .
Finally, weincludethenoisewhiteningfilter from(1b)in thefeed-
forwardfilter of theDFE:

[ }3� QTS � C [�\ }3� QTS ��� QTS������� C �b�VA X S�� A }3� QZS ���� ~ A
where �� A is definedin (7). The feedbackfilter canthenbecom-
putedfrom the feedforward filter by using (10). The resulting
reducedrankDFEis depictedin Figure7.
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Figure7: ReducedrankDFE.

V. COMPLEXITY SAVINGS

A. Execution complexity

Theexecutionof thereducedrankfilterswill typically requireless
computationsthan the executionof the correspondingfull rank
filters. Thecomplexity of theexecutionof thefull rank(FR) and
thereducedrank(RR)multidimensionalmatchedfilter (MMF) in
theMLSE is²

FR,MMF execution
C�³µ´�¶ { cu

²
RR,MMF execution

C�³µ´-· a } ¶ � {�� cu _
Here

³µ´
is the numberof symbolsequalized,

¶
is the number

of antennaelementsand { is thechannellength. Thecomplexity
unit, cu, is thecomplexity of onecomplex multiplicationandone
complex addition.

Thecorrespondingcomplexities for theexecutionof thefeedfor-
wardfilter in theDFE is²

FR,S execution
C¸³ ´ ¶ } q � p¹� cu

²
RR,S execution

C¸³ ´ · a } ¶ � q � p¹� cu

whereq is thedecisiondelayin thefeedforwardfilter in theDFE.

B. Tuning complexity

Reducingthe rank of theMMF for the MLSE will requiresome
extra computations. This is however negligible in comparison
with thecomplexity savingsin theMLSE execution.

The tuning of the reducedrank DFE will in generalbe simpler
thanthe tuning of the full rank DFE, sincethe systemof linear



equations(12a)hasfewer unknownsthanthecorrespondingsys-
tem of linear equations(9). The complexity of solving for the
feedforwardcoefficientsisº

FR,S solving »½¼¿¾À¼¬ÁÃÂÅÄ¹Æ�Æ�Ç¹ÈKÉ cuº
RR,S solving »½¼¡Ê	Ë�¼3ÁÀÂ¸Ä�Æ�Æ Ç È�É cu

for thefull andreducedrankDFE:s,respectively.

VI. EXPERIMENTS ON MEASURED DATA

We have applied full and rank reducedversionsof the spatio-
temporalMLSE andtheDFEto asetof uplink measurements.

A. The measurements

The measurementswereperformedon an antennaarray testbed
designedby EricssonRadioSystemsAB andEricssonMicrowave
SystemsAB [7]. The testbedimplementedthe air interfaceof
DCS-1800.The arrayhadeight antennaoutputs. The measure-
mentswereperformedin downtown Düsseldorf,Germany.

In themeasurementsonemobileandoneinterfererwereused,and
their transmitpowerswereadjustedsothattheperformanceof the
algorithmswouldbelimited by interferenceandnotby noise.

B. Algorithms

Both the MLSE andthe DFE requirethe estimationof the mul-
tipath channelandthe spatialcovarianceof the noise. We esti-
mateda full rank,five tapmodelof thechannelusingtheoff-line
leastsquaresmethod.Reducedrankmodelsof thechannelwere
obtainedby makinglow rankapproximationsof thefull rankesti-
mateasin (5).1 Thenoisecovariancematrix wascomputedfrom
theresidualsof thechannelidentification.

C. Results

We appliedrank1 andrank2 versionsof theMLSE andtheDFE
to the experimentaldatafrom the arrayantenna,and compared
theirperformancesto thoseof theirfull rank(rank5) counterparts.
Theresultsareshown in Figure8.

For theMLSE we seethat therankoneversionperformsalmost
asgoodasthe full rankMLSE. Theranktwo versionhasa BER
very closeto thefull rankMLSE.

For theDFE therankoneversionhassomelossin performance.
Theranktwo versionconformsbetterwith theperformanceof the
full rankDFE,showing only a smalllossin performance.

VII. CONCLUSIONS

By applyingthe rank reduction,the complexity in the execution
of spatio-temporalequalizerscanbe reduced.In the caseof the
spatio-temporalDFE, the tuning of theequalizerparameterscan
alsobesimplified.Theexperimentalstudypresentedin thispaper
demonstratesthatfor practicalwirelesscommunicationchannels,
reducedrankequalizersmayprovideadequateperformance.

1Thelow rankpropertymayalsobeexplicitly includedin thechannelestima-
tion by applyingthemethoddescribedin [8].
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Figure8: Performanceof thefull andthereducedrankequalizers.
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