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ABSTRACT

We presentan efficient implementationof the Amplitude
SpectrumCapon (ASC) estimator The implementation
is basedon the FFT and an efficient computationof the
Cholesly-factor for the inverse covariance matrix. The
Cholesly-factoris obtainedrrom thelinearpredictioncoefi-
cientsascomputedoy the modifiedcovariancemethod.The
implementations significantlysimplerthanpreviousimple-
mentationsandit will yield spectralestimatesof a similar
guality asthese. A shortdiscussionon the differencesbe-
tweendifferentCaponestimatorgs alsoincluded.

1. INTRODUCTION

There has of lately been an increasedinterestin non-
parametricspectrakestimationjn particularusingthe Power
SpectrumCapon(PSC)andthe Amplitude SpectrumCapon
(ASC) estimators. An importantdifferencebetweenthese
estimatorsis that the ASC estimatorgives a least-squares
(LS) estimateof the amplitudeandthe phaseof a complec-
valuedsinusoidlocatedat the frequeng of interestwhereas
the PSCestimatoyignoring the noise,estimatethe power of
theCaporfilter output,andis thusnotyieldinganestimateof
thephasanformation[1]. Thisis oneof thePSCestimators
majordrawbacksasthe phasanformationis oftendesiredn
applications.

In this work we presentcomputationallyefficientimple-
mentationof the ASC spectralestimationalgorithm,termed
MASC, which is basedon an efficient estimationof the
Cholesly factorof the inversecovariancematrix. The pro-
posedestimateof the Cholesly factordependsonly on the
linear predictioncoeficients (LPC) andthe predictionerror
variancesequencewhich both are obtainedfrom Marple’s
fast implementationof the modified covariance method
(MCM) [2]. The presentedspectralestimatortakesfull ac-
countof the highly structuredoroblemformulation,andcan
beimplementedisingthe FastFourierTransform(FFT).The
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proposedalgorithm has close connectiongo both the effi-
cientASCimplementatiorpresentedby Liu etal [3] andthe
efficient PSCimplementatiorpresentedyy Musicus[4]. The
differencebetweernour implementatiorandthatof Liu etal
is thatin the Liu et al implementatiornthe Choleslky factor
of the inversecovariancematrix is found from the sample-
covariancematrix, as opposedo in our methodwherethe
Cholesly factoris directly estimatedrom the datausinges-
timatedLPCs.The PSCspectrakstimatan [4] is alsobased
on LPCs,althoughanimportantdifferencebetweerthis ap-
proachandoursis thatthe LPCs are thereestimatedusing
the Levinson-Durbinalgorithm (see,e.qg., [5, 6]), whereas
our implementatioris basedon the MCM. It is well known
thatthe autorgyressie (AR) spectralestimateobtainby us-
ing the MCM algorithmwill have higherresolutionthanthe
AR estimatebtainedfrom the solutionto the Yule-Walker
equationg2]. Thesamewill alsoholdfor the Caponestima-
tors. Anotherdifferenceis of coursethat our methodyields
anASC estimatewhereaghe algorithmin [4] yieldsa PSC
estimate.

The paperis organizedasfollows. In the next sectionthe
ASC andthe PSCspectralestimatorsare briefly reviewed.
Then,in Section3, the computationallyefficient ASC algo-
rithm is presentedFinally, Section4 containssomeillustra-
tive numericalexamples.

2. THE ASC AND THE PSC ESTIMATORS

In the filterbank approachto spectralestimation,the spec-
trum is estimatedby passinghe signalthrougha L-tap nar
rowbandfilter, h,,, with varying centerfrequeny w (see,
e.g.,[7, 8]). Thefilter h,, is designedo passw undistorted.
Here,andin thefollowing, thesubscriptw is usedto indicate
adependencenthefilter’'s centerfrequeng.

Let {z(n);n = 0,... ,N — 1} denotethe available (sta-
tionary) data sampleof which the spectrumis to be esti-
mated.Thefilter outputcanthenbewritten as

hily(t) = cwe™ + €(t), 1)

fort =0,...,M — 1, wherey(t) is theforwarddatavector
T

y(t) = [ =(t) st+L-1) ], )



andwhere(-)T and(-)¥ denotetranspos@ndcomplex con-
jugatetransposeand (t) is someadditive colored noise.
Here,M = N — L + 1, is thenumberof sulvectors.In the
following we assumethate(t) is uncorrelatedwith a,,e?.
This assumptions basicallyonly true for spectrallines, al-
thoughit hasbeenfoundto beareasonablapproximatiorin
othercasesaswell [7].

The LS estimateof the comple< amplitude,«,,, in (1) is
givenby

dw = thw; (3)
where
1 M-1 )
Yo =57 ) y(e ™" )

t=
The Caponfilter [9] is givenby
N N -1
ho = R;"a,(D) (aff (DR, 'au(L)) ., ()
where
a,(L)=[1 e* eit=w 1T (p)

is the Fouriervector andR,, is anestimateof the covariance
matrixof y(¢), i.e.,

R, =E{y(t)y®)"}, @)

whereE {-} denotesxpectation.The ASC estimateat fre-
queny w, is givenby (3) evaluatedusingthefilter (5),i.e.,

H N —1
R Y . 1 LTI
al[(L)Ry a,(L)
andthe spectralestimatds the magnitudesquareof (8),i.e.,
@ASC — |&ASC|2 . (9)

The PSC spectralestimatoris obtainedby estimatingthe
power of thefilter output,i.e.,

1 M= 2
pre = 37 2 [y®] =hiRh,
t=0
1
= — . (10)
all(L)R; 'a, (L)

By ignoringtheadditive noiseterm,e(t), in (1), thePSCesti-
matorcanbeseenasanestimateof &, |”. NotethatASC, as
it doesaccountor thenoise,in generawill yield adifferent,
andoftenpreferablespectralestimatethanthe PSCspectral
estimator

3. PROPOSED EFFICIENT IMPLEMENTATION

The productbetweerthe Fouriervectorsandthe inverseco-
variancematrix in (8) and(10) can,with a Cholesly factor
ization of theinversecovariancematrix, be efficiently calcu-
latedusingthe FFT[3, 8]. Let

CE=R;? (11)

denotea squareroot of the positive definitematrix R-%, so
thatCCH = R, !, andlet

v, = CHa,(L) (12)
n, = CHy,= %CHWa:(M), (13)

where
W=[y() y(M) ]. (14)

Here,(-)* is usedto denotethe complex conjugate Thevec-
torsv,, andp,, canbe efficiently calculatedor all frequen-
ciesonthefrequeny grid usingtheFFT. A columnwiseFFT
of C givesall thev, whereasirow wise FFT of CTW /M

givesu,, for all the frequencieconsidered.Making useof

(10),aswell as(12),the PSCspectrakstimatecanbeformu-

latedas

1

APSC _
viy,

w

(15)

Similarly, the ASC spectrakstimatds foundasin (9), where
the complex amplitudeestimatesanbe formulatedas (see
[1, 8] for furtherdetails)

ASC — Vfl‘l’w (16)

.
vy,

Thus, both the PSC and the ASC spectralestimatorscan,
given an estimateof C, be efficiently computedusing the
FFT.

Both the classicalASC andPSCimplementationgndthe
recentlyproposedmplementationsdy Liu et al canuseei-
ther an estimateof the forward-only outerproduct covari-
ancematrix (F-ASCandF-PSC),.e.,

M-1
Ap_i H_i H
R) =+ ; yOy®)" = - WWH, (17)

or anestimateof the forward-backvardaveragedcovariance
matrix (FB-ASCandFB-PSQ, i.e.,

~ 1 ~ ST
R =2 (R; +I(RE) J) , (18)

where J is the exchangematrix whose anti-diagonalele-
mentsare onesandall otherelementsare zero,to compute
the estimatesn (9) or (10). The Liu etal implementations
will thusbe computationallyunnecessarilgumbersomeas
they requiresthe computingof an estimateof the covariance
matrix, asthe productof two L x M matrixes,aswell asa
Cholesly factorizationandthe inversionof a matrix of size
LtogetCH.

Here,we insteadproposeto computethe ASC estimatan
(16) by constructingC directly from the forward prediction
coeficients(seee.g.,[2], Chapter3.8)

1 0 ... 0 Ufil 91 .0
C— ar1(1) 1 0 o5 0
ara(L—1) a(1) 1L 0O .. 0 o5

(19)



wherea, (k) denoteshekth (forward)LPC of orderp, satis-
fying

ep(n) =z(n) + Y _ ap(k)x(n — k), (20)

and o, is the predictionerror standarddeviation of model

orderp, i.e.,
op =/ E{lep(n)|*}. (21)

The needed_PCsin (19) canbe computedin numerous
ways. We will in the following usethe MCM, asit will
producespectralestimateswith higher resolutionthan, for
instance the solutionto the Yule-Walker equationswould.
Thus, we term the resulting ASC estimator as obtainedby
combining(16) and(19), the MASC estimatof. It is worth
stressingthat by estimatingthe AR coeficients using the
MCM oneavoidstheproblemof line-splittingandfrequeny
biasthatwould occurif, e.g.,theBurgalgorithmwasusedn-
stead[2]. The MCM algorithmestimateshe LPCsdirectly
from dataand doesnot needto calculatea covarianceesti-
matefirst.

4. NUMERICAL EXAMPLES

Thetruespectrunof thesimulationdata,asseenin Figurel,
consistsof three dominantspectrallines and ten smaller
spectrallines locatedat the following normalizedfrequen-
cies:0.062,f5, 0.25,0.28,0.33,0.35,0.37,0.39,0.41,0.43,
0.45,0.47,0.49. Thesecondspectraline, locatedat fs, is in
thefollowing variedto demonstratéhe resolutionproperties
of the estimators.The spectrallines all have a phasevalue
of /4. ThedatasequencdéasN = 64 datasamplesandis
corruptedby complex white Gaussiamoisewith zeromean
andvariances?. The SNR for a spectralline is definedas
101og,o(|aw|?/0?) [dB].
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Figurel: Thetrue magnitudespectrumwith thesecondine
at fo =0.071,thePeriodogranandthe MASC estimate.

2 A MATLAB implementatiorof theMASC estimatoiis availableupon
requesfrom thefirst author

First we study the different spectralestimators’resolu-
tion by varying the locationof the secondspectraline. Let
¢ denotean amplitudespectralestimateat frequeng w.
One canthen considerthe two sinusoidalsignalsresohed
if v = 20uw; — Pu, — Puy, < 0, Wherews is the midway
frequeng betweenu; andw,. Figure2 shavstheresolution
ability of the ASC andthe PSCspectralestimatorsascom-
paredto the standardPeriodogram As seenfrom the figure
theresolutioncurvesfor theMASC andthe FB-ASCestima-
tors coincide,both having slightly lower resolutionthanthe
F-ASC. It is worth noting thatthe ASC methodswill have
significantly higher resolutionthan both the PSC methods
andthe Periodograrh. Here,the SNR= 30dB for thetwo
first lines. Unlessotherwisestated the usedfilter is L=16
tapslong andtheresultsareobtainedrom 500 Monte Carlo
trials.

10 5
<
S 80
w0
X
& 60
o
2 ' [~ F-Asc
= 40 | —— MASC
8 ! —— FB-ASC
X oo || -~ FB-PSC|]
I | = F-PSC
g | |- FFT
T 04 0.5 0.6 0.7 0.8

lfrequency separation [in 1/N units]

Figure2: Resolutionimits whenthe secondpeakis varied.

We proceedby comparingthe meansquarecerror (MSE)
of the power spectralestimategthe magnitudesquaredam-
plitude spectralestimate)for the differentestimators. Fig-
ure 3 shovs how the MSE of the power spectral esti-
matesvariesfor the FB-ASC, FB-PSC MASC estimators
and the Periodogramas the secondspectralline is moved
(SNR=20dB). As seenin thefigure,the MASC estimator
shaws lessof a dependeng on the frequeny separatiorof
the spectralinesascomparedo the FB-ASC estimator(the
forward-only estimatorsperform worsethan their forward-
backward counterpartsandis thusfoundto yield amorere-
liable power spectrakstimate.

Figure 4 compareshe MSE of the power spectralesti-
matesfor the secondspectralline, separate®/N from the
first, for theF-ASC,FB-ASC,MASC, FB-PSCestimatoras
well asfor the PeriodogramThe MASC estimatds seento
yield a superiorestimateascomparedo the othermethods.
If insteadtheline separatiowould have been2.5/N thedif-
ferencein performancevould have beensmaller(asseenin
Figure3).

Finally, Figure 5 illustratesthe relatve computational

3 In fact,in [10] it wasfoundthatthe ASC methodshave higherresolu-
tion thaneventhe parametricMUSIC estimatorwhichassumesull knowl-
edgeof the datastructure.
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Figure 3: The MSE of the power spectralestimatefor the
secondoeak,asthe separatiorof the peaksvaries.
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Figure 4: The MSE of the power spectralestimateof the
secondoeak.

compleity of the differentASC and PSCimplementations
asthedatalength,N, varies.Notethatthe F andFB spectral
estimatorshave almostthe samecomputationacomplexity
asthey differ only in thesummatiorof theforwardandback-
wardcovariancematrix (18). Thecomputationaloadfor the
FB-ASC and FB-PSCare obtainedby using the Cholesly
basedmplementatiorby Liu etal (the classicalimplemen-
tations are significantly more cumbersome).In the figure,
the estimators’computationaload, as measuredoy MAT-
LAB, hasfor clarity of presentatiotveernormalizedwith the
load of the MASC method. In the example,thefilterlength
wasL = N/4, andthe spectrumwasevaluatedfor 4N grid-
points(to obtainasufficiently highresolution).Theonly dif-
ferencebetweerourmethodandthemethodpresentedh Liu
etal is how the Cholesly factoris calculated Theremaining
computationsare the same. For N = 256, the direct cal-
culationof the forward-backvard covariance the Cholesly
factorizationandits inverseamountgo roughly 54% of the
total numberof floating point operationgflops)ascompared
to about4% in our approach. It is worth noting that a di-
rectcalculationof the FB-ASC using(8) (not exploiting the
Cholesly decompositionyvould, for N = 256, renderabout
15timesmorecomputationghanthe MASC method.

—+ FB-ASC
—e— MASC
1 -+~ FB-PSC

N

o
o
L

Relative computational load
= &

o

0 200 400 600 800 1000
Data length

Figure5: Relatve computationatomplexity vs datalength.
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