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ABSTRACT
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Themultivariabledecisionfeedbackequalizer(DFE) is investigatedasatool for multiuser
detectionandinterferencerejection. ThreedifferentDFE structuresareintroduced.The
first DFE hasa non-causalfeedforwardfilter anda causalfeedbackfilter. We show how
its parameterscanbetunedto givea minimummean-squareerror. ThesecondDFE is de-
rivedundertheconstraintof realizability. Theexplicit structureanddesignequationsfor
an optimumrealizableminimummean-squareerrorDFE areobtained.Thezero-forcing
criterionis alsoconsidered,andconditionsfor theexistenceof a zero-forcingsolutionare
derived. We thenconsidera DFE whereboth feedforward andfeedbackfilters areFIR
filtersof predetermineddegrees.Wediscussthetuningprocedurefor obtainingtheparam-
etersof aminimummean-squareerrorDFEandpresenttheconditionsfor theexistenceof
azero-forcingsolution.Two specificapplicationsareconsiderednext. In thefirst scenario,
anantennaarrayis usedat thereceiver in a cellularsystemto accomplishspatialdivision
multipleaccess.We comparetwo DFEs,operatingasmultiuserdetectorsandinterference
cancellers,respectively, andit is demonstratedthat thedifferencein performanceis small
whenfew usersareactivein thesystem.Wealsoshow thattheparameterestimationprob-
lem is morecomplicatedfor interferencerejection. The secondapplicationis multiuser
detectionin DS-CDMA. A family of minimummean-squareerrordetectorswith different
amountsof decisionfeedbackis designed,basedon a possiblyrapidly time-varyinglinear
model. The linear model includeseffectsof the multipathchannel,pulseshapingfilters
and the spreading.We alsoshow that near-far resistanceof the minimum mean-square
errordetectorscanbeguaranteedif andonly if theparametersof thedetectorcanbetuned
sothatthezero-forcingconditionis fulfilled.
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Remarkson thenotation

In this thesis,wewill almostexclusively uselinear, discrete-timefilter andchannel
descriptions. A scalarand causal,discrete-timefilter can be representedby an
infinite power seriesin theunit delayoperator����� :��� � ���
	�� 
�������� � � � ���
For any signal � ��� 	 , ������� ��� 	�� � ������� 	 . Theoutputof thelinearfilter

��� � ��� 	 is
givenby ! ��� 	�� �"� � ��� 	 � ��� 	�� 
������ � � � � � � ��� 	��


��#��� � � � �����%$ 	
when the time series � ��� 	 is applied to its input. In general,the coefficients& � �(' 
����� will be complex-valued. Whendiscussingfrequency domainproperties
of thefilters,wewill oftenreplacetheoperator����� with thecomplex variable)���� .

A linearfilter of finite ordercanbedescribedby a ratio betweentwo polyno-
mialsin � ��� : ��� � ��� 	*�,+ � � ��� 	-�� � ��� 	�.
where -�� � ��� 	�/� �1032 � � ��� 0546464�032�798 � � 798+ � � ��� 	�/�;: � 0 : � � ��� 0546464#0 : 79< � � 7=< �
Whenthe time series� ��� 	 is appliedto the input of a filter describedby sucha
rationalfunction,theoutputwill begivenby! ��� 	�� � 7=8��#� � 2 � ! ���>�;$ 	 0 79<������ : � � ���>�;$ 	 �

xi



xii Remarkson thenotation

Thefilter is calledstableif all therootsof
-�� )���� 	*�@? havemagnitudeswhichare

strictly lessthanone.
Many importantfilters have finite impulseresponses.SuchFIR filters will be

describedby polynomialsin ����� :! ��� 	��@A � � ��� 	 � ��� 	B��C � � ��� 	 0 C � � �����D� 	 0546464E0 C 7GF � ���H��I C�	 �
Theparameter

I C is calledthedegreeof thepolynomial. A polynomialis saidto
bemonicif C � � �

.
A causalmultiple-inputmultiple-output(MIMO) filter with

$�J
inputsand

$�K
outputscanbedescribedby theinfinite series

LM� � ���N	*� 
��#���PO � � � �
whereO � arematriceswith

$�K
rowsand

$�J
columns.Proceedingasfor thescalar

filters,aMIMO filter of finite orderwill bedescribedby therationalmatrix

LQ� � ���N	��
RS
T � �U� � � ��� 	 �6�6� � � �EV � � ��� 	...

...� �#W � � ����� 	 �6�6� � �#WX� V � ����� 	
Y6Z
[

where ��\^]_� � ��� 	�� + \`]�� ����� 	- \^] � � ��� 	
arescalarrational functionsasdescribedabove. The rationalmatrix

L�� � ��� 	 is
calledstableif all its elementsarestable. Also, an FIR MIMO filter will be de-
scribedby thepolynomialmatrix

a � � ��� 	B�
RS
T A �U� � � ��� 	 �6�6� A � �EV � � ��� 	...

...A � W � � ����� 	 �6�6� A � W �#V � ����� 	
Y6Z
[ .

or equivalentlyby thematrixpolynomiala � � ��� 	��cb � 0 b � � ��� 0546464E0 b 7=d � � 79d �
The parameter

I A is calledthe degreeof the polynomialmatrix (andthe matrix
polynomial),andequalsthehighestdegreeof any of theelementsin thepolynomial
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matrix. Thepolynomialmatrix
a � ����� 	 is saidto bemonicwhen b � �@e , wheree

is theidentitymatrix.1

Specialcasesof MIMO filters are single-inputmultiple-output(SIMO) and
multiple-inputsingle-output(MISO) filters, which will be describedby rational
(polynomial)columnvectorsandrational(polynomial)row vectors,respectively.

A rationalmatrixmayberepresentedby a matrix fractiondescription(MFD),
whichcanbeeitherleft LM� � ��� 	B�cf ��� � � ��� 	�g � � ��� 	
or right LM� � ��� 	��ihg � � ��� 	�hf ��� � � ��� 	 �
Above, f � ����� 	 , g � ����� 	 , hf � � ��� 	 , and hg � ����� 	 arepolynomialmatricesof dimen-
sions

$�Kkjl$�K
,
$�Kkjl$�J

,
$�JHjl$�J

and
$�Kkjl$�J

, respectively.
For any linearMIMO filter

L�� ����� 	��nm 
�#��� O � ��� � , wedefinethenon-causal
filter LpoE� � 	�/� 
������ O>q� � � .
where

�94 	 q denotescomplex conjugatetranspose.If weapplythisdefinitionto any
rationalmatrix

L�� � ��� 	 , weobtainLpo�� � 	��ng o#� � 	�fr���o � � 	*� hf ���o � � 	 hg o�� � 	 �
Above,wehave usedconjugatepolynomialmatrices, whicharedefinedasa o � � 	 /�sb q� 0 b q � � 0546464�0 b q79d � 79d
for any polynomialmatrix

a � � ��� 	�/�sb � 0 b � � ��� 0Q46464t0 b � � 79d . For polynomial
matrices,wewill alsousethereciprocal polynomialmatrix, definedbyua � � ��� 	 /� � � 79d a o � � 	*�cb q7=d 0 b q7=d ��� � ��� 0546464#0 b q� � � 79d �

1The v Vxw v V identitymatrixwill oftenbedenotedy9zN{ .
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CHAPTER 1

Introduction

VER sinceAlexanderGrahamBell patentedthetelephonein 1876,it hasbeen
possiblefor peopleto have privatecommunicationalsowhenthey aregeo-

graphicallyseparated.With the invention of switching, householdscould have
theirown telephoneconnection,andwhentheswitchingwasautomatedduringthe
1930sand1940s,telephony becameamassmarket.

Duringthenext few decades,althoughthetelephonesystemsexpanded,andthe
quality of thetransmittedspeechkeptimproving, theconsumersnotedfew funda-
mentalchangesin theoperationof thetelephonesystem.However, thenumberof
subscribersandthe amountof telephoneusagewereconstantlygrowing. As the
demandfor transmissioncapacitygrew, it becameapparentthatsomeof thecur-
renttechnicalsolutionswerebecomingimpractical.In particular, this wastruefor
themultiplexing. Multiplexing is theprocesswherebyseveralcallsarecombined
andsentin parallelover a commoncommunicationlink. Themultiplexing of the
callswasbasedonfrequency division,atechniquethatwasbecomingincreasingly
complex with thegrowing traffic.

New solutionswerebasedontimedivisionmultiple-access(TDMA). However,
TDMA is very difficult to implementin a systemwherethemultiplexed informa-
tion is analog.Gradually, thedecisionwasmadeto convert telephonesystemsto
usedigital transmission.Theprocesswaspushedforwardby thedevelopmentof
cheapbut powerful digital circuits.

Theintroductionof adigital transmissionformatbroughtseveraladditionalad-
vantages.Theamplifierscouldbemadesimpler, andit becameeasierto maintain
the quality of the transmittedsignalsover long distances.The digital hardware
proved to becheaperandmorereliablethanits analogcounterpart.Also, the in-

1



2 Chapter1. Introduction

troductionof new transmissionmediawith very high transmissioncapacitywas
greatlysimplified.

However, themostimportantconsequenceof thedigitalizationof thebackbone
network wastheability to handlenew servicesin aflexibleway. Thisis particularly
apparenttoday, whenthe voice traffic in the “telephone”systemis lessthanhalf
of thetotal traffic. Therestis generatedby variousflavorsof datacommunication,
which is inherentlydigital. For suchinformation,digital transmissionis theonly
reasonablealternative.

Handlingthestill increasingamountof digital traffic is todayalargeandimpor-
tantresearcharea.Also, theexplosivegrowth of digital cellulartelephony provides
new researchchallenges.

Wewill now introducesomeof theseissues,beforeintroducingandmotivating
themainthemeof thisthesis:themultivariabledecisionfeedback equalizer(DFE).
ThisDFEisatool for suppressingtwospecialtypesof interferencewhichispresent
in digital communication.Thethesishastwo mainparts.Chapters2 and3 present
the theoreticalbackgroundanddiscusspropertiescommonto all applicationsof
theDFE,whereasin Chapters4 and5, two specificapplicationsareinvestigated.

We begin, however, with an introductionwhich providesthenecessaryback-
groundaboutdigital communication,cellular systemsandmultivariablechannel
models.

1.1 Digital communications

Figure1.1shows anoverview of a digital communicationsystem.In this section,
wewill briefly discusseachof theblocksin Figure1.1with emphasisonthechan-
neldescriptions.

The source delivers the informationto be transmitted.This informationmay
beanalog or digital. Speech,audioandvideoareexamplesof informationfrom
analogsources,sincethey canonly beexactly representedby analogwaveforms.
On theotherhand,digital sourcesdeliver a streamof quantizedvalues.Themost
importantexampleof suchasourceis acomputer, but in thefuturewecanforesee
severalscenarioswith machine-to-machinecommunication.

The non-trivial taskof the source encoderis to representthe transmittedin-
formationusingasfew bits aspossible.For analogsources,we try to modelthe
unquantizedwaveformascloselyaspossible.Somemodelingerrorsarethenun-
avoidablyintroduced,andtheencoderdesignalwaysinvolvesa trade-off between
fidelity of reproductionandthebandwidthof thetransmittedsignal.

For a digital sourceon theotherhand,we cannotallow any error: The trans-
mittedsignalmustbeperfectlyreconstructibleatthereceiver. Thesourceencoding
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Figure1.1: A digital communicationsystem.

mustin this casebe lossless, andconstitutesdatacompression.Themostfamous
exampleof suchdatacompressionis theHuffmanalgorithm[39].

The sourceencoderdelivers a streamof bits to the channelencoder, which
in turn addsredundancy to thebit stream.With this redundancy, it is possibleto
performerrordetectionanderrorcorrectionat thereceiver.

Channelcodeswithoutmemoryarecalledblock codes. Theencoderfor ablock
codeindependentlymapsoneblock of

�
informationbits ontoa block of

$
bits,

calleda codeword. The ratio
�P��$

is calledthe coderate. Sincethe encodingis
memoryless,both encodinganddecodingcanbe efficiently implementedwith a
combinationallogic circuit. Famousblock codesincludetheHamming,theBCH
andtheReed-Solomoncodes[48].

A convolutionalcodeon theotherhandhasmemory. A convolutionalencoder
alsoacceptsblocksof

�
informationbits from thesourceencoder, andmapsthem

ontoblocksof
$

bits. However, theoutputof theencoderdependsnot only on the
presentblockof informationbits,but alsoonthe � precedingblocks.Theconstant� is known astheconstraint lengthof thecode.Theencoderfor a convolutional
codecanbeimplementedwith a sequentiallogic circuit, containingshift registers
andexclusive-ORgates.Convolutionalcodesaremostoftendecodedby meansof
theViterbi algorithm[30].

The next stepin the communicationprocessis the modulation. The purpose
of themodulatoris to transformthestreamof bits from thechannelencoderto an
analogwaveformthatcanbetransmittedover thecommunicationchannel.

The modulationcanbe further separatedinto digital andanalogmodulation.
Thedigitalmodulatorcollectsablockof bitsfromthechannelencoderanduniquely
mapsit ontothesymbolconstellation. Eachblockof bitsarethustransformedinto
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oneof � symbols, which may be complex valued. Examplesof suchmappings
areshown in Figure1.2. Thesecomplex-valuedsymbolswill beusedasinput in

�
�

(a) Mapping for binary
phase-shiftkeying (BPSK)
( ����� )

�
�

(b) Mappingfor quaternary
phase-shiftkeying (QPSK)
( ����� )

�
�

(c) Mapping for 16-
quadrature amplitudemodu-
lation (16-QAM)( ���p�U� )

Figure1.2: Examplesof differentmappings.

thediscretetimechannelmodelsusedthroughoutthis thesis.
The purposeof the analogmodulationis to superimposethesesymbolson a

radio frequency carrier. The modulatorfirst splits the symbol into its real and
imaginaryparts.Eachof thesesignalsthenpassthroughapulseshapingfilter. The
continuoustime signalsat theoutputof thesetwo pulseshapingfilters areknown
asthe in-phaseandquadrature componentsrespectively. Theimpulseresponseof
thepulseshapingfilter is chosento controlthebandwidthof thesesignals.

The in-phaseandquadraturecomponentsconstitutea basebandor equivalent
lowpassrepresentationof thesignal.Thebasebandsignalmayalsoberepresented
by its complex envelope. Thecomplex envelopeis acomplex-valuedsignalwhose
real part is the in-phasecomponentandwhoseimaginarypart is the quadrature
component.

Thenext stepin thecommunicationprocessis to convert thebasebandsignal
into a passbandsignal1, which is real-valuedandcontainsmuchhigherfrequen-
cies. This is doneby the last stepin the analogmodulation,the frequency up-
conversion.By multiplying thein-phasecomponentby ���_���#���#� � andthequadra-
turecomponentby �X ¢¡£�#���#� � andaddingthem,thecenterfrequency of thesignal
is shiftedfrom ? to � � . The choiceof � � dependson theapplication,but is often
much larger than the bandwidthof the basebandsignal. The passbandsignal is

1Not all communicationsystemsusehigh frequency carriers.See[73, p. 186] for adiscussionof
systemusingonly basebandsignals.
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thentransmitted.Theprocessof analogmodulationis depictedin Figure1.3.
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Figure 1.3: Analog modulation for linear modulation. The complex-valued
symbolsare separatedinto its real and imaginary parts and converted into a
continuous-timewaveformthatcanbetransmitted.

Whenthe basebandsignal is not generatedby linear filtering of the real and
imaginarypartsof thesymbols,themodulationis callednon-linear. Thebasicnon-
linearmodulationmethodis frequency-shiftkeying (FSK), wherethe information
symbolscontrolthecarrierfrequency.

Themajordisadvantageof FSK is thatit occupiesa largebandwidth.To rem-
edy this problem,several modificationsof FSK have beenused. The most im-
portantis continuousphasemodulation(CPM). In CPM,theinformationsymbols
controlthecarrierphase,andthemodulatorparametersaretunedto trade-off band-
width consumptionfor detectorcomplexity.

When the signal travels throughthe channel,it experiencesa dampingand
phaseshift that is in generalfrequency dependentandtime-varying. In a wireless
channel,thefrequency selectivity is causedby multipathpropagation, that is, the
signaltravelsvia severaldifferentpathsfrom thetransmitterto thereceiver. When
the passbandsignalpassesthroughelectricalwires, variouscapacitancesandin-
ductancescausethe frequency selective damping. Even optical communications
suffer from this effect, sincethepropagationvelocity in theopticalfiber depends
on thewavelength.Thisphenomenonis known aschromaticdispersion.2

In thetimedomain,theeffectof thefrequency selectivity is thatasingletrans-
mittedpulseis receivedasa pulsetrain. Thedurationof this pulsetrain is called
the delayspread of the channel. Whena digital signalsignal is sentover a fre-
quency selective channel,the received signal is said to suffer from intersymbol
interference.

The temporalvariationsin the channelare causedby the movementof the
receiver or thetransmitter.3 Thecarrierfrequency will thusexperiencea Doppler

2Thiseffect canbeavoidedby cleverdesignof thetransmittedpulse.See[47, p. 141]
3Any mismatchbetweenthe carrier frequency and the frequency of the local oscillator in the
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shift for which thereceiver maybeunableto compensate.Whenthetransmission
is distortedby severemultipathpropagationin sucha non-stationaryscenario,the
signalwill evenexperiencea Dopplerbroadening. A singlesinusoidmaythenbe
receivedasasignalwith non-zerobandwidth.

The communicationis always impairedby noise. The stochasticnoisepro-
cessis describedby its distribution andcolor. Noiseis almostalwaysassumedto
containa componentthat is Gaussiandistributed. To describethenoisecolor, the
powerspectraldensityis mostoftenused.Themostcommonnoisemodelassumes
that thepower spectraldensityis constantover somefrequency interval andzero
outsideit. Sucha modelis appropriatefor the thermalnoise, which is causedby
thethermalmotionof theelectronsin thematerial.

Thecommunicationmayalsobeadverselyaffectedby co-channelinterference
(CCI), multiple-accessinterference(MAI) or cross-talk. Thesethreetermsareused
in differentapplicationscenariosto describethe sameimpairment: interference
from othersignalsthatsharethesamechannel.

At the receiver, the stepsare carriedout in reversedorder. The demodula-
tor convertsthesignalto anequivalentlowpassrepresentation.The in-phaseand
quadraturesignalsaresampled,andadiscrete-timecomplex signalis formed.The
demodulatormustthensuppressthe impactof noiseandinterferenceto produce
anestimateof thetransmittedsymbol.Thisestimatemaybepasseddirectly to the
decoder, or it maybe quantizedto producea hard decisionon what symbolwas
transmitted.In thelattercase,wehave detectedwhatsymbolwastransmitted.

Thechanneldecoderthentriesto find themostprobablesequenceof informa-
tion bits,usingthesymbolestimatesandtheredundancy introducedby thechannel
encoder. Whenthe decoderusesunquantizedsymbolestimates,the decodingis
saidto besoft, whereaswith quantizedsymbolestimates,it is calledhard. Finally,
thesourcedecoderrestorestheoriginal information.

The performanceof a digital communicationsystemis usuallyexpressedin
termsof error rates.Two bit streams,which shouldideally be identical,arecom-
pared. The numberof bits that aredifferentin the two streamsis divided by the
totalnumberof bits to obtaintheBit Error Rate(BER). Referringto Figure1.1,we
canfor instancecomparethebit streamsat

2
and

2�Á
to obtainthecodedBER.We

mayalsocomparethebit streamsat : and : Á to obtaintheuncodedor rawBER.In
this thesis,wewill usetheuncodedBERasaperformancemeasure.

receiverwill alsocausea time-varyingchannel.
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Equivalent discrete-timechannels

It shouldbeevidentfromtheabovediscussionthatacommunicationsystemis very
complex, even if we only studythedetectionproblem.Therefore,severalsimpli-
ficationsarecommonlyusedwhendesigningandanalyzingdetectionproblemsin
thecontext of communicationsystems.Onesimplificationis theconsequentuseof
basebandsignalsandmodels.Modeling the frequency up- anddown-conversion
thenbecomesunnecessary. A disadvantageof thisapproachis thatwehaveto work
with systemswherethetransferfunctionparametersarecomplex-valued. Thisun-
expectedpropertyis explainedin for instance[85].

Analysisof thedetectionprocesscanbefurthersimplifiedif we useanequiv-
alentdiscrete-timechannelmodelto describethetransmission.Thischannelmodel
relatesthecomplex-valuedsymbolsto thesampledversionof thereceivedcomplex-
valuedsignal.This channelmustthenmodelnot only theequivalentlowpassrep-
resentationof the passbandchannel,but also effects of the modulationand the
transmitandreceive filters.

We will further constrainthe channelmodel to be linear. At discrete-time
instant

�
, thechannelcanthusbedescribedby theinfinite seriesÂ"Ã � � ���
	�� 
������PÄ ��Å Ã � � �H�

(1.1)

This meansthat in general,non-linearmodulationmethods,suchasCPM cannot
be accommodated.SomeCPM schemescan,however, with a simplenon-linear
transformationat thechanneloutput,beconvertedto asystemthatcanbemodeled
aslinearwith goodapproximation[46].

In general,themodel(1.1) is of infinite order. It is impossibleto estimatethe
parametersof an infinite-orderlinearmodelusinga finite numberof data.There-
fore,wewill assumethatthechannelcanberepresentedby alinearmodelof finite
order. Suchamodelcanbedescribedby a rationalfunctionÂ"Ã � � ��� 	���+ Ã � ����� 	- Ã � � ��� 	 . (1.2)

where

+ Ã � � ���N	Æ/�%: �NÅ Ã 0 : � Å Ã � ��� 0Ç46464�0 : 7=< Å Ã � � 7=<- Ã � � ��� 	 /� �10M2 � Å Ã � ��� 0546464#0È2�798 Å Ã � � 7=8
arepolynomialsof finite orderin ����� with complex coefficients.

Usingthelinearchannelmodel(1.2), wecanexpressthereceivedsignalas! ��� 	�� Â"Ã � � ���N	9É ��� 	 03ÊÆ��� 	 . (1.3)
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where! ��� 	 is thereceivedsignal,sampledat thediscretetimeinstant
�
. Similarly,É ��� 	 is thesymboltransmittedat time

�
, and

ÊÆ��� 	 constitutesnoiseandinterfer-
ence.

Throughoutthisthesis,wewill usediscrete-timechanneldescriptionsto design
detectors.No optimizationis performedfor thecontinuous-timefilters thatarein-
evitably presentin a communicationsystem. In particular, no continuous-time
matchedfilter is usedasan a priori componentin the detectordesign. Instead,
we assumethattheanti-aliasingfiltering andsamplingis fixed,andwe designde-
tectorsthat optimally processthesampledsignal. Sincewe have no controlover
thesampling,we cannotguaranteethat thesampledsignalconstitutesa sufficient
statisticof thereceivedsignal[72, 76]. Themainreasonfor refrainingfrom opti-
mizationof thecontinuoustimefilters is thatin arealcommunicationsystem,only
fixedanalogfilterscanbeused.

Thedescription(1.3) incorporatesmostchannelmodelsdiscussedin theliter-
ature.Below webriefly discussthethreemostcommon,andshow whatadditional
propertiesthechannelmodel(1.2)hasin eachcase.

1. TheadditivewhiteGaussiannoise(AWGN)channel.For theAWGN chan-
nel, thereceivedsignalcanbemodeledas! ��� 	B�c: � É ��� 	 0MÊ���� 	
where

Ê���� 	 is whiteGaussiannoisewith varianceË�Ì . Thecoefficient : � is a
fixedconstant.

2. Theflat fadingchannel.For theflat fadingchannel,thereceivedsignalcan
bemodeledas ! ��� 	B�c: � É ��� 	 0MÊ���� 	
where

ÊÆ��� 	 is noisewith variance Ë�Ì . Often the noiseis assumedto be
Gaussianandwhite,but this is notaprerequisitefor thechannelmodel.The
coefficient : � is no longera fixedconstant.Ratherit is astochasticvariable,
with aspecifieddistribution. Thetwo mostcommoncasesareÍ TheRayleighfadingchannel. In thiscase,thechannelcoefficient : � is

a zeromeancomplex circularGaussiandistributedstochasticvariable,
or equivalently

: ��ÎlÏ(Ð � ? . Ë < 	 �
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Í The Riceanfadingchannel. In this case,the channelcoefficient : � is
a complex circular Gaussiandistributedstochasticvariablewith non-
zeromean,or equivalently: � Î�Ï�Ð � � < . Ë < 	 �

For both thesefadingchannels,thenamesarederived from thedistribution
of theabsolutevalueof : � : For theRayleighfadingchannel,Ñ : � Ñ is Rayleigh
distributed,whereasit for theRiceanfadingchannelhasaRicedistribution.
See[37].

3. Thefrequencyselectivefadingchannel.A generalfrequency selective chan-
nel is describedby (1.2) with

I�25Ò ? or
I : Ò ? . However, especiallyin

wirelesscommunications,it is commonto usea modelwith a finite, rather
thananinfinite, impulseresponse,in which case

I�2 �c? . Thechannelcoef-
ficientsin afrequency selectivechannelarefrequentlymodeledasstochastic
variableswith Rayleighor Riceandistributedamplitudes.

For thetwo lastchannels,thechannelcoefficientswill in generalbetime-varying.

Remark 1. Notethatthetermfadingcanmeantwo things:Í A channelis saidto befadingif it varieseitherwith timeor frequency.Í A channelis alsosaidto befadingif theparameterswhichdescribethechan-
nelarestochasticvariables, drawn from a specificdistribution.

In this thesis,all consideredchannelswill be frequency selective. The pro-
cessof combatingtheeffectsof frequency selective fadingis thetopic of thenext
section.

1.2 Equalization and the decisionfeedbackequalizer

Suppressingintersymbolinterference,or equivalentlyremoving theeffectof a fre-
quency selective channelis known asequalization. In theprocess,thespectrumof
thereceivedsignalbecomesflat, hencethenameequalization.

EXAMPLE 1.1

The intersymbolinterferencecanbe quitesevere. As anexample,considerthe
detectionof aQPSKmodulatedsignal,transmittedoverafour-tapchannel(

I :£�Ó
,
I�2 �Ô? in (1.2)). In Figure1.4, thereceivedcomplex-valuedsampledsignal
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is displayedbeforeandafterequalization.Without intersymbolinterference,the
receivedsignalshouldappearassmallclouds,centeredaroundthepointsin the
symbolconstellation,depictedin Figure1.2(b).
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Figure1.4: Scatterplotsof thereceivedsignalbeforeandafterequalization.Prior
to equalization,it is impossibleto seethat thetransmittedsignalis QPSKmodu-
lated.

We seethat we have to compensatefor the intersymbolinterference.Any
attemptto detectthe transmittedsymbolswithout suchcompensationwould be
futile: Thereis no traceof theQPSKconstellationin Figure1.4(a).

Thefirst attemptto solve theequalizationproblemwasthe linear transversal
equalizer, which is depictedin Figure1.5. Thereceivedsampledbasebandsignal,

! ��� 	 Transversal
filter Õ ªP«�¬ hÉ �����%Ö 	}~ ×É �����;Ö Ñ � 	 }~ }~

Figure1.5: The linear transversalequalizer, in which the received signal is fed
througha singleFIR filter to produceanestimateof thereceivedsymbol.

corruptedby ISI andnoise,is usedasinput to an FIR filter. The coefficientsof
this filter areadjustedto produceanestimateof thetransmittedsymbol.Thisesti-
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mateis thenquantizedto produceoneof thesymbolsin thesymbolconstellation.
Althoughthis equalizeris ableto remove mostof theISI, its performanceis poor
for channels+ � � ��� 	 for which the zerosof + � ) ��� 	 arecloseto the unit circle.
Thelinearequalizerwill alsotendto amplify thenoise,whichwill leadto frequent
decisionerrors.

Much betterperformanceis obtainedwith maximumlikelihoodsequencees-
timation (MLSE). The MLSE searchesamongall possibletransmittedsequences
for the sequencewith which the conditionalprobability of the received signal is
maximized. This statementcanbe formally expressedas follows: Considerthe
sequenceof received sampledsignals Ø � & ! ��� 	 '�ÙÃ � � . Assumethat a channel
modelandanoisedescriptionareavailablesothatwecancalculatetheconditional
probability C � ØÚÑ Û 	 of thereceivedsequenceØ for any admissibleinput sequenceÛ � & É ��� 	 ' ÙÃ � � . Themaximumlikelihoodsequenceestimateis then& hÉ ��� 	 ' ÙÃ � � �cÜ#ÝXÞ1ßàÜEáâ C � ØÚÑ Û 	 �
When the noiseis Gaussian,maximizing the conditionalprobability C � ØÚÑ Û 	 is
equivalentto minimizing thesumof thesquareddifferencesbetweenthereceived
signalsandthecorrespondingmodeloutputs.Furthermore,whenthe impulsere-
sponseof thechannelis finite andthenoiseis white, theMLSE canbeefficiently
implementedusingthe Viterbi algorithm[29]. Still, the complexity is very high
for longchannelsandlargesymbolalphabets:When � -ary modulationis usedin
a channelwith ã taps,thenumberof multiplicationsnecessaryfor detectingone
symbolis approximatelyequalto �åä .

An equalizerthatperformsalmostaswell astheMLSE at a complexity only
slightly higherthanthelinearequalizeris thedecisionfeedback equalizer(DFE).
Thus,theDFE — depictedin Figure1.6 — constitutesanattractive compromise
betweencomplexity andperformance.Thereceivedsignalis hereusedasaninput

! ��� 	 Feedforward
filter æ Õ ª(«�¬ hÉ ���>�%Ö 	

Feedback
filter

}~ }~ ×É �����%Ö Ñ � 	 }~ }~
��

¿ À

Figure1.6: Thescalardecisionfeedbackequalizer(DFE).

to thefeedforward filter. Fromtheoutputof thefeedforwardfilter, theinterference
from previouslydetectedsymbolsareremovedvia theoutputof thefeedback filter.
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Thedifferencebetweenthesetwo filter outputsconstitutesanestimateof thetrans-
mittedsymbol.Thisestimateis sometimescalledsoft, sinceit is notyetquantized.
Thedecisiondevice quantizesthesoft estimateandtheresultinghard estimateis
usedasinputof thefeedbackfilter to remove its effecton futuresymbolestimates.
The constant

Ö
is known asthe decisiondelayor the smoothinglag. It specifies

how many futuremeasurementswhich areprocessedbeforea decisionis madeon
thepresentsymbol.

For a thoroughunderstandingof the equalizationprocess,we will study the
impulseresponsebetweenthetransmittedsymbolsandthevarioussignalsin Fig-
ure1.6. Startingat thechanneloutput,we,of course,obtaintheimpulseresponse
of thechannel,asdepictedin Figure1.7.

�
�

Figure1.7: Theimpulseresponseof thechannel.

Thepartly equalizedchannelat theoutputof thefeedforwardfilter is depicted
in Figure1.8.Thepurposeof thefeedforwardfilter in aDFEis to suppressthefirstÖ£�Ç�

tapsin theequalizedchannelimpulseresponse,theso-calledprecursor ISI.
Thefeedforwardfilter mustalsotry to keeptap

Ö
, theso-calledreferencetapclose

to unity.

�

�

Ö

Precursor
ISI

Reference
tap

Postcursor
ISI�ç �ç

Figure1.8: Thesignalat the outputof the feedforwardfilter: Theprecursorhas
beensuppressed,whereasthereferencetapis closeto oneandtheremainingtaps
arearbitrary.

The feedbackfilter will be tunedso that its impulse responsematchesthe
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postcursor ISI, that is, the taps
Öµ0è� . Öµ0 � andso forth in the partly equalized

channel.Whentheoutputof thefeedbackfilter is subtractedfrom theoutputof the
feedbackfilter, we obtaintheimpulseresponseshown in Figure1.9. This impulse
responserelatesthesymbolestimateto thetransmittedsymbols.

�

�

Ö

Precursor
ISI

Reference
tap�ç

Figure1.9: The completeequalizedchannel.Note that the postcursorhasbeen
obliterated.

Theuseof decisionfeedbackto combatintersymbolinterferencewasoriginally
proposedby Austin in [10]. However, it wasMonsen[63] who put the DFE on
a soundmathematicalandpracticalbasis.4 The threemajor contributions in the
paper[63] wereÍ Theassumptionof correctpastdecisions.Monsenassumedthatall previous

outputsfrom thedecisiondevicecoincidewith thetransmittedsymbolsthey
estimate.Í TheMMSEcriterion. MonsensuggestedthattheDFEcoefficientsshouldbe
tunedsothatthemean-squareerrorof thesoftsymbolestimateis minimized.Í Thestructure of theDFE. MonsenshowedthattheoptimumDFE with infi-
nite smoothinglag hasa feedforwardfilter with a matchedfilter asa factor.
Both the feedforward and the feedbackfilters will be IIR filters. He also
suggestedthat in practice,a DFE with FIR filters in the feedforward and
feedbackpathsshouldbeusedandheshowed that thecoefficientsof these
filterscanbetunedfrom theWiener-Hopf equations.

MostDFEderivationsduringthelast30yearsusethesethreeproperties.
The assumptionof correctprevious decisionswill almostsurelybe violated.

Therefore,theperformanceof a DFE that is tunedassumingcorrectdecisionsbut
implementedusingreal decisionswill almostalwaysbe suboptimum.However,

4For acomprehensive review of thefirst tenyearsof DFEresearch,see[13].
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finding a DFE without the assumptionof correctdecisionsis much more diffi-
cult. Also, moreelaborateschemes— for instance,thosethatmodeltheeffect of
incorrectpastdecisionsasanadditivenoiseterm[80] — oftengiveonly minor im-
provements.Themainreasonfor this is thatin realisticcommunicationscenarios,
theprobabilityof erroris sosmallthatalmostall previousdecisionsarecorrect.

Whenanincorrectdecisionis made,theprobabilityfor subsequentdecisioner-
rorswill increase,sinceall postcursorISI cannotberemoved. A singleerroneous
decisionmaythuscauseanerror burst. Sucherror propagationdegradestheper-
formanceof theDFE,andconsiderableeffort hasbeenspentonderiving boundson
theDFEerrorprobabilitywhentheerrorburstsaretakeninto account[15, 26, 44].
However, even whenerror burstsareconsidered,the performanceof the DFE is
still superiorto thatof thelinearequalizer.5 In Chapter3, wewill seethattheerror
propagationbecomesworse,asthelengthof theimpulseresponseof thefeedback
filter increases.

Virtually all papersaboutDFEsuseoneof thestructuressuggestedby Mon-
sen.This is a bit remarkable,sincetheoptimumstructurewith infinite smoothing
lag cannotbe implementedin practiceand the performanceof a DFE with FIR
structureis suboptimum.

This dilemmawasresolved in 1990,whenSternadandAhlénpublisheda pa-
per[79] thatdealtwith theoptimizationof theDFE structureundertheconstraint
of realizability. This work hasreceived little attention,andsubsequentproposals
of realizableDFEswith IIR filtersaremoreadhoc[21].

Thepurposeof this thesisis to provide a multivariablegeneralizationof these
scalarDFEs. Sucha multivariableDFE canbe usedin a system,whereseveral
measurementsignalsare usedto estimatethe symbolstransmittedfrom several
sources.This situationoccursfrequentlyin mobiletelephonesystems,andChap-
ters4 and5 aredevotedto the studyof two suchscenarios.To facilitateunder-
standingof thesetwo chapters,we will now give a short introductionto mobile
telephone,or cellular systems.

1.3 Cellular communications

In the last decadeof the 19th century, the 21-yearold Italian studentGuglielmo
Marconibroughttheworld into theeraof wirelesscommunication.He managed
to transferamessagebetweentwo stationsusingradiowaves.Only six yearslater,
in 1901,Marconi succeededin transmittinga messageacrossthe Atlantic. For
theseachievements,MarconisharedtheNobelPrizein physicsin 1909.

5This is truefor scalarchannels.For channelswith a singleinputandseveraloutputs,thediffer-
encebetweena linearequalizer, aDFEandeventheMLSE tendsto diminish[20].
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By the time Marconi received theNobelPrize,radio transmittershadalready
beeninstalledonshipsall overtheworld. Thewirelesstelegraphwasablessingfor
themaritimefleet:For thefirst time, it waspossibleto senddistresscallsirrespec-
tive of theweatherconditions.It alsobecamepossibleto receive weatherreports
andothermessagesfrom shore. On the Titanic in 1912,it waseven possibleto
sendpersonalradiomessages.

During thenext few decades,radiotransceiversfoundtheirway into moreand
moreareas. In 1946, the world’s first [60] public mobile telephonesystemwas
introducedin St Louis. Theideawith this systemwasto supplythesameservices
to mobile terminalsthat wereavailablein the fixed telephonenetwork. Within a
year, 25otherAmericancitieshadmobilenetworksin operation.Eachcity hadone
basestation, which wasdesignedto cover aslargeareaaspossible.Every mobile
in thisareacommunicatedwith thebasestation,whichrelayedthecallsthroughits
connectionwith thefixednetwork.

With thissystem,thenumberof simultaneouscallsthatcanbehandledis lim-
ited by theavailablespectrum.Anotherdisadvantageis thatthetransmitterpower
of themobileterminalsmustberatherhigh to reachthebasestation.

Already in 1947, a solution to thesetwo problemwasdevised: the cellular
system.

The cellular concept

The startingpoint wasthis: How do we provide privatewirelesscommunication
servicesto mobile customerswithin a certainarea?The original solutionwith a
singlepowerful basestationtransmitteris depictedin Figure1.10.Thesystemhas

Figure1.10:A cellularsystemwith asinglecell.

accessto é frequencies,whichcanbeusedto communicatewith themobilesin its
coveragearea.Half of thesefrequenciesareusedfor transmissionfrom thebase
stationto the mobiles,and the remainingfrequenciesare usedfor transmission
from themobilesto thebasestation.Theformerlink is known asthedownlinkor
forward link, andthelatteris calledtheuplink or reverselink. In total, thesystem
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canaccommodateé � � users.
Anothersolutionis to build several basestationswithin the area,asdepicted

in Figure1.11. Eachof thebasestationscannow use é �#ê
frequenciesto setup

A B C

D E F

Figure1.11:A cellularsystemwith 6 cells.

communicationwith at most é �ë� � mobilesin its coveragearea.Thesystemasa
wholecanthusstill handle(atmost)

êHj é �ë� � � é � � simultaneouscalls.
However, sinceeachbasestationonly coversa smallerarea,it is possibleto

reducetheantennaheightandthe transmitterpower so that the rangeof thebase
stationsis reduced.This leadsto reducedinterferencefrom neighboringtransmis-
sions,makingit possibleto reusefrequencies.Takingthenetwork in Figure1.11
asanexample,basestationsA andF mayusethesamefrequencies,andsomay
basestationsC andD. Theavailablefrequenciescanthenbedividedinto only four
groupswith é ��ì

frequenciesin each.Thesystemcanthenhandle
ê�j é �#í � Ó é ��ì

simultaneouscalls. By building additionalbasestations,we have thusincreased
thesystemcapacity. As a bonus,themobilescanlower their transmitpowers,and
hencetheirpower consumption,whichextendsthebatterylife time.

This is the cellular concept. A geographicalarea,which can be arbitrarily
large, is divided into a numberof cells. With eachcell, we associateone base
station,which provideswirelessaccessto all mobilesin thecell. Thebasestation
is equippedwith a transmitteranda receiver andis connectedto a fixednetwork.
Thefrequenciesusedby thebasestationfor transmissionandreceptionarereused
by abasestationsomedistanceaway. Thesmallerthereusedistance,thelargerthe
systemcapacity.

Whenamobilemovesacrossacell boundary, controlof thecall mustbetrans-
ferredfrom onebasestationto another. Thisprocessis known ashandover or hand
off. Makinga handover without interruptingthetelephonecall wasoneof thema-
jor problemsthatdelayedtheintroductionof afully automaticcommercialcellular
systemuntil theearly1980s.
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Multiple-accessmethods

In thesystemwe have describedso far, theusersaregrantedexclusive accessto
a communicationchannelby assigningto eachusera different frequency. This
methodis known asfrequencydivisionmultiple-access(FDMA), andwasusedin
theso-calledfirst generationsystems.Thesesystemsusedanalogtechnologyand
frequency modulation.Examplesof suchsystemsaretheNordic standardNMT6,
theBritish standardTACS7 andtheNorthAmericanstandardAMPS8.

Modern cellular systemsare digital and use a combinationof FDMA and
TDMA/CDMA. In a TDMA (timedivisionmultiple-access) system,differentusers
areassigneddifferent time slots. The durationof sucha time slot differs among
differentstandards,but is typically on theorderof milliseconds.In eachtimeslot,
one usertransmitsa burst of digital data. Examplesof cellular systemswhich
useTDMA areGSM9, theNorth AmericanstandardsIS-54andIS-136which are
sometimescollectively labeledD-AMPS10 andtheJapanesestandardPDC11. All
thesesystemsbelongto thesecondgenerationof cellularsystems.

In asystememployingcodedivisionmultiple-accessorCDMA, all userswithin
a cell concurrentlysharethesamebandwidth.ThemostcommonCDMA flavor is
calleddirectsequenceCDMA (DS-CDMA). In DS-CDMA, thesignalfrom each
useris multipliedby a uniquesignature waveformprior to transmission,a process
known asspreading. Sincethesignaturewaveformhasa muchlarger bandwidth
thanthe informationbearingsignalfrom theuser, theCDMA signalconstitutesa
spreadspectrumsignal.

At the receiver, the sumof all the transmittedbroadbandsignalsis received.
Conventionally, thesignalsfrom thedifferentusersareextractedby cross-correla-
tion with the respective signaturesequences.Under ideal conditions,the spread
spectrumsignalscorrespondingto differentuserswill beorthogonalatthereceiver.
Theoutputof eachcorrelatorwill thenbethetransmittedsignalof thedesireduser.
Thiscorrelationreceiver is known astheconventionalreceiver.

In practice,the spreadspectrumsignalscorrespondingto differentuserswill
benon-orthogonalat thereceiver, andtheoutputof all correlatorswill have con-
tributionsfrom all thetransmittedsignals.This interferenceis known asmultiple-
accessinterference(MAI) in theCDMA literature.Still, theconventionalreceiver
will work well underthefollowing two conditions:

6NordicMobile Telephone
7TotalAccessCommunicationSystem
8AdvancedMobile PhoneService
9GlobalSystemfor Mobile communications

10Digital AdvancedMobile TelephoneService
11PersonalDigital Cellular
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Í Thecorrelationbetweenthesignaturesequencesis small.Í The signalsfrom differentusersarereceived with approximatelythe same
power.

The first conditioncanbe fulfilled by carefuldesignof thesignaturewaveforms.
The secondconditioncanbe fulfilled by accuratepowercontrol, which implies
thatthereceivermeasuresthereceivedpowerandinstructsthetransmitterto adjust
its outputpower to obtainthedesiredperformance.12 Without power control, the
powersof thereceivedsignalsmaydiffer significantly. This is theso-callednear-
far problem: A strongsignal,typically originatingnearthereceiver, will outpower
aweak(far) signal.

All majoroperationalCDMA basedcellularnetworksarebasedon the IS-95
standard[84]. For theupcomingthird generationof cellularsystems,CDMA is the
multiple-accessmethodchosenfor mostproposals.

The challenge:to increasesystemcapacity

Thegoalof any cellularsystemmustbeto provide powerful andflexible wireless
servicesof highquality to asmany usersandataslow acostaspossible.Needless
to say, thisgoalis easierto accomplishthelargerthesystemcapacityis.

At this point, it importantto rememberthat we aretrying to increasethe ca-
pacityof thesystemasa whole. Thechannelcapacityis limited by theavailable
bandwidthandthesignal-to-noiseratio. Thechannelcapacitythusprovidesanup-
perboundonthecapacityof asingle-cellcellularsystemwith asinglebasestation
antenna.Ontheotherhand,thecapacityof amulti-cell cellularsystemis in theory
infinite.

To increasethecapacityof a cellularsystem,several routesarepossible.We
mentionjusta few:

1. Decreasethe cell size. This is the standardway of increasingthe capacity
of a cellularsystem.An additionaladvantagewith this approachis that the
life timeof themobilebatteriesis increased.However, reducingthecell size
is expensive. This wascertainlytrue for the simpleexampledescribedby
Figures1.10and1.11: Thecapacityincreasedby only 50 percentwhenwe
increasedthe numberof basestationby a factorof six. Furthermore,the
numberof handoversfor rapidly moving terminalsincreaseswhenthecells
aremadesmaller.

12Powercontrolcanalsobeusedto alleviatefading:By adjustingthetransmitterpowerof asignal,
wecancontroltheSNRat thereceiver.
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2. Hierarchical Cell Structures(HCS)solvesthehandover problem,by having
two setsof cellscoveringonearea.Thefirst setuseslargecellsto supplyser-
vicesto rapidlymoving mobiles,andtheothersetconsistsof smallcellsthat
providethewirelessservicesto many stationaryor slowly moving terminals.
The large disadvantagewith HCS is that the frequency planningbecomes
morecomplex.

3. Smartantennas. By using antennaswith several antennaelementsat the
receiver and/ortransmitter, it is possibleto increasethe systemcapacity,
without reducingthecell size.In TDMA systems,thereusedistancecanbe
reduced,whereasfor CDMA systems,we cansimply allow moreusersin
eachcell.

4. Betterreceiverstructures. With betterreceiver structures,the impactof co-
channelor multiple-accessinterferencecanbereduced,for agivencell plan-
ning andantennatechnology. The goal is to increasethe systemcapacity
by improving thesignalprocessingsoftware,without having to install new
hardware.

In this thesis,itemsthreeandfour will be discussed,andwe show that a multi-
variableDFEcanbeusedasa tool for thelasttwo capacityenhancingfeatures.In
Chapter4, theDFE is usedin conjunctionwith anantennaarray. In Chapter5, a
multiuserdetectorfor CDMA systemsis derivedbasedonamultivariableDFE.

Thekey propertythatmakesthemultivariableDFEsuitablefor theseandother
purposesis its ability to simultaneouslyhandlesignalsfrom severalmeasurement
sensorsandseveraldatasources.To accuratelydescribetherelationbetweenthese
datasourcesandmeasurementsignals,weneedamultivariablechannelmodel.

1.4 Multi variable channelmodels

A multivariablechannelor multiple-inputmultiple-output(MIMO) channel is a
channelwith severalinputsand/oroutputs.Suchchannelsoccurfrequentlyin mod-
elsof moderncommunicationsystems.In this section,we will give five examples
whereMIMO modelscanbeusedto provideanaccuratesystemdescription.

Channelswith multiple inputsareoften introducedto give a moreexact de-
scriptionof thedetectionscenario.In situationswhereseveral signalswereactu-
ally affectingthechanneloutput,thechannelswerepreviously modeledwith only
asingleinput. A largeamountof additivenoisewasthenusedto describetheeffect
of theremainingsignals.Suchsingleinput modelinghaspreviously beenusedin
thescenariosdescribedin all thefollowing subsections.



20 Chapter1. Introduction

In the casesdescribedin Subsections1.4.1and1.4.5,themultiple outputsof
the channelsoriginatefrom different sensors.Thesechannelsare “true” multi-
ple outputchannels.Otherchannelsarenot truly multivariable,in the sensethat
the received signal is actuallyscalar. The multiple-outputcharacteris generated
by sometransformationof the received signal. The channelmodelsdescribedin
Subsections1.4.2–1.4.4areexamplesof suchchannels.

Acquiring MIMO models

Channelmodelsare rarely known a priori. Instead,they have to be estimated.
For unambiguousestimationof the IIR modelsdescribedin this thesis,a known
trainingsequenceis generallyrequired.13 Wethusassumethata trainingsequence
is present.

With SISOmodels,this assumptionwould besufficient to ensurethatwe can
estimatethe channels. However, for MIMO modelsadditionalproblemsarise.
Sincemultivariablemodelscanbeparametrizedin many differentways,ordinary
predictionerrormethods[54, 82] maybeinappropriate,dueto thelargenumberof
structuraldesignvariablesinvolved. In thisrespect,subspaceidentification[68] of-
fersa solution.With subspaceidentification,only onedesignvariableis used:the
orderof therealization.Theestimatedmodelis a minimal statespacerealization,
whichcanthenbeconvertedinto any suitableform [40].

Fortunately, multivariateFIR modelsarestill relatively easyto estimate,using
least-squaresmethods.Oneremainingproblemis that the numberof parameters
to estimatemaybeunnecessarilylarge. In particular, this is thecasefor themul-
tivariablechannelmodelsdescribedin Subsection1.4.1. Thesechannelscan in
factoftenbedescribedby a reducedrankmodel[52]. This low-rankpropertycan
alsobetakeninto accountwhenthechannelis estimated[53, 81], leadingto more
accuratemodels.Anotherway to improve thechannelestimatesis bootstrapping,
which is describedin [91]. By letting thechannelestimatorwork in tandemwith
a symbolestimator, the channelestimatescanbe improved iteratively, usingthe
whole detecteddataburst, not only the training sequence.This methodwill be
usedbothin Subsections4.4.3and4.5.

In this thesis,we will assumethat all modelsare known without error. In
practice,of course,modelsareuncertainandbetterperformancemaybeobtained
with robustmethods.With suchmethods,detectorsthatexplicitly take themodel
uncertaintyinto accountcanbedesigned.See[80] and[110] for examplesof such
designs.

13Identificationis sometimespossibleevenwithout a known trainingsequence.This is known as
blind identification[59, 65,78,94,97].
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1.4.1 Multi-element antennas

In cellularcommunicationsystems,multi-elementantennas,alsoknown asantenna
arraysor spatialdiversity receivers,arefrequentlyusedto rejectinterferenceand
to reducetheeffect of fadingandnoise[6, 64]. They canalsobeusedto increase
systemcapacity[106].

The introductionof antennaswith severalelementsat thereceiver resultsin a
channelwith multiple outputs.Assumethat the received signalis sampledat the
symbolrate. The signalreceived at antennaî is denotedï�ð�ñ�òPó , andthe additive
noisereceivedat thesameantennais denotedô#ðUñ�òPó . Furthermore,assumethatthe
scalarchannelfrom thetransmitterto receiverantennaî is describedby thetransfer
operatorõ"ð�ñ÷ö�ø�ù
ó . To obtaina collective representationof theantennasignals,we
form thefollowing vectors:ï�ñ�òPó /úüû ï ù ñ�òPóýï Ì ñ�òPóÿþ6þ6þ�ï�����ñ�òPó ��� (1.4a)� ñ÷ö ø�ù ó /ú û õ ù ñ÷ö�ø�ùNó õ Ì ñ÷ö ø�ùNó þ6þ6þ�õ��	��ñ÷ö�ø�ù
ó ��� (1.4b)ôÆñ�òPó /úüû ô ù ñ�òPóýô Ì ñ�òPóÿþ6þ6þ�ô��	��ñ�òPó � ��
 (1.4c)

where ��
 is thenumberof antennaelementsin the array. Thevectorof received
samplescanthenbeexpressedasï�ñ�òPó ú � ñ÷ö ø�ù ó���ñ�òPó 0 ôÆñ�òPó (1.5)

where �Æñ�òPó is the transmittedsignal. The model(1.5) is a single-inputmultiple-
output(SIMO) model,andis depictedin Figure1.12.

The model (1.5) can be usedasa basisfor designof a detectorperforming
interferencerejection. This approachhasbeenthoroughlyinvestigated,in for in-
stance[11, 14, 64]. In all theseinvestigations,interferencerejectionimprovesthe
performancesignificantly.

In ascenariowhereseveraluserstransmitsimultaneously, wecanmodify (1.5)
to explicitly incorporatemultipleusers.For thispurpose,weassumethatthesignal����ñ�òPó is transmittedfrom user� , anddefine�Æñ�òPó /ú û � ù ñ�òPó�� Ì ñ�òPóÿþ6þ6þ������ëñ�òPó ��� þ (1.6a)

We also denotethe scalarchannelfrom transmitter � to receiver antennaî asõ¼ð��_ñ÷ö ø�ù ó anddefinethematrix

� ñ÷ö ø�ù ó /ú
����� õ ùUù ñ÷ö ø�ù ó õ ù Ì ñ÷ö ø�ù ó þ6þ6þ õ ù � � ñ÷ö ø�ù óõ Ì ù ñ÷ö ø�ù ó õ ÌUÌ ñ÷ö ø�ù ó õ Ì ��� ñ÷ö ø�ù ó...

.. .
...õ�� � ù ñ÷ö ø�ù ó õ�� � Ì ñ÷ö ø�ù óÿþ6þ6þ�õ�� � � � ñ÷ö ø�ù ó

����� þ (1.6b)
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ô ù ñ�òPó!"#$ % ù�&(' ø�ù*) #$ + #$ ï ù ñ�òPóô Ì ñ�òPó!"% Ì &(' ø�ù ) #$
...

+ #$
...

ï Ì ñ�òPó
...

��ñ�òPó
+++++++++++++++ ,,,,,,,,

#$
---------

---
#$ ô	���ëñ�òPó!"% � � &.' ø�ù ) #$ + #$ ï�� � ñ�òPó

Figure1.12: Thepresenceof anantennaarrayat thereceiver resultsin a single-
inputmultiple-output(SIMO) model.

Using(1.4a), (1.4c), (1.6a)and(1.6b), we cannow expressthesignalreceivedat
theantennaarrayby themultiple-inputmultiple-outputmodel

ï�ñ�òPó ú � ñ÷ö ø�ù ó���ñ�òPó 0 ôÆñ�òPóBþ (1.7)

Of course,themodel(1.5) is aspecialcase( �0/ ú21 ) of (1.7).
The channelmodel(1.7) canbeusedasa basisfor designof a multiuserde-

tector, which simultaneouslydetectsthesymbolstransmittedfrom all users.This
approachwasfirst studiedby Wintersin [104] andmorerecentlyby Tidestav et
al. in [92], wherein addition,multiuserdetectionandinterferencerejectionwere
compared.Thisscenariowill beinvestigatedin detailin Chapter4.

1.4.2 Fractionally spacedsampling

We shall now turn our attentionto fractionally spacedsampling. Fractionally
spacedsamplingimplies that the received signalis sampledseveral, say 3 , times
duringasymbolperiod 4�5 , asdepictedin Figure1.13.

6 LP 6 687ï�ñ:9 ó405*;<3=
Figure1.13: Fractionallyspacedsamplingleadsto a stationarymultiple output
model.

The samplingrateof the discrete-timesignal 7ï�ñ 4 ó equals3>;?405 . Fractionally
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spacedsamplingcanbeusedto reducethe sensitivity of the receiver to synchro-
nizationerrors,or simply to improve detectorperformance.

Sincethe samplingrateis not equalto the symbolrate,the signal 7ï�ñ 4 ó is not
stationary, but cyclo-stationary:Its momentsvary periodicallywith aperiodequal
to 3 . Sinceanew symbolis transmittedonly onceevery 3 samples,wecanexpress
thereceivedsignal 7ï�ñ 4 ó as7ï�ñ�ò�3 0A@ ó ú 7B ñ÷ö ø�ù ó 7��ñ�ò�3 0C@ ó 0 7ôÆñ�ò�3 0C@ ó 
 ò úED 
 1 
 þ6þ6þ 
@ úED 
 1 
 þ6þ6þ 
 3�F 1 þ (1.8)

In (1.8), wehave introducedascalardiscrete-timeinput
7�Æñ 4 ó , definedby7��ñ�ò�3 0A@ ó ú�G �Æñ�òPó @ úEDD otherwise

andascalarchannel7B ñ÷ö ø�ù ó ú 7BIH 0 7B ù ö ø�ù 0 7B Ì ö ø Ì 0 þ6þ6þ©þ
Note that the samplingrateof the time-series

7� andthe model
7B ñ÷ö ø�ù ó equals3

timesthesymbolrate.
To transform 7ï�ñ�ò�3 0J@ ó to astationarysignal,wecollect 3 consecutive samples

of 7ïÆñ 4 ó in thevector

ï�ñ�òPó /ú û 7ïÆñ�ò�3�ó 7ï�ñ�ò�3 0 1 óÿþ6þ6þ 7ï�ñ�ò�3 0 3�F 1 ó ��� þ (1.9)

Thevector-valuedstochasticprocessï�ñ�òPó is stationaryandhassamplingrateequal
to thesymbolrate 1 ;?405 . To obtainthedesiredmultivariablemodel,we introduce
thesingle-inputmultiple-output(SIMO) transferoperator� ñ÷ö ø�ù ó /úLK H 0 K ù ö ø�ù 0 K Ì ö ø Ì 0 þ6þ6þ (1.10)

where KNM /ú û 7B MPO 7B MPO�Q ù þ6þ6þ 7B MPO�QRO ø�ù � � þ
Analogousto (1.9), we stackthenoisesamples7ô�ñ�ò�3 0S@ ó to form thevectorôÆñ�òPó :

ôÆñ�òPó /ú û 7ôÆñ�ò�3�ó 7ô�ñ�ò�3 0 1 óÿþ6þ6þ 7ôÆñ�ò�3 0 3�F 1 ó ��� þ (1.11)
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Using(1.10)and(1.11), wecanexpressï�ñ�òPó asï�ñ�òPó ú � ñ÷ö ø�ù ó��Æñ�òPó 0 ô�ñ�òPó 
 (1.12)

which is a SIMO modelwhoseinputsandoutputsarestationaryandsampledat
thesymbolrate.

Whenseveralsignalsaretransmittedover acommonchannel,anoversampled
versionof the received signalcanbe usedto detectall of them. This canbe im-
plementedin CDMA systems,asdescribedin [1, 2, 86], andin xDSL systems,as
describedin [36, 71]. The resultingmodelwill have multiple inputs,aswell as
multipleoutputs.

In Chapter5, theCDMA detectionproblemwill beinvestigatedin detail. The
model(1.12)will be generalizedto representmultiple users,andto modelrapid
time-variations.

1.4.3 Multiuser detectionin DS-CDMA

In DS-CDMAsystems,detectioncanbeimprovedif weexplicitly modelthemulti-
ple-accessinterference.TheresultingMIMO modelwill havethesymbolsfrom all
theusersasinput. Theoutputof theMIMO modelwill bethesymbolratesampled
outputsfrom �0/ filters, eachmatchedto thesignaturesequenceof a specificuser.
We thuscollectthesampledoutputsof thematchedfilters in a vector:

ïUT�ñ�òPó /ú û ï ù ñ�òPó ï Ì ñ�òPóÿþ6þ6þ�ï ��� ñ�òPó ��� þ (1.13)

Forachannelwithoutdelayspread,thisvectoris relatedto thevectorof transmitted
symbols��ñ�òPó andavectorof noisesamplesô T ñ�òPó through,see[57],

ï T ñ�òPó úEV ñ 1 óXWY�Æñ�ò 0 1 ó 0 V ñ D óXWY�Æñ�òPó0 V ñ�F 1 óXWZ��ñ�ò�F 1 ó 0 ô T ñ�òPóBþ (1.14)

In (1.14), thematricesV ñ\[ ó containpartialcross-correlationsbetweenthespread-
ing sequences]§ðUñ\^Xó :

ñ V ñ\[ óUó ð\_ � /úa` ��b Qdc(ec(e ] ð ñ\^fFg9 ð óh]�i� ñ\^ 0 [j4 5 Fg9 � ó��k^ 

where 405 is the symbol period, 9�ð Îml D 
 405 l is the propagationdelay of user î
and ñ 4 ó i denotescomplex conjugate. It is hereassumedthat ] ð ñ\^Uó únD outside^ Îol D 
 405 l . Theelementsin thediagonalmatrix W representtheamplitudesand
phaseshiftsof therespective signals.
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Themodel(1.14)isnon-causal.Toobtainacausalmodel,wedefineï�ñ�òPó /ú ï T ñ�òdF1 ó and ôÆñ�òPó /ú ô T ñ�òpF 1 ó , whichcanbeinsertedinto (1.14)to yield:ï�ñ�òPó ú � ñ÷ö ø�ù ó���ñ�òPó 0 ôÆñ�òPó 

with a MIMO FIR channelof secondorder:� ñ÷ö ø�ù ó úEV ñ 1 óXW 0 V ñ D óXW ö ø�ù 0 V ñ�F 1 óXWüö ø Ì þ

Unlike the modeldescribedin the precedingsubsection,this channelmodel
assumesthat the received CDMA signal is first correlatedwith the signaturese-
quencesof theusersto obtainanew setof measurementsignals.Thishasimplica-
tionsfor thedetectordesign,whichwill bediscussedin Chapter5.

1.4.4 Separationof I- and Q-channels

Considerascalarchannelof theform(1.3). Wenow separatethetransmittedsignal,
the channel,the received signalandthe noiseterm into their real andimaginary
parts: ��ñ�òPó /ú ��q#ñ�òPó 0 �k� ð ñ�òPóõsñ÷ö ø�ù ó /ú õ q ñ÷ö ø�ù ó 0 �_õ ð ñ÷ö ø�ù óï�ñ�òPó /ú ï q ñ�òPó 0 ��ï ð ñ�òPóôÆñ�òPó /ú ô q ñ�òPó 0 ��ô ð ñ�òPóBþ
Werealizethatwecanwriterï�ñ�òPó ú � ñ÷ö ø�ù ó

r��ñ�òPó 0 rô�ñ�òPó
with rï�ñ�òPó /ú û ï q ñ�òPó ï ð ñ�òPó ���r��ñ�òPó /ú û � q ñ�òPós� ð ñ�òPó � �rôÆñ�òPó /ú û ô q ñ�òPó ô ð ñ�òPó ���
and � ñ÷ö ø�ù ó /úut õ q ñ÷ö�ø�ùNóvF£õ ð ñ÷ö ø�ù
óõ ð ñ÷ö ø�ù ó õ q ñ÷ö ø�ù óxw þ (1.15)

Wehave thusconvertedthecomplex-valuedSISOchannelto a real-valuedMIMO
channel.This approachhasbeeninvestigatedin [28]. For real-valuedtransmitted
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signals,themodelreducesto a SIMO model. In this case,usingthemultivariable
real-valuedformulation,ratherthan the original scalarcomplex-valuedone,can
be advantageous,sincewe get two measurementsignalsinsteadof one. Seefor
instance[51].

Thisseparationwill beusedin Chapter5.

1.4.5 Magnetic recordingchannels

Informationstorageresemblescommunication.Storingthe informationthencor-
respondsto transmittingthedata,andtheinformationretrieval correspondsto the
reception.A databit which cannotbereadfrom an informationstorageis equiv-
alentto a bit errorin communication,anderrorcorrectingcodingmustbeusedto
correctthisbit.

Keepingthis in mind, it is not surprisingthatsignalprocessingcanbeusedto
increasetheareal densityof a magneticstoragedevice, suchasa harddisc. The
arealdensitydescribeshow many bits canbestoredandreliably retrieved from a
givenareaof theharddisc.

Theinformationbits on a harddiscarestoredalongconcentriccircles,known
astracks. Thesebits areretrievedby letting thediscrotateundera readhead.The
outputof thereadheadis determinedby thedatabitsstoredbelow thehead.

Unfortunately, theoutputof thereadheadis affectednot only by thevalueof
the databit storedright below it: It alsodependson the valuesof adjacentbits.
Bothbitson thesametrackandbitsonneighboringtracksdeterminetheoutputof
thereadhead.Theformercauseintersymbolinterference,whereasthelattercause
intertrack interference.Theoutputof thereadheadcanthusbethoughtof asthe
outputof a MISO channel:The inputsareall the storedinformationbits which
affect thecurrentoutput.

To retrieve the information,it is alsopossibleto usean arrayof readheads,
mountedsideby side. This arraycanreadseveral trackssimultaneously, thusin-
creasingthe maximumrateof datatransfer. At the sametime, the readprocess
maybecomemorereliable.

To bespecific,assumethat thearrayhas y readheads,andthat z tracksare
readsimultaneously, asdepictedin Figure1.14.

Onestoredinformationbit in track � will resultin a signal3 ð���ñ\^Uó at theoutput
of readheadî . Thecontinuoustimeimpulseresponsefrom track � to readheadî is
thusequalto 3 ð{� ñ\^Uó . After lowpassfiltering andsymbolratesampling,thediscrete
timemodel õ¼ð��_ñ÷ö�ø�ù
ó is obtained.

Wecanrelatetheinformationbitsstoredat the z tracksto thesampledoutput



1.4. Multivariablechannelmodels 27

Track1

Track2

Track z
z tracks

|}}}}}}}}}}}}}}}}}~ }}}}}}}}}}}}}}}}}�

Head1

Head2

Head3

Head4

Heady�Fg�
Heady�F 1

Heady

�{}}}}}}}}}}}}}}}}}}}}}}}}�}}}}}}}}}}}}}}}}}}}}}}}}�
y heads

66
6

Figure1.14:A configurationwith � headssimultaneouslyscans� tracksof the
magneticstoragedevice. Themediamovesbelow theheads,producinga stream
of measurementvectors.ï�ðUñ�òPó of the î th readhead:

ï�ð9ñ�òPó ú����*� ù õ"ð{� ñ÷ö ø�ù ó���� ñ�òPó 0 ôEðUñ�òPó 

where ��� ñ�òPó /ú Theinformationbit storedat track � .ô#ðUñ�òPó /ú Thenoisereceivedat readheadî .
Wecannow combinetheoutputsfromthe y readheadsto obtaintheMIMO model

ï�ñ�òPó ú � ñ÷ö ø�ù ó���ñ�òPó 0 ôÆñ�òPó 

where

ï�ñ�òPó /ú û ï ù ñ�òPó ï Ì ñ�òPóÿþ6þ6þ�ï��kñ�òPó �����ñ�òPó /ú û � ù ñ�òPós� Ì ñ�òPóÿþ6þ6þ�� � ñ�òPó ���ôÆñ�òPó /ú û ô ù ñ�òPó ô Ì ñ�òPóÿþ6þ6þ�ôk�kñ�òPó ���



28 Chapter1. Introduction

and � ñ÷ö ø�ù ó /ú
��� õ ùUù ñ÷ö�ø�ùNó þ6þ6þiõ ù � ñ÷ö�ø�ùNó

...
. . .

...õ � ù ñ÷ö ø�ù ó þ6þ6þ�õ � � ñ÷ö ø�ù ó
��� 

This modelhasbeenusedby Voois andCioffi in [101] to derive a multivariable
DFE,whichextractstheinformationstoredon theharddisc.

1.5 Outline of the thesis

The ambitiousgoalof this thesisis to give a thoroughtreatmentof multivariable
decisionfeedbackequalizers.Propertieswhich applyequallywell to scalarDFEs
areonly briefly discussedor not discussedat all. Theseimportantpropertiesin-
clude, for instance,error propagation[15, 43], combinationof equalizationand
coding[18, 19], andperformancebounds[26, 44]. Instead,this thesisfocuseson
themultivariablenatureof theequalizationproblem,and,in particular, theuseof
theDFEasa tool for multiuserdetectionandinterferencerejection.

The thesisis divided into two major parts. The first part consistsof Chap-
ters2 and3, wherea concisetheoreticalfoundationis laid for the later chapters.
ThreemultivariableDFE structuresareintroduced.Designequationsfor all three
structuresarepresentedandtheir relative performancesarecomparedin a numer-
ical example. TheseDFEsareall multivariablegeneralizationsof scalarDFEs.
Thefocusliesonminimummean-squareerrorandzero-forcingdesigns,underthe
assumptionof correctpastdecisions.

Thesecondpartof the thesistreatstheapplicationsin Chapters4 and5. The
propertiesof theDFE asa multiuserdetectorandan interferencerejectorarede-
scribedanddiscussedin detailin two applicationscenarios.Somegeneralconclu-
sionscanbedrawn from theresultsin thesetwo chapters:

1. Multivariableequalizationin general,andthe multivariabledecisionfeed-
backequalizerin particular, is very powerful. The introductionof multiple
sensorsleadsto an enormousinterferencerejectioncapability, far beyond
thanthecapabilitiesof any scalarfilter.

2. With many receiversandfew transmitters,thedifferencebetweendifferent
equalizerstendsto decrease.In particular, this is truefor thedecisionfeed-
backequalizersdiscussedin Chapters4 and5. An indicationof thisproperty
is thattheconditionsfor theexistenceof azero-forcingsolutionto theequal-
ization problembecomelessrestrictive for situationswherethe numberof
transmittersis smallrelative to thenumberof receivers.
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3. When the numberof transmittersand/orreceivers increase,the parameter
estimationbecomesmuchmoredifficult. This is true in particularfor the
estimationof thenoisecolor. Dueto aninsufficientnumberof trainingdata,
theestimateof thenoisecovariancefunctionmaybecomesounreliable,that
betterdetectionperformanceis obtainedif the detectoris designedbased
on the incorrectassumptionof temporallywhite noise.This is thecasefor
severalof thescenariosin Chapter4.

The specificscientific contributions in the thesisare describedin the following
subsection.

1.5.1 Contributions

TheDFEsin Sections3.1and3.2aredescribedin

ClaesTidestav, AndersAhlén,andMikaelSternad,“RealizableMIMO
decisionfeedbackequalizers:structureanddesign,” submittedto IEEE
TransactionsonSignalProcessing.

Seealso[90]. The DFE presentedin Section3.1 resemblesthe DFEspresented
in [23] and[28], but differsin two aspects:

1. The DFE in Section3.1 canbe straightforwardly appliedto channelswith
differentnumberof inputsandoutputs.Hence,it includestheDFE in [11,
12] asaspecialcase.

2. Colorednoisecanbehandledin anoptimumway.

TheDFE in Section3.2 is a novel, multivariablegeneralizationof thescalarDFE
publishedin [79]. Closedform minimummean-squareerrordesignequationsare
presentedfor this DFE.Thezero-forcingcriterionis alsodiscussedandwe derive
conditionsfor theexistenceof amultivariablezero-forcingDFE.

Theresultsin Section3.3have beenpublishedin [92]:

ClaesTidestav, Mikael Sternad,andAndersAhlén, “Reusewithin a
cell—interferencerejectionor multiuserdetection?,” IEEE Transac-
tionsonCommunications, vol. 47,no. 10,pp. 1511–1522,Oct. 1999.

The structureof this DFE is identicalto that of theDFE publishedby Voois and
Cioffi in [101]. A specialcaseof the DFE in [92] was independentlyderived
in [85]. Thederivationof theminimummean-squareerrorDFEsin [92] and[101]
areequivalent, whereasthe derivation of the zero-forcingDFE in [92] is novel.
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The preciseconditionfor the existenceof a DFE which complieswith the zero-
forcing conditionhasnot beenpreviously published.Also, theimplicationsof the
non-existenceof azero-forcingequalizerhave never beendiscussed.

Partsof Chapter4 arealsopublishedin [92]. Seealso[88, 89, 93]. Thecom-
parisonbetweenmultiuserdetectionandinterferencerejectionwith antennaarrays
involvesnovel insightsaboutstructuralaspectsandestimationproblemsfor both
detectors.

In Chapter5, a linear time-varying modelof transmissionandreceptionin a
DS-CDMA systemis introduced.A similar modelwasintroducedby the author
in [86, 87]. Themodelin itself is not new, but theextensionto long codesis. The
ideaof actuallyusingthemodelasabasisfor detectordesignis alsonovel.

This linearmodelis usedto derive a family of MMSE detectorswith various
degreesof decisionfeedback.As a bonus,we obtainnovel designequationsfor
a time-varyingversionof theFIR DFE introducedin Section3.3. We alsoprove
thata linearMMSE detectorwith or without decisionfeedback,is near-far resis-
tant if andonly if its parameterscanbeadjustedto complywith thezero-forcing
condition.Theresultsin Chapter5 will bepublishedin

ClaesTidestav, “Implementationandnear-farresistanceof chip-spaced
DS-CDMA detectors,” in preparation.

In additionto thejournalpapersmentionedabove, theauthorhaspublishedthe
following conferencepapers,all of whichtreatvariousaspectsof themultivariable
DFE:Í ClaesTidestav, AndersAhlén,andMikaelSternad,“Narrowbandandbroad-

bandmultiuserdetectionusinga multivariableDFE,” in Proceedingsof the
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CHAPTER 2

Problemstatement

�
N this chapter, we begin by giving an overview of the detectionproblem. We
thenpresentpropertiesthatarecommonto all thedecisionfeedbackequalizers

discussedin thethesis.Thecriteriausedwhentuningtheequalizerparametersare
thenintroduced.Finally, we describeanddiscussthechannelmodelsthatwill be
usedasbasisfor equalizerdesignin Chapter3.

Considerthe received sequenceof measurementvectors ï�ñ�òPó . Eachvector
canbe describedasthe sumof the outputfrom a dispersive, linear multivariable
channelandamultivariatenoiseterm:

ï�ñ�òPó ú � ñ÷ö ø�ù ó��Æñ�òPó 0 ôÆñ�òPóBþ (2.1)

In (2.1), thechannelis describedby thelinearMIMO operator

� ñ÷ö ø�ù ó /ú
����� õ ùUù ñ÷ö ø�ù ó õ ù Ì ñ÷ö ø�ù ó þ6þ6þ õ ù ��� ñ÷ö ø�ù óõ Ì ù ñ÷ö�ø�ùNó õ ÌUÌ ñ÷ö ø�ù
ó õ Ì � � ñ÷ö�ø�ùtó...

. . .
...õ �	� ù ñ÷ö ø�ù ó õ �	� Ì ñ÷ö ø�ù ó þ6þ6þ�õ ���<��� ñ÷ö ø�ù ó

����� 

whereasï�ñ�òPó and ô�ñ�òPó arecolumnvectorswith � 
 elementsand ��ñ�òPó is acolumn
vectorof dimension�0/ . The model is depictedin Figure2.1.1 We saw in Sec-
tion 1.4 thatthis modeloffersconsiderableflexibility to copewith a largenumber
of situationsoccurringin digital communication.Wewill thereforeusethis model
asastartingpoint.

1Notethatthismodelcannotbeusedto describenon-linearchannelsor non-additive noise.
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��ñ�òPó � �*�����	� � ï�ñ�òPó
noise�� �� �� ��

Figure2.1: A linearmodelof adispersivechannel.

Ourprimarygoalis to reconstructtheinputvector ��ñ�ò�F���ó to thechannelusing
the measurements�§ï�ñ\� ó<�? ��� H . The constant� is the smoothinglag or decision
delay, andmaybeinfinite.

2.1 The multi variable decisionfeedbackequalizer

As a symboldetector, we introducethemultivariabledecisionfeedback equalizer
(DFE): ¡�Æñ�ò¢F£�k¤ òPó úo¥ ñ÷ö ø�ù ó=ï�ñ�òPófF§¦ ñ÷ö ø�ù ó 7��ñ�ò¨F£�©F 1 ó7��ñ�òpF§�§ó úEª ñ ¡�Æñ�ò¢F§��¤ òPóUóBþ (2.2)

TheDFEconsistsof two linearmultiple-inputmultiple-outputfiltersandadecision
non-linearity. Themeasurementvectorsï�ñ�òPó areusedasinput to the feedforward
filter ¥ ñ÷ö ø�ù ó , andthe detectedsymbolsarefed into the feedback filter ¦Èñ÷ö ø�ù ó .
The differencebetweenthe outputsof the feedforward and feedbackfilters is a
soft estimateof the input vector �Æñ�ò«F¬��ó . This soft estimate

¡��ñ�òjF¬��¤ òPó is then
quantizedto the closestpoint in the signal constellation,and the resultinghard
estimate

7�Æñ�ò­F®�§ó is fed to thefeedbackfilter to remove its effecton futuresymbol
estimates.TheDFEis shown in Figure2.2.

ï�ñ�òPó ¯ &.' ø�ù*)
Feedforward ° ±f²´³hµ 7��ñ�ò¨F§��ó

¶ ' ø�ù¸· &(' ø�ù*)
Feedback

�� �� ¡��ñ�ò¨F£�k¤ òPó �� ��
¹º

»{¼
Figure2.2: Themultivariabledecisionfeedbackequalizer.

Remark 1. The outputof thedecisiondevice is alwaysbounded.Therefore,as
longastheindividual filter ¥ ñ÷ö ø�ù ó and ¦ ñ÷ö ø�ù ó arestable,theDFEwill bestable
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in thesensethatall internalvariablesareboundedwhen ï�ñ�òPó is bounded,despite
thepresenceof thefeedbacklink.

The functionof this multivariableDFE is the sameasthat of the scalarDFE
introducedin Section1.2. Themaindifferenceis that for multiple users,boththe
feedforwardandthefeedbackfilterscanbedesignedto reduceandcancelinterfer-
encebetweenusers,aswell asintersymbolinterference.

Wewill considerDFEswith adecisiondevicewherethedecisionsfor all users
are madesimultaneouslyand independentlyof eachother. For a multivariable
DFE, thereis, however, a possibility to usemore elaboratedecisionrules. For
instance,if we allow decisionsto be madeconsecutively on individual elements
in thevectorestimate,we canremove theinterferencefrom detectedsymbolsnot
only on estimatesof futuresymbols,but alsoon theestimatesof thepresentsym-
bolsfor otherusers[25]. In caseswheresomeor all of thesymbolsin atransmitted
vectorarecorrelated2, it maybeadvantageousto jointly mapseveral elementsin
thevectorsymbolestimateto theclosestpoint in the (vector)constellation.This
procedureis similar to thedecodingprocessin a systememploying vectorquanti-
zation[67].

Evenwith thesimpledecisiondevice usedin this thesis,closedform expres-
sionsfor optimalequalizercoefficientsareimpossibleto obtainfor realisticcrite-
ria. To make the determinationof usefulDFE parameterspossible,we adoptthe
commonassumptionthatall pastdecisions,which affect thecurrentestimate,are
correct. Underthis assumption,optimal DFE parameterscanbe obtained,since
the symbolsfed back from the decisioncircuit can be treatedas a feedforward
connectionfrom delayedtransmittedsymbols,asdepictedin Figure2.3.

ï�ñ�òPó
�Æñ�ò¨F§�xF 1 ó

¯ &(' ø�ù )
Feedforward ° ±f²½³hµ 7��ñ�ò¨F§��ó
¶ · &(' ø�ù�)

“Feedback”

�� �� ¡��ñ�ò¨F§��¤ òPó �� ��»{¼
��

Figure 2.3: The decisionfeedbackequalizerwith the decisionfeedbackfrom¾¿UÀÂÁ ��Ãf�Ä��Å replacedby feedforwardfrom
¿ÆÀ\Á ��ÃÇ�®��Å .

Remark 2. As discussedin Subsection1.2,aninherentdrawbackwith themulti-
variableaswell asthescalarDFEstructureis errorpropagation,aproblemwhichis

2For instance,this could be the casein a DS-CDMA system,wheremulticodetransmissionis
usedin conjunctionwith precodingto reduceenvelopevariations.[67]
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illuminatedby theassumptiononcorrectpastdecisions.Whenincorrectdecisions
arefed back,theprobabilityof futuredecisionerrorsincreases,possiblycausing
additionaldecisionerrorsandanerrorburst.

The parametersin the feedforward andfeedbackfilters cannow be tunedto
obtain the desiredpropertiesof the soft estimate

¡� . In a digital communication
system,it mayseemmorenaturalto adjustthepropertiesof thehardestimate

7� ,
for instanceto minimize the probabilityof error. However, controlling the prop-
ertiesof

7� is muchmoredifficult thancontrolling the propertiesof

¡� , andoften
thetwo approachesgive essentiallythesameperformance[63]. Also, in a digital
communicationsystemwith coding,thesoft ratherthantheharddecisionsshould
beusedin thedecodingprocess.Controllingthepropertiesof thesoftdecisionsin
thiscasemakessense.

We will now presentthe two schemesfor parameteradjustmentusedin this
thesis,thezero-forcing(ZF) criterionandtheminimummean-squareerror (MMSE)
criterion.

2.2 Parameter adjustment criteria

Originally, equalizersin generalandDFEsin particularwereinventedto suppress
the channeldistortion. To describethe ability of the equalizersto carry out this
task,thepeakdistortionmeasureis commonlyused.Thepeakdistortionis defined
as the absolutevalue of the worst caseresidualintersymbolinterferenceat the
outputof the equalizer. Obviously, the minimum valueof the peakdistortionis
zero.An equalizerthatmanagesto achieve zeropeakdistortion,thatis, to remove
all intersymbolinterference,is calledazero-forcing equalizer.

Whenextendingthe definition of a zero-forcingequalizerto a multivariable
scenario,is is naturalto requirethatbothintersymbolandco-channelinterference
be removed. Whenthis happens,the estimationerror will be uncorrelatedwith
all transmittedsymbolvectors.A multivariablezero-forcingequalizercanthusbe
definedasfollows:

Definition 2.1 Considera multivariableequalizerthat producesthesoftestimate
¡��ñ�ò¨F£�k¤ òPó of a transmittedsymbolvector �Æñ�ò¨F§��ó . IfÈ�É�Ê �Æñ�ò¨F§��ófF ¡��ñ�òpF§�k¤ òPó�ËÌ�UÍkñ\[ ó(Î úEDAÏ [ 


(2.3)

thentheequalizeris saidto bezero-forcing.

In many cases,azero-forcingequalizerprovidesadequateperformance,in par-
ticularwhentheSNRis high. In othercases,thenoiseenhancementcausedby the
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zero-forcingequalizermaybe unacceptable.A designthat balancesinterference
suppressionagainstnoiseamplificationmaybebettersuitedfor suchascenario.

This is exactly what a minimummean-square error (MMSE)equalizerdoes.
Theparametersof suchanequalizeraretunedsothat theestimationerrorcovari-
ancematrix Ð /ú È�Ñ ñ�ò¨F§��ó Ñ Í ñ�ò¨F§��ó (2.4)

wheretheestimationerror
Ñ ñ�òpF§�§ó is definedasÑ ñ�òpFL��ó /ú �Æñ�ò¨F§��óPF ¡��ñ�ò¨F£�k¤ òPó (2.5)

is minimized.3 An equalizerthatminimizes(2.4)alsominimizes4Ò¸Ó Ð ú È Ò¸Ó ñ:��ñ�òIFL�§ófF ¡��ñ�ò¨F§��¤ òPóUó�ñ:��ñ�òIF§��ófF ¡�Æñ�ò¢F£�k¤ òPóUóhÍú È Ò¸Ó ñ:��ñ�òIFL�§ófF ¡��ñ�ò¨F§��¤ òPóUóhÍ>ñ:��ñ�ò¨F§��ófF ¡�Æñ�ò¨F§��¤ òPóUóú È �� ðÔ� ù ¤ � ð ñ�ò¨F§��óPF
¡� ð ñ�òpF§�k¤ òPó�¤ Ì ú �� ðÔ� ù È ¤ � ð ñ�ò¢F§�§óÇF

¡� ð ñ�ò¨F§��¤ òPó�¤ Ì þ
Theequalizerthusminimizesthesumof theMSEsfor all thetransmittedsignals,
hencethenameMMSE equalizer.

2.3 The channelmodels

Althoughit is possibleto designaDFEdirectly from thereceiveddataandatrain-
ing sequence,wewill assumethatamodelof thechannelhasbeenmadeavailable
to us prior to theequalizerdesign.Suchmodelbasedor indirect designhastwo
distinctadvantages:

1. Thechannelmodelcanoftenbedescribedusingfewer parametersthanthe
correspondingequalizer. Given a limited amountof data,more accurate
equalizertuning is obtainedby first estimatinga channelmodel,andthen
performingamodel-basedequalizerdesign.SeeChapter3 in [51].

2. In time-varying scenarios,the parametersof the channelwill vary more
smoothlythanthecorrespondingequalizerparameters.Trackingthechan-
nel parametersis theneasierthan tracking the equalizerparameters.See
Chapter2 in [49].

3Thecovariancematrix is minimizedin thesensethatany otheradmissiblechoiceof equalizer
parameterswill resultin anestimationerrorcovariancematrix ÕÖ suchthat ÕÖ­×�Ö is positivedefinite.

4An estimatorthat’minimizes’
Ö

actuallyminimizesany non-decreasingfunctionof
Ö

, suchasØ�ÙXÚ Ö
or
ÚÜÛ�Ý Ö

for any positivedefiniteweightingmatrix
Ý

. See[82, p. 234].
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In our designof decisionfeedbackequalizersin Chapter3, we will usetwo time-
invariantchannelmodels:

1. A full parametricdescriptionusing an IIR channeland an ARMA noise
model.

2. A descriptionbasedon an FIR modelof the channelanda non-parametric
modelof thenoise.

Thesemodelswill bedescribedandmotivatedin thefollowing subsections.

2.3.1 A generalfinite-order linear model

A generallinearmodelof finite orderis depictedin Figure2.4. Both thechannel

��ñ�òPó Þ ø�ù &.' ø�ù*)<ß &(' ø�ù*) à ï�ñ�òPó
á ø�ù &(' ø�ù )�â &.' ø�ù )

ã ñ�òPó
�� ��

��
�� ��

Figure2.4: Thegeneralmultivariablechannelmodel. Both themultivariableIIR
channelandthevectorARMA noisemodelareparametrizedasleft matrixfraction
descriptions(MFDs).

modelandthenoiseprocessareparametrizedby left matrix fractiondescriptions
(MFDs) [40]:ï�ñ�òPó úåä ø�ù ñ÷ö ø�ù óhæ3ñ÷ö ø�ù ó���ñ�òPó 0èç ø�ù ñ÷ö ø�ù ó¸éiñ÷ö ø�ù ó ã ñ�òPó�þ (2.6)

The polynomialmatrix æMñ÷ö�ø�ùNó has ��
 rows and �0/ columns,whereasä ñ÷ö�ø�ùNó ,é ñ÷ö ø�ù ó and
ç ñ÷ö ø�ù ó are squarepolynomial matricesof dimension��
 . These

threematricesareassumedto havefull normalrank[40] andto bestablyinvertible,
thatis, therootsof ê½ë Ò ä ñ:ì ø�ù ó úEDê´ë Ò é ñ:ì ø�ù ó úoDê´ë Ò ç ñ:ì ø�ù ó úED (2.7)

all lie insidetheunit circle ¤ ìí¤ ú�1 . For FIR channelmodelsä ñ÷ö�ø�ùNó úaî , whileç ñ÷ö ø�ù ó úEî for moving averagenoisedescriptions.
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In general,we assumethat the leadingmatrix coefficient ï H in é ñ÷ö ø�ù ó is
non-singular.5 The denominatormatrices ä ñ÷ö ø�ù ó and

ç ñ÷ö ø�ù ó are assumedto
be monic. To simplify the presentation,ä ñ÷ö�ø�ù
ó and

ç ñ÷ö ø�ù
ó arealsoassumed
to be diagonal. Comparedto using full matrices,this will result in much less
complex MMSEdesignequations,but mightleadto unnecessarilyhighpolynomial
degreesin the matrix elements.6 The polynomialelementsin the matricesmay
have complex coefficients,andareassumedto becorrectlyestimated.Thedegree
of ä ñ÷ö ø�ùNó is ð�ñ , whereasthematrixpolynomialsæ�ñ÷ö�ø�ùNó , é ñ÷ö�ø�ùNó and

ç ñ÷ö�ø�ùNó
have degreesð�ò , ð?z , and ð?y , respectively.

Wewill assumethateachelement�_ðXñ�òPó in thesymbolvector ��ñ�òPó is astochas-
tic variablewith zeromean. The vector ��ñ�òPó is alsouncorrelatedwith the noise
vector ã ñ�òPó : È l ��ñ�òPó ã Í ñ\[ ó(ó úåD Ï ò 
 [ þ (2.8)

Finally, without restrictionweassumethatÈ ��ñ�òPó�� Í ñ\[ ó úEî ð   M 
 (2.9)

where ð   M ú�G 1 if ò ú [D otherwise
þ

Theassumptionon temporalwhitenessof thetransmittedsymbolsis generally
valid in acommunicationsystememploying interleaving[48, Ch.9]. Differentele-
mentsin thesymbolvector�Æñ�òPó areuncorrelatedwhenthey correspondto different
users.Theextensionto correlatedsignalsis straightforward.

Thenoisevector ã ñ�òPó in (2.6)has��
 elements.It is apossiblycomplex-valued,
whitestochasticprocesswith zeromeanandcovariancematrixÈ l ã ñ�òPó ã Í ñ�òPó(ó úõô÷ö<î þ (2.10)

Thismodelis generalenoughto handlemostscenariosof interest,andwill beused
asabasisfor thedesignof two typesof DFEsin Chapter3.

2.3.2 A finite impulseresponsemodel

In caseswherethegeneralmodel(2.6)is consideredtoodifficult to obtainwemay
considerasimplerstructure.Suchastructureis depictedin Figure2.5. In thiscase,

5Sincethe noisemodel is only uniquein the sensethat it accuratelymodelsthe noisespectral
density, we canalwayschoosean øúùüûþýUÿ�� with ��� non-singularandstill obtainthedesirednoise
spectrum.

6Hence,neither � ýUÿ ùüû ýUÿ ���¨ùüû ýUÿ � nor � ýUÿ ùüû ýÆÿ �:øaùüû ýUÿ � constituteirreducibleMFDs.
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��ñ�òPó 	 ��� ��� � � ï�ñ�òPó
ôÆñ�òPó�� �� �� ��

Figure2.5: The FIR channelmodel. The channelis describedby a polynomial
matrix,whereasthenoiseis describedby its matrix-valuedcovariancefunction.

thereceivedsignalcanbedescribedby themodelï�ñ�òPó ú æMñ÷ö ø�ù ó���ñ�òPó 0 ôÆñ�òPó 
 (2.11)

where æMñ÷ö ø�ù ó is a polynomialmatrix of degree 
 with ��
 rows and �0/ columns.
Thepropertiesof thesignal � aredescribedin Subsection2.3.1,whereasthenoise
termis describedby its matrixvaluedcovariancefunction�  �ø M /ú È l ôÆñ�òPó=ô Í ñ\[ ó(ó�þ (2.12)

Furthermore,ô is uncorrelatedwith � :È l ��ñ�òPó=ôRÍHñ\[ ó(ó úED Ï ò 
 [ þ (2.13)

This model is the most commonmodel usedfor designingadaptive equalizers.
Its structurepermitsan accuratedescriptionof wirelesschannels,and the chan-
nel æMñ÷ö ø�ù ó canbeeasilyestimated.However, estimationof thecovariancefunc-
tion (2.12)canbevery difficult. As we shallsee,this modelis closelytied to the
third typeof DFE thatwill bedescribedin Chapter3.

In thenext chapter, we will show how to adjustthe equalizercoefficientsac-
cording to the criteria introducedin Section2.2, using the channelmodelsde-
scribedin thissectionasabasis.



CHAPTER 3

Themultivariabledecisionfeedbackequalizer

�
N this chapter, three multivariable decisionfeedbackequalizerswill be pre-
sented:

1. Theoptimum,non-realizableDFE.Thesmoothinglagof thisDFEis infinite,
which is equivalentto allowing a non-causalfeedforward filter. The scalar
versionof this DFE wasoriginally derivedby Monsenin [63], andthemul-
tivariableversionwasfirst derivedin [28] for a channelwith two inputsand
two outputs,andin [23] for amoregeneralmultivariablechannelwith equal
numbersof inputsandoutputs.ThisDFEwill bepresentedin Section3.1.

2. The optimumrealizableDFE, which hascausalfeedforward andfeedback
filters. The decisionson the symbolsare madeafter a finite delay. This
multivariableDFEwasoriginallypublishedin [90], andwasageneralization
of thescalardesignpresentedby SternadandAhlén in [79]. This DFE will
bediscussedin Section3.2.

3. The FIR DFE, whereboth feedforward andfeedbackfilters aretransversal
filters. The degreesof the feedforward andfeedbackfilter aredesignvari-
ables.This DFE wasfirst derived in [101] andindependentlyin [85]. See
also[88, 92]. Section3.3will bedevotedto thestudyof thisDFE.

As mentionedin Chapter2, we will considertwo criteria for filter optimiza-
tion: theminimummean-square error (MMSE)criterionandthezero-forcing (ZF)
criterion. A ZF equalizermayprovide adequateperformancewhenthenoisecan
beneglected,but at low to moderatesignal-to-noiseratios,theperformanceof an

41
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MMSE equalizerwill be superior. Therefore,an MMSE equalizeris often pre-
ferredfor practicalimplementation.

However, studiesof themultivariableZF criterioncanprovide importantinfor-
mationaboutthecorrespondingMMSE solution. Whena ZF solutionexists, the
MMSE solutionwill approximatea ZF solutionfor low noiselevels. In situations
whereno equalizerfulfills the ZF condition(2.3), an MMSE equalizerwith the
samestructurewill notwork well. Its estimationerrorwill notvanishfor avanish-
ing noiselevel. Thelack of a zero-forcingsolutionmaybecausedby anill-posed
problemand/oraninappropriatefilter structure.

Thiseffectwill bemostclearlyvisiblewith verydisparatereceivedsignalpow-
ers.This is known asthenear-far problemin theCDMA literature.Theability to
detectaweaksignal(typically originatingfar from thereceiver) in thepresenceof
strong(near)interferingsignalsis a distinguishingpropertyof CDMA detectors.
In this chapter, we will studyunderwhatconditionssolutionsto themultivariable
zero-forcingproblemexists. In Chapter5, we will seehow the non-existenceof
a zero-forcingequalizerwill affect the near-far propertiesof the corresponding
MMSE equalizer.

3.1 The optimum MMSE decisionfeedbackequalizer

Wewill first derive theoptimumMMSE DFEwith noconstrainton thesmoothing
lag. Theonly restrictionwe imposeon theDFE is thatthefeedbackfilter mustbe
strictly causal.1

Allowing aninfinite smoothinglag is equivalentto allowing anarbitrarynon-
causalfeedforwardfilter. To show this,we rewrite (2.2)as¡��ñ�ò0¤ ò 0 ��ó ú ö
� ¥ ñ÷ö ø�ù ó=ï�ñ�òPófF§¦ ñ÷ö ø�ù ó 7�Æñ�ò¨F 1 ó7��ñ�òPó úoª ñ ¡�Æñ�ò0¤ ò 0 �§óUó�þ
Wenow let � tendto infinity to obtaintheoptimumnon-realizableMIMO DFE:¡���lñ�òPó úS¥ �lñ÷ö 
 ö ø�ù ó=ï�ñ�òPó�F§¦��lñ÷ö ø�ù ó 7��ñ�ò¨F 1 ó7�Æñ�òPó úoª ñ ¡���lñ�òPóUó 
 (3.1)

1In [23], this assumptionis relaxed. Presentsymboldecisionsaboutonesignalareusedto im-
prove theestimatesof othersignals.
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wherewehave defined ¡� � ñ�òPó /ú��������� � ¡��ñ�ò0¤ ò 0 ��ó¥ ��ñ÷ö 
 ö ø�ù ó /ú��������� � ö � ¥ ñ÷ö ø�ù ó¦��lñ÷ö ø�ù ó /ú��������� � ¦Èñ÷ö ø�ù óBþ
Notethatthefilter ¥ � ñ÷ö 
 ö ø�ùNó representsanarbitrarynon-causalfilter. Thestruc-
tureof theDFEnow matchesthestructureof theDFEdiscussedin [23].

We introducethefollowing polynomialmatrices:� ñ÷ö ø�ù ó /ú£ä ñ÷ö ø�ù ó¸é ñ÷ö ø�ù ó (3.2a)� ñ÷ö ø�ù ó /ú ç ñ÷ö ø�ù óhæMñ÷ö ø�ù ó�þ (3.2b)

Wealsodefinethepolynomialmatrices
7� ñ÷ö ø�ù ó and 7� ñ÷ö ø�ù ó by thematrix identity7� ñ÷ö ø�ù ó 7� ø�ù ñ÷ö ø�ù ó ú � ø�ù ñ÷ö ø�ù ó � ñ÷ö ø�ù ó 
 (3.3)

which is equivalentto thelinearpolynomialmatrixequation� ñ÷ö ø�ù ó 7� ñ÷ö ø�ù ó ú � ñ÷ö ø�ù ó 7� ñ÷ö ø�ù ó*þ
Solving (3.3) implies finding a right MFD from a left MFD. Without restriction,

we assumethat, 7� ñ÷ö ø�ù ó 7� ø�ù ñ÷ö ø�ù ó (in contrastto
� ø�ù ñ÷ö ø�ù ó � ñ÷ö ø�ù ó ) constitutesan

irreducibleMFD [40].
The coefficientsof the optimumMMSE DFE canthenbeobtainedusingthe

following theorem:

Theorem 3.1 Assumethat a multivariablechannelis describedby (2.6), andthat
the transmitteddata is describedby (2.9). Furthermore, assumethat the noise
is describedby (2.10)with ô÷ö���D and that (2.8) holds. Assumingcorrect past
decisions,thenon-causalfeedforward filter ¥ � ñ÷ö 
 ö�ø�ùNó andcausalfeedback filter¦ � ñ÷ö ø�ù ó of theoptimumnon-realizableMIMO MMSEDFE (3.1)are givenby¥ � ñ÷ö 
 ö ø�ù ó ú 1ô ö 7� H W ø�ù��µø�ùi 7� i � i � ø�ùi é ø�ù ç (3.4a)ú 1ô ö 7� H W ø�ù � ø�ùi 7� i é ø�ù ç (3.4b)¦���ñ÷ö ø�ù ó ú ö(ñ 7� H � 7� ø�ù F î ó 
 (3.4c)
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where
7� H

is the leadingcoefficientof
7�

and � is themonicandstablesolutionto
thematrixspectral factorization� i W � ú 7� i 7� 0 1ô÷ö 7� i 7� þ (3.5)

In (3.5), W is a constant,positivedefinitematrix which hasbeenintroducedto
make � monic.

Proof: SeeAppendixA.

Remark 1. Notethatsince
7� i and 7� i havenocommonleft factors,equation(3.5)

hasa uniquesolution � � 
 W � , where � is causallyinvertible. See[109] for a
discussion.

Remark 2. The filter ¦ � ñ÷ö ø�ù ó will be causal,sincethe leadingcoefficient in7� H � 7� ø�ù equalstheidentitymatrix.

Wecannow determinetheresidualMSEfor theoptimumDFEwhenit is appliedto
theoutputof thechannel(2.6). Assumingcorrectpastdecisions,we insert

¡� � ñ�òPó
from(3.1)into (2.5)andusetheoptimumfiltersin Theorem3.1togetherwith (3.3):Ñ ñ�òPó ú F 1ô ö 7� H W ø�ù � ø�ùi 7� i é ø�ù ç ï�ñ�òPó 0 7� H � 7� ø�ù ��ñ�òPóBþ
Wenow insertthechannelmodel(2.6):Ñ ñ�òPó ú F 1ô½ö 7� H W ø�ù � ø�ùi 7� i é ø�ù ç û ä ø�ù æ®��ñ�òPó 0¬ç ø�ù é ã ñ�òPó �0 7� H � 7� ø�ù ��ñ�òPóBþ
Keepingin mind that

ç
and ä ø�ù arediagonalandhencecommute,we usethe

definitions(3.2a)and(3.2b)andrearrange:Ñ ñ�òPó ú t 7� H � 7� ø�ù F 1ô÷ö 7� H W ø�ù � ø�ùi 7� i � ø�ù � w ��ñ�òPóF 1ô÷ö 7� H W ø�ù �µø�ùi 7� i ã ñ�òPóBþ
Makinguseof theidentity (3.3), wecanrewrite thisasÑ ñ�òPó ú 7� H t � F 1ô÷ö W ø�ù �µø�ùi 7� i 7� w 7� ø�ù �Æñ�òPóÇF 1ô÷ö 7� H W ø�ù��µø�ùi 7� i ã ñ�òPóú 7� H W ø�ù � ø�ùi t � i W � F 1ô÷ö 7� i 7� w 7� ø�ù ��ñ�òPóÇF 1ô÷ö 7� H W ø�ù � ø�ùi 7� i ã ñ�òPóú 7� H W ø�ù � ø�ùi 7� i 7�I7� ø�ù ��ñ�òPó�F 1ô½ö 7� H W ø�ù � ø�ùi 7� i ã ñ�òPó
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wherewein thelastequalityusedthespectralfactorization(3.5). Thefinal expres-
sionfor theestimationerrorthenbecomesÑ ñ�òPó ú 7� H W ø�ù � ø�ùi t 7� i ��ñ�òPóÇF 1ô ö 7� i ã ñ�òPó w þ
Keepingin mind that ��ñ�òPó and ã ñ�òPó areuncorrelated,we useParseval’s relation
for complex signalsto obtain an expressionfor the estimationerror covariance
matrix (2.4):Ð ú 1�"!½� #%$ &'$ � ù 7� H W ø�ù � ø�ùi t 7� i 7� 0 1ô÷ö 7� i 7� w � ø�ù W ø Í 7� ÍH ��ìì þ
For a descriptionon how Parseval’s relationis usedto evaluatethesecorrelations,
see[3]. Finally, weagainusethespectralfactorization(3.5):Ð ú 1�"!½� #%$ &
$ � ù 7� H W ø�ù � ø�ùi � i W �(� ø�ù W ø Í 7� ÍH ��ììú 7� H W ø Í 7� ÍH þ (3.6)

The filter � i � ø�ùi é ø�ù ç that appearsas a right factor of (3.4a)constitutes
a bankof whiteningmatchedfilters. This meansthat the received signalfirst is
passedthroughafilter thatwhitensthenoise.Thenoisewhitenedsignalis thenfed
to a filter that is matchedto anequivalentchannel.To seethis, we introducethe
noise-whitenedmeasurementsignalï*)1ñ�òPó /ú é ø�ù ñ÷ö ø�ù ó ç ñ÷ö ø�ù ó=ï�ñ�òPóBþ
If we insert(2.6) into thisexpression,weobtainï ) ñ�òPó ú é ø�ù ñ÷ö ø�ù ó ç ñ÷ö ø�ù ó û ä ø�ù ñ÷ö ø�ù óhæ3ñ÷ö ø�ù ó��Æñ�òPó 0¬ç ø�ù ñ÷ö ø�ù ó¸é ñ÷ö ø�ù ó ã ñ�òPó �ú é ø�ù ñ÷ö ø�ù ó ç ñ÷ö ø�ù ó ä ø�ù ñ÷ö ø�ù óhæMñ÷ö ø�ù ó���ñ�òPó 0 ã ñ�òPóú é ø�ù ñ÷ö ø�ù ó ä ø�ù ñ÷ö ø�ù ó ç ñ÷ö ø�ù óhæMñ÷ö ø�ù ó���ñ�òPó 0 ã ñ�òPóú � ø�ù ñ÷ö ø�ù ó � ñ÷ö ø�ù ó���ñ�òPó 0 ã ñ�òPó 

since

ç ñ÷ö ø�ù ó and ä ø�ù ñ÷ö ø�ù ó arediagonalandthuscommute.Thesignal ��ñ�òPó has
thenpassedthroughtheequivalentchannel� ø�ù ñ÷ö ø�ù ó � ñ÷ö ø�ù ó 

andafilter matchedto thischannelis equalto� i ñ÷ö_ó � ø�ùi ñ÷ö_ó*þ
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Hence,whenthesmoothinglag tendsto infinity, thereis no performancepenalty
associatedwith theintroductionof suchafilter prior to theoptimizationof theDFE.
However, it is not possibleto prove this whenthefeedforwardfilter is requiredto
becausal.

Remark 3. The DFE describedin this sectionresemblesthe DFE presentedby
Duel-Hallenin [23]. However, therearealsoimportantdifferenceswhich make
comparisonof theresultingdesignsdifficult:+ TheDFEin [23] usespresentdecisionsfrom oneuserto improve theestima-

tion of thesymbolsfor otherusers.TheDFEsdiscussedin this thesisdonot:
only pastdecisionsarefedback.+ The DFE in [23] assumeswhite noiseandcorrelatedsymbols,whereasthe
DFE describedin this sectionassumescolorednoiseanduncorrelatedsym-
bols.+ TheDFEin [23] doesnotallow any polesin thechanneldescription.Instead,
thechannelis describedby anall-zerofilter with infinite impulseresponse.

Dueto thefirst property, wecannotchooseasetof systemparametersto obtainthe
samedesignequations.

Of course,an infinite smoothinglag is not admissiblein practice. The only
reasonfor studyingthis non-realizableDFE is that it providesa lower boundfor
theachievableMSEwith any realizableDFE.

3.2 The optimum realizabledecisionfeedbackequalizer

If a DFE is to be implemented,it hasto berealizable.Oneway of achieving this
wouldbeto useTheorem3.1to designaDFEwith anon-causalfeedforwardfilter.
A suitabledelaycouldthenbeintroduced,andthefeedforwardfilter couldbetrun-
catedto makeit causal.However, abetteroptionwouldbeto includetheconstraint
of realizabilityalreadyin theDFEdesign,asdescribedbelow. Theperformanceof
suchaDFEwouldbebetterthanor equalto thatof aDFEobtainedfrom truncating
thenon-realizableDFE.

3.2.1 The MMSE design

In this case,we will usetheDFE (2.2)directly, with a finite smoothinglag � . The
feedforward andfeedbackfilter of the MMSE optimumrealizableDFE canthen
becalculatedusingthefollowing theorem
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Theorem 3.2 Assumethat a multivariablechannelis describedby (2.6), andthat
the transmitteddata is describedby (2.9). Furthermore, assumethat thenoiseis
describedby (2.10)with ô÷ö,�aD andthat (2.8) holds. Assumingcorrect pastde-
cisions,theoptimumrealizablemultivariableDFE (2.2)minimizestheestimation
error covariancematrix (2.4) if andonly if¥ ñ÷ö ø�ù ó ú.- ñ÷ö ø�ù ó¸é ø�ù ñ÷ö ø�ù ó ç ñ÷ö ø�ù ó (3.7a)¦Dñ÷ö ø�ù ó ú0/ ñ÷ö ø�ù ó 7� ø�ù ñ÷ö ø�ù ó*þ (3.7b)

Above, - and / , of dimensions�0/21Ì��
 and �0/21Ì�0/ respectively, togetherwith the
polynomialmatrices3 ù and 354 of dimensions�0/61®�0/ and � 
 1®�0/ respectively
can be calculatedas the uniquesolution to the two coupledpolynomialmatrix
equations 7� F;ö � - 7� 0 ö ø�ù /,ú 3 ù i 7� (3.8a)ö ø � 3 ù i � i F ô÷ö7- � i ú ö83 4 i (3.8b)

where thedegreesof theunknownpolynomialmatricessatisfyð:9 ú � (3.9a)ð:; ú<�>=:? ñÜð 7@ 
 ð 79�ófF 1 (3.9b)ð

 ù ú � (3.9c)ð

 4 ú<�>=:? ñÜð�9 
 ð @ óÇF 1 þ (3.9d)

Proof: SeeAppendixB.

Remark 4. The degreeslisted in (3.9a)–(3.9d)are sufficiently high. When 9 H
(andhence79 H ) hasfull rank,thesedegreeconditionsarealsonecessary.

Remark 5. It is demonstratedin AppendixB thatthedesignproceduredescribed
in Theorem3.2alwaysprovidesauniquesolution.

Remark 6. Notethatthefeedforwardfilter ¥ ñ÷ö�ø�ù
ó will alwayscontaina noise-
whiteningfilter asaright factor. It will, howevernotcontainany matchedfilter for�BADC . Thesignalafterthenoisewhiteningï ) ñ�òPó /ú é ø�ù ç ï�ñ�òPó ú é ø�ù ç ä ø�ù æ®��ñ�òPó 0 ã ñ�òPó
is thenequalizedby anFIR feedforwardfilter - ñ÷ö ø�ù ó whichminimizestheprecur-
sor tapsof theequalizedchannelanda feedbackfilter ¦ ñ÷ö�ø�ùNó which cancelsall
postcursortaps.
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Remark 7. From(3.7a)and(3.7b), weseethatboththefeedforwardandthefeed-
backfiltershavethezerosof thenoisedescriptionaspoles.Whenthesenoisezeros
arelocatedcloseto theunit circle, theimpulseresponseof bothfilterswill bevery
long.

Remark 8. Thetwo coupledDiophantineequations(3.8a)and(3.8b)areunilat-
eral, sinceall theunknown polynomialmatricesappearon thesame(in this case
left) sideof their respective coefficient polynomialmatrices. Solving theseuni-
lateralDiophantineequationscorrespondsto solving a block-Toeplitz systemof
linearequations,asdemonstratedin AppendixB, equations(B.19)–(B.22).

Remark 9. The smoothinglag � is a designvariableand shouldbe chosenas
a trade-off betweencomplexity andperformance.In general,the smoothinglag
shouldbechosenso that “enough”signalpower canbecollectedby the feedfor-
ward filter beforea decisionis made. Actually, a performancecloseto that of
the unconstrainedsolution in Theorem3.1 is obtainedwhen � is chosena few
times the settling time of the impulse responseof the noise-whitenedchannelé ø�ù ç ä ø�ù æ ú � ø�ù � . Also, theperformancepenaltyof usinga matchedfilter
asana priori componentin thedesignof anoptimumMMSE DFEdiminishes.

Remark 10. In thenext section,we will considera DFE wherefeedforwardand
feedbackfilters areconstrainedto be FIR filters. Theorem3.2 tells us that this
structure is optimalonly whenthechannelhasa finite impulseresponse,andthe
noiseis whiteor autoregressive.

Whenthe channelis equalizedusingthe optimumMMSE DFE, the estimate
of thetransmittedvectorwill begivenby¡��ñ�ò¨FL��¤ òPó úS¥ ñ÷ö ø�ù ó=ï�ñ�òPófF§¦ ñ÷ö ø�ù ó��Æñ�ò¨F§�xF 1 óúS¥ ñ÷ö ø�ù ó�ñ ä ø�ù ñ÷ö ø�ù óhæ3ñ÷ö ø�ù ó���ñ�òPó 0¬ç ø�ù ñ÷ö ø�ù ó¸é ñ÷ö ø�ù ó ã ñ�òPóUóF§¦Dñ÷ö ø�ù ó���ñ�ò¨F§�xF 1 óú ñ ¥ ñ÷ö ø�ù ó ä ø�ù ñ÷ö ø�ù óhæ3ñ÷ö ø�ù ófFQö ø � ø�ù ¦Èñ÷ö ø�ù óUó���ñ�òPó 0 - ñ÷ö ø�ù ó ã ñ�òPó
whenall previousdecisionsareassumedcorrect.We now insert(3.7a)and(3.7b)
into thisexpression.Wealsousethedefinitions(3.2a)and(3.2b)to obtain¡��ñ�ò¨F§��¤ òPó ú ñ - ñ÷ö ø�ù ó � ø�ù ñ÷ö ø�ù ó � ñ÷ö ø�ù ófFQö ø � ø�ù / ñ÷ö ø�ù ó 7� ø�ù ñ÷ö ø�ù óUó���ñ�òPó0 - ñ÷ö ø�ù ó ã ñ�òPó1þ
Wenow utilize thefactorization(3.3) togetherwith (3.8a)to obtain¡��ñ�ò¢F§�k¤ òPó ú ñ÷ö ø � î F r3 ù ñ÷ö ø�ù óUó���ñ�òPó 0 - ñ÷ö ø�ù ó ã ñ�òPó 
 (3.10)



3.2. Theoptimumrealizabledecisionfeedbackequalizer 49

where

r3 ù ñ÷ö ø�ù ó ú ö ø � 3 ù i ñ÷ö�ó ú0E Í ù � 0 E Í ù _ � ø�ù ö ø�ù 0 46464�0 E Í ù H ö ø � . Theequivalent
equalizedchannelis thusgivenbyF öHG ñ÷ö ø�ù ó ú ö ø � î F r3 ù ñ÷ö ø�ù ó�þ
Note that thepolynomialmatrix F r3 ù ñ÷ö�ø�ùtó representsthedeviation from a zero-
forcingsolution.

Also, from (3.10) we cancalculatethe resultingestimationerror covariance
matrix (2.4). Usingtheassumptions(2.8)–(2.10), we readilyobtainÐ ú ����� H E Í ù � E ù � 0 ô÷ö ����� H%I � I Í� þ (3.11)

Thefirst termin (3.11)is causedby residualintersymbolandco-channelinterfer-
encefrom thefirst � tapsin theequalizedchannel.Thedeviation of thereference
tapfrom theidentity matrix alsocontributesto theterm. Thelasttermin (3.11)is
causedby thenoise.

To illustratethedesignprocedure,wewill consideraspecificexample.

EXAMPLE 3.1

We will determineanoptimumrealizableDFE with smoothinglag � ú�1 when
thechannelis describedby theFIR modelä ñ÷ö ø�ù ó úåîæMñ÷ö ø�ù ó ú t 0.979

0
0.204ö ø�ù 0.826

0
0.563ö ø�ùF 0.843 F 0.538ö�ø�ù 0.403

0
0.915ö�ø�ù w 
 (3.12)

andthenoiseis describedby theMA processç ñ÷ö ø�ù ó úåîé ñ÷ö ø�ù ó ú t F 0.409 F 0.179ö�ø�ù F 0.535
0

0.717ö ø�ùF 0.507
0

0.361ö ø�ù 0.761 F 0.181ö ø�ù w þ (3.13)

With ô½ö ú2D þ 1 , we obtainanSNRof 10 dB at eachof thechanneloutputs.For
this system,we obtain � ñ÷ö ø�ù ó ú æMñ÷ö ø�ù ó and

� ñ÷ö ø�ù ó ú éiñ÷ö ø�ù ó . To deter-

mine the right MFD 7� ñ÷ö ø�ù
ó 7� ø�ù ñ÷ö�ø�ùtó from the left MFD
� ø�ù ñ÷ö�ø�ù
ó � ñ÷ö�ø�ùNó úé ø�ù ñ÷ö ø�ù óhæ�ñ÷ö ø�ù ó weusethefunctionsof thePolynomialToolboxfor usewith

MATLAB
TM

, describedin [35]. Theresultis7� ñ÷ö ø�ù ó úZt F 0.698
0 ö ø�ù F 1.87

0.822 F 1.49
0 ö�ø�ù w7� ñ÷ö ø�ù ó ú t F 0.839 F 1.54ö ø�ù 3.1
0

3.35ö�ø�ù
0.649 F 0.1ö ø�ù 3.35

0
1.62ö ø�ù¸w þ
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We now obtainthedegreesof thepolynomialmatricesthatsatisfytheDiophan-
tineequations(3.8a)and(3.8b)from (3.9a)–(3.9d):ð:9 ú ð

 ù ú � ú21 and ð"; ú ð

J4 úED
Wecannow insertthepolynomialmatricesæ , é , 7� , and

7�
into (3.8a)and(3.8b).

TheseDiophantineequationscanbesolvedby first solving(B.22)in AppendixB
for - ñ÷ö�ø�ù
ó and3 ù ñ÷ö�ø�ùtó , thencomputingtheright-handsideof (B.19)andfinally
obtaining/ ñ÷ö ø�ù ó from (B.23). Thesolutionis- ñ÷ö ø�ù ó úZt 0.0331

0
0.117ö�ø�ù F 0.0563F 0.662ö�ø�ùF 0.067 F 0.593ö ø�ù 0.0634

0
0.169ö ø�ù w/ ñ÷ö ø�ù ó ú t F 1.0606 F 0.7068

0.8696 F 2.6606w þ
WithKMLON ÀQP LON ÅSR � 1.715

1 � 0.848
P LTNVU 0.388

P L�W>X 0.761 � 0.181
P LON

0.535 � 0.717
P LON

0.507 � 0.361
P LON � 0.409 � 0.179

P LON Y¾Z LON ÀQP LON ÅSR 0.388
1 � 0.848

P LTN U 0.388
P L�W>X � 1.49 U P LON

1.87� 0.822 � 0.698 U P LON Y
wecancalculatethefinal filterswith theaidof (3.7a)and(3.7b):¥ ñ÷ö ø�ù ó ú\[ 0.00571

Q
0.398

G ýÆÿ ø 0.373
G ý^]

1 ø 0.848
G ýÆÿ Q 0.388

G ý*] F 0.07ø 0.549
G ýUÿ ø 0.0589

G ý^]
1 ø 0.848

G ýUÿ Q 0.388
G ý^]

0.0322
Q

0.646
G ýUÿ ø 0.0791

G ý^]
1 ø 0.848

G ýÆÿ Q 0.388
G ý*] 0.106

Q
0.646

G ýÆÿ ø 0.677
G ý^]

1 ø 0.848
G ýUÿ Q 0.388

G ý^] _¦ ñ÷ö ø�ù ó ú\[ 0.838ø 0.412
G ýUÿ

1 ø 0.848
G ýUÿ Q Ha` b c c G ý*] ø 0.579ø 0.275

G ýUÿ
1 ø 0.848

G ýUÿ Q Ha` b c c G ý^]
0.348

Q
0.338

G ýUÿ
1 ø 0.848

G ýUÿ Q Ha` b c c G ý*] 1.35ø 1.03
G ýUÿ

1 ø 0.848
G ýUÿ Q Ha` b c c G ý^] _ þ

Wecanalsocomputetheequivalentchannelfrom (3.10):F ñ÷ö ø�ù ó ú t 0.0645
0

0.946ö ø�ù F 0.0235
0

0.0269ö ø�ùF 0.0578
0

0.0269ö ø�ù 0.0694
0

0.95ö ø�ù w
andtheresidualMSEfrom (3.11):Ð ú t 0.0539 F 0.0269F 0.0269 0.0503 w þ
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3.2.2 The ZF design

To derive theconditionsunderwhich theoptimumrealizableDFE satisfies(2.3),
wefirstneedanexpressionfor theestimationerror. For thispurpose,weinsert(2.6)
into (2.2) to obtaindegfihkj�lnm hToqpsrut�vxwVy{z|e}fihTo�~���wVy��\�nfihTo���j����e%fihkj�l�j��
o

(3.14)p���rsv�wVy�z�j��nw8� wVy�����e}fihToS~�rs��wVy�����fihTo��
(3.15)

whereweonceagainusedtheassumptiononcorrectpastdecisions.Wenow insertde}fih,j�l^m hTo
into theexpressionfor theestimationerror:� fih>j�l'o�p<e}fih�j�l'o�j de%fih�j�lnm hTop � � w8� � j�rsv wVy z¡~�� w8� wVy � � e}fihTo¢j�rs� wVy ����fihTo�£

To ensurethat the zero-forcingcondition(2.3) is fulfilled, we must thusrequire
that � w8��� j�rsv wVy z�~¤� w8��wVy �¥p<¦
or, equivalently rsvxwVy{z�j���w8� wVyH��p<��w8� � £

(3.16)

This condition is both sufficient and necessarydue to the assumptionsin (2.9)
and(2.8).

Sincethedetectionperformanceof azero-forcingequalizeris inferior to thatof
a minimummean-squareerrorequalizer, we areusuallynot interestedin actually
finding a solutionto (3.16). However, we are interestedto seeunderwhat con-
ditionsa solutionto (3.16)exists,sinceit would thenrepresentthe limit towards
which an MMSE solutionwill converge for a vanishingnoisevariance. As will
be discussedin Subsections4.3.2and 5.3.2, the existenceof sucha limit is an
importantindicationfor thesoundnessof anMMSE solution.Theexistenceof ZF
solutionsis thetopicof thefollowing theorem:

Theorem 3.3 There existsa solutionto (3.16) if and only if everycommonright
divisor of

v wVy z
and

� w8� wVy �
is a right divisor also of

� w8� �
. Theright divisors

shouldbemembers of thering of stableandcausalrationalmatrices.

Proof: The theoremfollows from the generaltheoryof Diophantineequa-
tions,see[45].
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The theoremcan be usedto find out if thereexists a zero-forcingMIMO DFE
for any givenchannelandsmoothinglag. However, we canusethe theoremalso
to find trivial channelcharacteristicsthatprecludetheexistenceof a zero-forcing
DFE.Thefollowing two corollariesareexamplesof suchcases.

Corollary 3.1 If §{¨*©Tª v wVy z�«�¬S­
, then

v wVy z
and

� w8� wVy �
will alwayshavea

commonright divisor that is nota right divisorof
� w8� �

.

Proof: SeeAppendixD.

Theexactprocedurefor finding therankof a rationalmatrix canbefoundin [40,
Sec.6.5]. Threeimportantsituationswhentherankis smallerthan

¬S­
are:® More channelinputsthanchanneloutputs.Since§{¨*©Oª v wVy z¥¯�°>± © f²¬V³^� ¬S­´oJ¯µ¬V³B�

werealizethat §{¨*©Oª v wVy z
is smallerthan

¬S­
whenever

¬V³6«µ¬S­
.® Linearlydependentcolumns.Whenthechannelsfrom someof thetransmit-

tersarelinearlydependent,
v wVy z

will looserank.® More than
¬V³�j�¬S­

linearly dependentrows. In somecases,thechannelsto
someof the receiversmaybe linearly dependent.This couldhappenwhen
the multivariablechannelmodel is obtainedby excessive oversamplingof
a band-limitedsignal. Whenmorethan

¬V³�j¤¬S­
of theserow channelsare

linearlydependent,therankof thechannelwill belessthan
¬S­

.

For thesecondcorollary, wedefine¶�·O¸p
thepropagationdelayof user¹ in any channel. (3.17)

Thus,
¶�·

is the largestnumbersuchthat the first
¶,·

columntapsin the matrix
polynomialrepresentationof column ¹ in

z�f�� wVy o
areidenticallyzero. This leads

to thefollowing formulation:

Corollary 3.2 If
¶ ·»º l

for some¹ , then
v wVy z

and
� w8� wVy �

will alwayshavea
commonright divisor that is nota right divisorof

� w8� �
.

Proof: SeeAppendixD.

Remark 11. Fromtheperspective of adetectordesigner, Corollary3.2is enlight-
ening. Whendesigninga multiuserdetector, it is vital to choosea smoothinglag
thatis guaranteedto exceedthebulk delayof all users.
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Additional insightsinto theproblemof findingzero-forcingDFEscanbeobtained
by rewriting (3.16)as� w8��� p�f � ~�� wVy ��o wVy rsv wVy z�¼ps½�¾T½ £

(3.18)

with
½¿p0v wVy z

and ½ ¾ p�f � ~¤� wVy ��o wVy r¿£
Here,

½ ¾
is aleft inverseof

½
for

lÀp0¦
andit representsageneralizedleft inverse

for
l º ¦

. Sinceboth
�

and
r

arerequiredto be causal,
½ ¾

mustbe causal.
However,

½ ¾
is not requiredto bestable:Evenif

�
is stable

f � ~µ� wVy ��o wVy
may

very well beunstable.Thus,theclassof admissible
½ ¾

s is muchlargerfor DFEs
thanfor linear equalizers

fQ�ÁpM¦no
: Unstablezerosof

z
cannotbe canceledbyr

, since
r

is requiredto bestable.See[33] for conditionsfor theexistenceof a
multivariablezero-forcinglinearequalizer.

Another reformulationof (3.16) also provides someadditional insight. We
realizethatwecanwrite ��w8� � p�t²r ���6Â v wVy zj�� w8� wVy �7Ã £

(3.19)

Wethusseethatit is thepropertiesofÂ v wVy zj�� w8� wVy � Ã
ratherthanthepropertiesof

v wVy z
alonethat determinetheexistenceof a zero-

forcingsolution.

3.3 The optimum FIR decisionfeedbackequalizer

In practice,implementationof theoptimumrealizableDFE maybedeemedinap-
propriate.Thisis truein particularwhenanadaptive implementationis considered,
since,for instance,stability monitoringhasto be performed. Also, acquiringa
parametricmodelof thenoisemaybetoocomputationallyintensive. In theperfor-
mancecomparisonattheendof thischapter, wewill seethaterrorpropagationmay
severelydegradetheperformanceof theDFE derivedfrom Theorem3.2,which is
yetanotherreasonto considera differentDFEstructure.

An attractive alternative is to useaDFEwherebothfeedforwardandfeedback
filters aremultiple-inputmultiple-outputFIR filtersof predetermineddegrees.We
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will call thisequalizertheFIR or conventionalDFE. In thisDFE,we thushaver.f�� wVy o�p.Ä�f�� wVy oqp.ÅVÆq~sÅ y � wVy ~ 46464 ~sÅ 7�Ç � w 7�Ç
(3.20a)��f�� wVy o�p0È�f�� wVy oqpÊÉ,Æq~sÉ y � wVy ~ 46464 ~sÉ 7�Ë � w 7�Ë £
(3.20b)

where Ì:Í is a designvariable,whereasÌ"Î will be a function of Ì:Í , the channel
degree Ï andthesmoothinglag

l
. TheFIR DFEis thusimplementedasde}fih�j�lnm hTo2p.ÄÐf���wVyao�ÑgfihTo¢jÒÈÓf���wVy�og�egfih�j�l�j��
o�e}fih�j�l
o2pDÔ
f degfih�j�lnm hTo o2£ (3.21)

3.3.1 The MMSE design

ToobtainaconventionalMMSEDFE,thematrixcoefficientsin (3.20a)and(3.20b)
areadjustedso that the MSE (2.4) is minimized. The resultingdesignequations
aregivenin thenext theorem.

Theorem 3.4 ConsiderthemultivariableDFE describedby (3.21), theFIR chan-
nel model(2.11) and the input signal statistics(2.9). Assumethat the noiseis
describedby (2.12)with Õ Æ

beingnon-singular, andassumethat (2.13)holds. If
all pastdecisionsareassumedcorrect,thentheuniquematrixpolynomials

ÄÐf�� wVy o
and

È�f�� wVy o
in (3.21)of orders Ì´Í and Ì:Î p Ï ~ Ì´Í j�l8jÖ�

respectively, minimizing
theMSE(2.4), are obtainedasfollows:

1. Thefeedforward filter
Ä�f�� wVy o2p.Å Æ ~�Å y � wVy ~ 46464 ~ÒÅ 7�Ç � w 7�Ç

is determined
bysolvingthesystemof

¬V³�f Ì´Í ~<�
o
linear equationsfQ×�×ÖØ¤~µÙÐoÛÚÜÝ Å ØÆ

...Å Ø7HÇ�Þ7ßà p ÚÜÜÜÝâá �
...á Æã Þ7ßßßà (3.22)

with respectto the
¬V³�äx¬S­

matrix coefficients
Å Øå , where

×
is the

¬V³�f Ì´Í ~�
o�äx¬S­^fQl�~0�
o
matrix

×¡p ÚÜÜÜÜÜÝ á Æ á y £7£7£ á �¦ á Æ £7£7£ á � wVy
...

. .. . ..
...¦ £7£7£ ¦ á Æã £7£7£
£7£7£ ã Þ7ßßßßßà (3.23)
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andwhere ÙæpuÚÜÝ Õ Æ £7£7£ Õ 7HÇ
...

. ..
...Õ w 7�Ç £7£7£ Õ Æ Þ7ßà £

(3.24)

2. The coefficients of the feedback filter
È�f�� wVy o¤p É>Æ6~¡É y � wVy ~ 46464 ~É 7�Ë � w 7HË

are givenbyÉ å p ç2èêé'ë 7�Ç ì ��í å í�y�îïð�ñ çqòHó
ë Æ ì å w ¾ íô��í�y�î Å ð á ��í�y w ð í å (3.25)

where Ì:Î p Ï ~ Ì´Í j�l�j��
.

Proof: SeeAppendixC.

Remark 12. The condition that the noisecovariancefor lag zero, Õ Æ
, hasfull

rankensuresthatthematrix
×�× Ø ~ÒÙ

in (3.22)is non-singular. A uniqueMMSE
solutionwill thusalwaysexist.

Remark 13. For a given detectionscenario,the structureof the DFE is deter-
minedby the decisiondelay

l
andthe degreesof the feedforward andfeedback

filters. Theimpactof thesethreevariablesis outlinedbelow.® The decisiondelay
l

is chosenasa trade-off betweencomplexity andper-
formance:the larger decisiondelay, the betterthe performance.However,
choosing

l
larger thanthedelayspreadÏ only leadsto minor improvements

in performance.This is in accordancewith the rule of thumb in Subsec-
tion 3.2.1:

l
shouldbechosensothat“enough”signalpowercanbecollected

by thefeedforwardfilter beforeadecisionis made.® ThedegreeÌ:Í of thefeedforwardfilter shouldbechosenaslargeaspossible,
at leastequalto thedecisiondelay

l
. Whenthenoiseis assumedto betem-

porally white ( Õ å pÊ¦8�2¬sõp.¦
), equation(3.22)will give

Å å p.¦
for

¬ º l
.

This is however not truewhenthenoiseis temporallycolored,andchoosing
a feedforwardfilter lengthwhich is largerthanthedecisiondelaywill in this
casegive betterperformance.In fact, for a fixed feedforward filter degree,
performancecanevenbeimprovedif thedecisiondelayis decreased!® The degree Ì:Î of the feedbackfilter shouldbe large enoughto cancelall
postcursortapsin the linearly equalizedchannel

Ä�f�� wVy o�zÒf�� wVy o
. A lower
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degreewill leadtoalossin performance,andahigherdegreewill notimprove
performance.Thenumberof postcursortapsequalsÏ ~ Ì:Í j�l

, soweconclude
that Ì:Î p Ï ~ Ì´Í j�l�j��

.

It is enlighteningto comparethe above rule of thumb for selectionof Ì´Í with
thedegreeconditionsin Subsection3.2.1. Whenthenoisecanbemodeledasan
MA or ARMA process,thefeedforwardfilter of theoptimumrealizableDFE has
aninfinite impulseresponse.Theperformanceof theFIR DFE will thenimprove
with increasingÌ:Í . Ontheotherhand,if thenoiseis describedbyanautoregressive
model,thelengthof thefeedforwardfilter of theoptimumrealizableDFEequalsÌ´Í ~ Ì´ö p�l�~ Ì´ö
which is finite. In this case,theresultingMSE at theoutputof theFIR DFE does
notdecreaseas Ì"÷ is increasedabove

l�~ Ì´ö .

TheresidualMSE at theoutputof theDFE describedin Theorem3.4 is given
in thefollowing corollaryto Theorem3.4:

Corollary 3.3 Whenthe FIR MMSEDFE designedfrom Theorem3.4 is applied
to theoutputof thechannel(2.11), theresidualMSEis givenbyø p � j�× Øù7ú û Ç t ×�× Ø ~µÙ � wVy × ù7ú û Ç (3.26)

where
×

and
Ù

are definedin (3.23)and (3.24), respectively, and× ù7ú û Ç ¸p ÚÜÜÜÝ2á �
...á Æã Þ7ßßßà £

Proof: SeeAppendixC.

In thenext chapter, theconventionalDFE will beusedasa multiuserdetector
in conjunctionwith anantennaarray. In Chapter5, we will derive a time-varying
versionof theFIR DFEin Theorem3.4,whichwill beusedasamultiuserdetector
for DS-CDMA.

3.3.2 The ZF design

To derive thedesignequationsfor anFIR DFEthatfulfills thezero-forcingcondi-
tion, weproceedasin Subsection3.2.2:We insert(2.11)into (3.21)andrearrange
to obtaintheequationde%fih�j�lnm hTo2p��*ÄÀz�j�� w8� wVy Èü�5e%fihToý~�Ä�þ%fihTo�£

(3.27)
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As always,to obtaintheabove equation,theassumptionon correctpastdecisions
hasbeenused. For the estimator(3.27) to be zero-forcingas definedin Defin-
tion 2.1,wemustrequire � w8� � p.ÄÀzMj�Èü� w8� wVy £

(3.28)

Thisconditionis sufficientandnecessary, dueto theassumptions(2.13)and(2.9).
Thesolvability of (3.28)is discussedin thenext theorem.

Theorem 3.5 There existsa solutionto (3.28) if and only if everycommonright
divisor of

zÒf�� wVy o
and

� w8� wVy �
is a right divisor alsoof

� w8� �
. Theright divisors

shouldbemembers of thering of polynomialmatrices.

Proof: The theoremfollows from the generaltheoryof Diophantineequa-
tions,see[45].

Thesametwo situationsasin Subsection3.2.2causetheconditionin Theorem3.5
to beviolated. For completeness,we formulatethecorrespondingcorollariesbe-
low.

Corollary 3.4 If §{¨*©Oª z�«ÿ¬S­
, then

z
and

� w8� wVy �
will alwayshavea common

right divisor that is nota right divisorof
� w8� �

.

Proof: SeeAppendixD.

To determinethe rank of a polynomial matrix, the proceduredescribedin [40,
Sec.6.3] canbeused.SeealsotheMATLAB

TM
functionsin thePolynomialTool-

box [35].
As in Subsection3.2.2,we realizethattherankof

z
is smallerthan

¬S­
when® ¬V³6«µ¬S­

,® someof thecolumnsin
z

arelinearlydependent,or® morethan
¬V³Àj�¬S­

of therowsof
z

arelinearlydependent.

Corollary 3.5 If
¶ ·�º l

, definedin (3.17) for some¹ , then
z

and
� w8��wVy �

will
alwayshavea commonright divisor that is nota right divisorof

� w8� �
.

Proof: SeeAppendixD.

Theconditionfor theexistenceof a zero-forcingFIR DFE is a lot milder than
thecorrespondingconditionfor a linearequalizer. For azero-forcinglinearequal-
izer to exist, theremustbenocommonfactorin any columnof

z�f�� wVy o
otherthan
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. See[34] for adiscussion.Suchcommonfactorscaneasilybehandled

by theDFE.
Whenthe conditionin Theorem3.5 is fulfilled, we know that a zero-forcing

FIR DFE exists, for somedegreesof the filters
Ä

and
È

. In Theorem3.6, the
requireddegreeof thefeedforwardfilter

Ä
is specified.

Theorem 3.6 ConsidertheMIMO channelmodel(2.11)with
¬S­

sourcesand
¬V³

measurementsignalsandassumethat theconditionin Theorem3.5 is fulfilled. A
generically necessary2 condition for the existenceof a zero-forcing FIR MIMO
DFE (3.21)with decisiondelay

l
andfeedforward filter degree Ì´Í is thenthatÌ´Í�� ¬S­^fQl�~<�
o¢j�� å��ð(ñ y ¶ ð¬V³ j��5�

(3.29)

where
¶ ð is definedin (3.17).

Proof: SeeAppendixE.

Whenthedegreeof thefeedforwardfilter is chosensmallerthanthedegreespeci-
fied in Theorem3.6,theDFEwill have inadequatedegreesof freedomto suppress
all intersymbolandco-channelinterference.

3.4 A comparisonof the MMSE DFEs

To comparethethreeMMSE decisionfeedbackequalizersintroducedin thischap-
ter, we will considera specificexample: the channeland noisedescriptionin-
troducedin Example3.1. To comparethe performancesof theseDFEs,we will
evaluatetheir respective estimationerrorcovariancematrices.In Subsection3.4.1,
all previousdecisionsareassumedto becorrectandtheestimationerrorcovariance
matrix is evaluatedfrom (3.6)and(3.11). In Subsection3.4.2,wedirectlyestimate
thecovariancematrix. To obtainasuitablescalarperformancemeasure,wein both
subsectionsuse� § ø andnormalizewith thenumberof transmitters.

3.4.1 A comparisonof the optimum and the optimum realizableDFE

We will startby comparingtheoptimumDFE determinedfrom Theorem3.1 and
the optimumrealizableDFE determinedfrom Theorem3.2. Our objective is to
addressthe performancepenaltyassociatedwith the realizability constraint,that

2Genericnecessityof the degreecondition in Theorem3.6 shouldbe interpretedas follows:
When (3.29) is violated, a zero-forcingequalizerexists with probability zero if the channeltaps�	��

�
�
�

����

arerandommatrices.Seealso[82, p. 266]
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is, how muchtheperformancedegradeswhenthefeedforwardfilter is requiredto
becausal.More specifically, we will investigatetheperformanceof theoptimum
realizableDFEasafunctionof thesmoothinglag,andcompareit to thatof thenon-
realizableDFE. As shown in Section3.1, thenon-realizableDFE canbe thought
of asa realizableDFEwith aninfinite smoothinglag.

Theorem3.1is thususedto determineanoptimumnon-realizableMMSE DFE
for thechannel(3.12)andthenoisedescription(3.13). TheSNRequals0, 5 or 10
dB andis definedby

SNR� ¸p�� � Í Ø� fihTo Í�� fihTo����� þ Ø fihTo�þ%fihTo�� (3.30)

whereÍ�� fihTo ¸p�v�wVy
f���wVyao�z � f��nwVyaoHe � fihTo�� þgfihTo ¸p���wVy
f���wVyao �¿f���wVyao��nfihTo��
and

z � f�� wVy o
is column � in

z�f�� wVy o
. In this section,we assumethat theSNRis

equalfor thetwo usersandhenceindependentof � .
From(3.6), weobtainthefollowing residualMSEs:

SNR
y� � § ø

0 dB 0.2292
5 dB 0.1029

10dB 0.0389

For thechannelandnoisedescriptionin Example3.1,weevaluatetheresidual
MSEalsofor theoptimumrealizableDFEusing(3.11). Thesmoothinglag

l
varies

between0 and10,andtheSNRis 0, 5 or 10dB. Theresultis shown in Figure3.1
togetherwith theresidualMSEfor thenon-realizableDFE.

It is clearfrom Figure3.1 that it is sufficient to usea rathersmall smoothing
lag in the optimumrealizableDFE to obtaina performancethat is very closeto
the performanceof the non-realizableDFE: The curvesareindistinguishableforl ��� .

Thedifferencein performancebetweenthetwo DFEsis remarkablysmall.Ap-
parently, having a smoothinglag

lÖp � is sufficient for the realizableDFE to be
ableto captureenoughsignalenergy. Keepingin mind therule of thumbthatwe
introducedin Remark9 onpage48,werealizethatthesmoothinglagthattheopti-
mumrealizableDFErequiresto obtaintheperformanceof thenon-realizableDFE
grows with thesettlingtime of the impulseresponseof thenoise-whitenedchan-
nel. In this example,thepolesof thenoise-whitenedchannelarethezerosof the
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Figure3.1:Comparisonof theoptimumandoptimumrealizableDFEasafunction
of thesmoothinglagof therealizableDFE.

noisedescription
�¿f�� wVy o

, which arelocatedat 0.424  0.457� p
0.623

��! 0.823� .
The closerthesezerosare to the unit circle, the larger the performancediffer-
encebecomesbetweentheoptimumandtheoptimumrealizableDFEwith a fixed
smoothinglag.

Finally, we comparethe tuning complexities of the two DFEs. Both DFEs
requireoneoperationthattheotherdoesnot:® To determinethe non-realizableDFE, the spectralfactorization(3.5) must

besolved.® To determinetherealizableDFE,thesystemof linearequations(B.22)must
besolved.

The relative complexity of thesetwo operationsdependson the relationbetween¬V³
and

¬S­
. When

¬V³
is largein comparisonto

¬S­
, solving(B.22)is morecomplex,

but when
¬S­

and
¬ ³

areequal,themultivariablespectralfactorizationis morecom-
putationallyintensive. See[38] for anefficient implementationof themultivariable
spectralfactorization.
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3.4.2 A comparisonof the optimum realizableand the FIR DFE

We will now comparethe performanceof the optimumrealizableDFE (2.2) and
theFIR DFE(3.21). Again,we areinterestedin how theperformanceis degraded
by the a priori selectionof a structurethat is inappropriatefor the equalization
problemin this example. In this subsection,the impactof usingdecisionsfrom
the decisiondevice is alsoinvestigated.Finally, we addressthe influenceof the
additionaldesignvariableÌ:Í .

Again,weuseTheorem3.2to determinetheoptimumrealizableDFEwith
l�p�

for thechannelin Example3.1.To determinetheFIR DFE,weuseTheorem3.4.
To computethecovariancefunctionof thenoiseterm

þgfihTo
, weuseþ%fihToqp �¿f�� wVy o��nfihTo�£

Thiscanbeinsertedinto (2.12)to obtainÕ Æ p#" û t�$ÊÆ%$�ØÆ ~ $ y $�Øy � p&" û Â 1.0000
j

0.3938j
0.3938 1.0000

ÃÕ y p#" û $ y $ ØÆ p'" û Â j
0.3103 0.6366j
0.0512

j
0.3207

ÃÕ å p ã � ¬ º ��£
Optimumcoefficientsof theMMSE FIR DFEcannow beobtained.

TheoptimumrealizableandtheFIR DFEarenow simulatedwith BPSKmodu-
latedsignals.TheMSEis averagedover200realizations,eachconsistingof 50000
transmittedsymbols.

SNRdependence First,weaddresstheperformanceof theseDFEsasa function
of theSNRwith Ì:Í p)(

. This feedforward filter degreewaschosenso thatboth
DFEsaredescribedby the samenumberof parameters.The result is shown in
Figure3.2for anSNRbetween0 and15dB.

We seein Figure3.2 that the optimal realizableDFE is only slightly better
thanthe FIR DFE: With correctdecisions,the differenceis only 0.6 dB over the
entireinvestigatedrangeof SNRs. With real decisions,the FIR DFE is actually
better than the “optimum” DFE for low SNR! Thus, the DFE determinedfrom
Theorem3.2seemsto bemoresensitive to incorrectdecisionsthantheFIR DFE.
However, for SNRsover4 dB, theoptimumrealizableDFEis better. At thisSNR,
aboutthreepercentof thedecisionsareincorrect.

Dependenceon location of noise zeros For the consideredFIR channel,the
structureof theFIR DFE is optimalwhentheadditive noiseis temporallywhite.
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Figure3.2: Comparisonof theoptimumrealizableandtheFIR DFEasa function
of the SNR.The residualMSE is estimatedover 200 realizations,eachconsist-
ing of 50000transmittedsymbols. The DFEsareexecutedusingeithercorrect
decisions(correct)or decisionsfrom thedecisiondevice(real).

White noisecorrespondsto noisedescribedby a moving averageprocess,whose
zerosare locatedin the origin. Therefore,the differencebetweenthe optimum
realizableDFE andthe FIR DFE shouldbe smaller, the closerto the origin the
noisezeroslie. Correspondingly, whenthenoisezeroslie closeto theunit circle,
thedifferenceshouldbelarger.

To investigatethisassumption,thelocationsof thezerosof thenoisemodelare
variedaccordingto* y ì � f,+^o�p�+^� ! � 0.823�-+Ûp

0.01,0.1,0.2,
£7£7£

, 0.9,0.95,0.98,0.99
�

while theSNR,asdefinedin (3.30), is keptconstantat5 dB.Thus,thenoisemodel
zerosaremovedalonga radius,from theorigin towardstheunit circle. All other
conditionsfor thesimulationscenarioareasin Figure3.2. Theresultis depicted
in Figure3.3.

Thelocationof thenoisezerosclearlyaffectstherelative performancesof the
two algorithms. Whenthe zerosarecloseto the origin, the performanceof the
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Figure3.3: Comparisonof theoptimumrealizableandtheFIR DFEasa function
of thepositionof thenoisezero.TheSNRis 5 dB. TheresidualMSEis estimated
over 200 realizations,eachconsistingof 50000transmittedsymbols.The DFEs
areexecutedusingeithercorrectdecisions(correct)or decisionsfrom thedecision
device (real).

two DFEsare identical,but the further out towardsthe unit circle the zerosare
moved, the larger the differencebecomeswhencorrectdecisionsareused. One
interestingdiscovery is theperformanceof theoptimumrealizableDFE with real
decisionswhen the noisezerosare locatedvery closeto the unit circle: In this
scenario,errorpropagationcausesbadperformance.Thereasonis thatwhenthe
noisezerosarecloseto theunit circle, soarethepolesof thefeedbackfilter. The
impulseresponseof thefeedbackfilter thenbecomesverylong,leadingto ahigher
probabilityof errorbursts.

Dependenceon feedforward filter degree For the presentexample,the struc-
tureof theFIR DFE approachestheoptimumstructurewhen Ì:Í/.10 . Theper-
formanceof theFIR DFE shouldthenapproachtheperformanceof theoptimum
DFE with increasingfeedforward filter degree. We thereforeinvestigatethe per-
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formanceof theFIR DFE for feedforwardfilter degreesbetweenoneandten,that
is for

��¯ Ì´Í ¯æ�7¦
. Theresultis depictedin Figure3.4for anSNRof 5 dB.
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Figure3.4: Comparisonof theoptimumrealizableandtheFIR DFEasa function
of thedegreeof thefeedforwardfilter of theFIR DFE.TheSNRis 5dB.Theresid-
ual MSE is estimatedover 200realizations,eachconsistingof 50000transmitted
symbols.Notethelower limit on they-axis. TheDFEsareexecutedusingeither
correctdecisions(correct)or decisionsfrom thedecisiondevice (real).

For this example,theperformanceof theFIR DFE is good,alreadyfor rather
small Ì´Í , bothfor correctdecisionsandrealdecisionsfromthedecisiondevice. For
realdecisions,thebestperformanceis obtainedwith a feedforwardfilter degreeof
four: With a lower Ì:Í , the lower noiserejectioncapabilitydegradesthe perfor-
mance,whereasfor larger Ì´Í , the performanceis (to a small degree)adversely
affectedby errorpropagation.

To concludethis subsection,we comparethecomplexities of theoptimumre-
alizableDFEandtheFIR DFE.

Complexity To determinethe optimumrealizableDFE, we have to solve (3.3)
andsolve a systemof linearequationsfor the

l�~<�
matrix coefficientsof

Ä�f�� wVy o
.
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To determinetheFIR DFE,we have to solve thesystemof linearequations(3.22)
for the Ì´Í ~æ�

matrix coefficientsof
Ä�f�� wVy o

. Since Ì:Í2� l
, this systemis larger

thanthecorrespondingsystemfor theoptimumrealizableDFE. However, for re-
alistic Ì´Í and

l
, the additionalcomplexity is small relative to the complexity of

solving(3.3).
For theoptimumrealizableDFE, thenoisewhiteningpartsof thefeedforward

filter (
� wVy �

) andfeedbackfilter (
�3
) mustbeexecuted,whereasfor theFIRDFE,

thefeedforwardandfeedbackfilter eachhave Ì:Í j�l
moretaps.We concludethat

theexecutioncomplexitiesof thetwoDFEsareroughlythesamefor a“reasonable”
choiceof Ì´Í .
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CHAPTER 4

Reusewithin cell usingantennaarrays

4.1 Intr oduction

HE highcapacityof acellularcommunicationsystemis obtainedby thedivi-
sionof a geographicalareainto cells. Eachcommunicationchannel1 is used

in a fractionof thecells,andby decreasingthecell size,thecapacityof thesystem
canbeincreased.

Reducingthecell sizeis however expensive andleadsto increasednumberof
handovers. Instead,multi-elementantennas,alsoknown asantennaarrays, can
be usedat the receiver to increasethe capacity. Antennaarrayscanenhancethe
desiredsignalandsuppressthe interferenceso that eachcommunicationchannel
canbeusedmorefrequentlyacrossthenetwork, therebydecreasingtheso-called
reusefactor. Whenall channelsareutilizedin everycell, thesystemis saidto have
reusefactorone.

To increasethecapacityof anFDMA or aTDMA cellularsystemthathasreuse
factorone,severaluserswithin a cell would have to shareeachavailablechannel;
the systemmustsupportreusewithin a cell.2 This will causesevereco-channel
interferenceat thereceiver. Antennaarraysarethenindispensabletools for sepa-
rating thesignalsfrom differentusers.With anantennaarray, beamforming[95]
canbeusedto suppressco-channelinterference.However, in situationswith fre-
quency selective fading,beamformersthatoperateonly in thespatialdomaincan
suppressonly a few interferers.In this chapter, we illustrate,compareandexplore

1Weusetheterm“communicationchannel”asashorthandfor aparticularcombinationof carrier
frequency, timeslotandcode,dependingon themultiple-accessschemeemployed.

2Thisconceptis alsoknown asSpatialDivisionMultiple-Access(SDMA).

67
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two moreelaboratewaysof usingan antennaarrayat the receiver to accomplish
channelreusewithin acell:

1. Detectthe signal from oneuserat a time while treatingthe otherusersas
interference. In the following, this approachwill be denotedinterference
rejectionor interferencecancellation.

2. Detectthesignalsfromall userssimultaneously. Thisapproachwill becalled
multiuserdetection.

Interferencerejectionhasbeenthoroughlystudiedfor many differenttransmis-
sion environmentsusingdifferentdetectors.In [20], interferencerejectionusing
linear receiversis studied,whereasdecisionfeedbackequalizersareusedfor the
samepurposeby Monsenin [64] andby BalabanandSalzin [11, 12]. Decision
feedbackequalizersarealsothe topic of [55], but in anadaptive setting. In [14],
Bottomley andJamalusemaximumlikelihoodsequenceestimationwith spatialin-
terferencewhiteningto suppressintersymbolandco-channelinterference.In [7],
theauthorsprovide a unifiedanalysisof interferencerejectionusinglinearequal-
izers,decisionfeedbackequalizersandmaximum-likelihoodsequenceestimation.
Thereference[51] providesa comprehensive investigationof space-timeprocess-
ing andtheassociatedparameterestimationproblems.Interferencerejection,that
is, takingthecovariancematrixof theinterferenceinto account,leadsto substantial
performanceimprovementsin all thesepapers.

Multiuser detectionwithin a cell usingantennaarrayswasfirst suggestedby
Winters in [103] and[104]. The emphasisof thesepapersis on frequency non-
selectivechannelsandlineardetectors.In [75] extensionsaremadeto frequency
selectivechannels.Linearandnon-linearmultiuserdetectorshavebeenextensively
investigatedfor applicationin CDMA systems,see,for instance,[57, 96, 99, 105]
andotherworksdiscussedin Chapter5. Most multiuserdetectorsfor CDMA sys-
temsareblockdetectors.Suchdetectorsarealsobecomingincreasinglypopularin
TDMA systemsfor multiuserdetectionin conjunctionwith antennaarrays[83, 98].
However, block detectionhaslimitationsfor time-varyingchannels,sincethede-
tector parametersin that casemay have to be updatedon a symbol-by-symbol
basis.In general,block detectorsarealsomorecomplex andmemoryconsuming
thantheir symbol-by-symbolcounterparts.

As will becomeevidentin thefollowing sections,theperformanceof multiuser
detectorsis mostlysuperiorto that of interferencecancellers.This is dueto two
reasons:

1. Non-linearmultiuserdetectorscan suppressinterferencemore efficiently
than non-linearinterferencecancellers. (This is in contrastto MSE opti-
mal linear detectors,suchasthoseusedin [104]. An optimally tunedlinear
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multiuserdetectoris exactly the samedetectorasa setof optimally tuned
linearinterferencecancellers.SeeRemark5 onpage120for adiscussion.)

2. Thechannelestimationis improved:Whenutilizing trainingsequencesfrom
all usersinsteadof treatingall exceptoneasnoise,theestimatesof channel
andnoisestatisticswill bebasedonmoredata.Therefore,themodelquality
is in generalimproved,which leadsto moreprecisetuningof thedetector.

In this chapter, we will usedecisionfeedbackequalizersto illustratetheinflu-
enceof thesetwo factorsby comparingtwo equalizerstructures:

1. TheDFE presentedin [55] andoutlinedin Section4.3,which rejectsinter-
ference.

2. TheDFEof Section3.3,whichdetectsmultiplesignalssimultaneously. See
also[88].

Thesealgorithmswill becomparedandstudiedby analysisin Section4.3 andby
extensive simulationsin Section4.4. In Section4.5, we apply the algorithmsto
experimentaldatacollectedat anantennaarraytestbed.

To usethe multiuserdetectorpresentedhere,the channelsfrom eachuserto
eachantennaelementmustbeestimated.In a TDMA system,this in turn requires
that burstsfrom all usersareroughly synchronized,andthat differentuserssend
differenttrainingsequencesthatareknown at thereceiver. Theserequirementsare
nothardto fulfill for userswithin acell. Therefore,someform of multiuserdetec-
tion seemsto beafeasibletool for attainingchannelreusewithin acell. Exploiting
multiuserdetectionto reduceinterferencefromtransmittersoutsidethecell is more
difficult, sincethebasestationsin adjacentcellsmustin thatcasebesynchronized.

4.2 Channelmodels

We shallnow introducethechannelmodelsuponwhich we basethederivationof
thedetectors.Thesebasebandmodelsareassumedto belinearandsampledat the
symbolrate3. They arealsoassumedto includethe effectsof pulseshapingand
analogmodulation. The symbol rate is equalfor all users. Finally, we assume
thechannelmodelsto be time-invariant over thedurationof a TDMA burst. The
motivation for the last assumptionis solely simplicity of presentation.In prac-
tice, thechannelswill betime-varyingdueto carrierfrequency offsetsandfading.

3Sincethebandwidthof thesignalis at leastat largeasthereciprocalof thesymbolrate,symbol
ratesamplingactuallyconstitutesundersampling. Someof the informationin thecontinuous-time
signalsis thusinevitably lost.
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Thechannelmodels,detectorsanddesignequationspresentedherecaneasilybe
generalizedto thetime-varyingcase,seeChapter5.

4.2.1 A multiple-input multiple-output basebandchannelmodel

Weconsideracasewith 4 transmittersand ö receiverantennas.In theuplink, the4 transmittersrepresent4 differentmobiles,eachof whichbeingequippedwith
oneantenna.Eachmobiletransmitsa signalto thebasestation,which usesan ö
elementantennaarrayto detectall thesignals.For downlink transmission,we as-
sumethatthebasestationis equippedwith 4 antennas,eachof which transmitsa
separatemessage.Eachmobilehasareceiver with ö antennas/diversitybranches,
whichareusedto detectone(or several)of thetransmittedsignals.

The signal from transmitter� propagatesthroughthe discrete-timebaseband
channel5 · � f�� wVy o

to receiver antenna¹ . Thechannel5 · � f�� wVy o
is givenby5 · � f���wVyao2p 5 Æ· � ~ 5 y· � ��wVy¢~ 46464 ~ 5 ¾76 8· � ��w ¾76 8

(4.1)

where5 å· � arecomplex-valuedconstants.
Thedigital signalreceivedatantenna¹ at thediscretetime instant

h
is denotedÑ · fihTo

andcanbeexpressedasÑ · fihToqp:9ïå*ñ y 5 · å f���wVyaoHe å fihTo�~�þ · fihToq�
(4.2)

where
e å fihTo

is thesymboltransmittedfrom user
¬

andtheterm
þ · fihTo

corresponds
tonoiseandout-of-cellco-channelinterference.Notethatsignalsfromtransmitters
within the cell areexplicitly modeledin (4.2). The signals

e å fihTo
andthe noisesþ · fihTo

areassumedto be mutually uncorrelated,zeromeanwide sensestationary
stochasticsignals.Furthermore,all signals

e � fihTo�� � p �"�7£7£7£
� 4 areassumedto
bemutuallyuncorrelated,andwhite with zeromean.Thesituationis depictedin
Figure4.1.

To obtainaMIMO model,we introducethesignalvectorsÑVfihToqp0t�Ñ y fihTo Ñ � fihTo�£7£7£ Ñ<;6fihTo �>=
(4.3a)e}fihToJp t e y fihTo e � fihTo £7£7£ e 9 fihTo � =
(4.3b)þ%fihToJp t þ y fihTo þ � fihTo £7£7£ þ ; fihTo �?= £
(4.3c)

Thevector
þgfihTo

of noisesamplesis characterizedby its matrix-valuedcovariance
function ÕA@ w ð ¸p �B� þ%fihTo�þ Ø f,C|o��

(4.4)
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Figure4.1: TheMIMO channelmodel,where k?l�m,npo is thesymboltransmittedat
discrete-timeinstant n from usernumberq , while r�s�mtn<o is the receivedsampled
basebandsignalat antennau . Thesignal v s mtnpo representsadditive noiseandout-
of-cell co-channelinterference.

andcanbe both spatially4 andtemporallycolored. The vector wJx�ygz of sampled
antennaoutputscannow beexpressedasw{x�ygz�|&}~x�� a _ zH��x�ygz����Jx�ygz (4.5a)|����?��x�ygz���� _ ��x�y�����z����?�?�F�����S��x�y�����z{�~�Sx�ygz (4.5b)

wherewehave introducedtheMIMO impulseresponse

}~x�� a _ z�| ����� _�_ x�� a _ z �?�?� � _Z� x�� a _ z...
.. .

...��� _ x�� a _ z��?�?� ��� � x�� a _ z
�?�� (4.6)

with individual matrixcoefficients(taps)

�¡ ¢| ��� �   _�_ �?�?� �   _Z�...
. ..

...�   � _ �?�?� �   � �
�?�� � (4.7)

4Thenoiseis spatiallycoloredwhenany of theoff-diagonalelementsof £g¤ arenon-zero.When£ ¤ is diagonalfor all ¥ , thenoiseis saidto bespatiallywhite.
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In (4.5b), �~|�¦`§F¨©tª « � ©e«
representsthemaximumorderof all scalarchannels(4.1).

Remark 1. The model(4.5b) is rathergeneral,in that it incorporatesmany dif-
ferentantennaconfigurations:

1. Phasedarray receivers, wherethe antennaelementsare placedclosely to-
gether.

2. Spatialdiversity receivers,wherethe antennasareusuallyplacedfar apart.
Thelargeantennaseparationhelpsto reducetheimpactof fading.

3. Macro diversity, wheremultiple basestationscommunicatesimultaneously
with a singlemobile. This is a specialcaseof a diversitysystem,described
above.

4. Polarizationdiversity receivers, wheretwo orthogonalpolarizationsof the
receivedsignalaremeasured.

Remark 2. Thenumberof measurementscanbeincreasedby othermeansthan
increasingthenumberof antennas.For instance,thereceivedsignalmaybesam-
pledfasterthanthesymbolrateasdescribedin Subsection1.4.2.By samplingthe
received signal ¬ timesduringa symbolperiod,a ¬ -fold increasein the effective
numberof antennasis obtained.Excessive oversamplingof a bandlimitedsignal
will, however, leadto high correlationamongconsecutive samples,which in turn
mayleadto anill-conditionedproblem.Wecanalsochooseto handletheI- andQ-
channelsseparatelyasdescribedin Subsection1.4.4.Eachscalarcomplex-valued
channelis thentransformedtoareal-valuedchannelwith twooutputs,andthenum-
berof measurementscanthusbedoubled.Sincetherealandimaginarypartsof the
inputsymbolsconstituteseparateinputsto this real-valuedchannel,thenumberof
channelinputsis alsodoubledwhenthe symbolsarecomplex-valued. However,
for one-dimensionalsymbolconstellations,suchasBPSK,thenumberof channel
inputsdoesnotchange.

Remark 3. Althoughthefocusof this chapterwill beon reusewithin a cell, in-
terferersoutsidethecell couldbe includedamongthe ­ usersthatareexplicitly
modeled. The fact that transmissionin adjacentcells is in generalnot synchro-
nizedon a burst-by-burst basiswill in thatcasebea majorproblemfor multiuser
detectorsfor two reasons:
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1. Channelestimationmustbeperformedfor oneuserat a time,sincethetrain-
ing sequencesmay not overlap. This will reducethe estimationaccuracy,
whichwill leadto worsedetectionperformance.

2. During thetransmissionof any singleuser, differentuserswill interferedur-
ing differentpartsof theburst. Whentheinterferencescenariochanges,the
multiuserdetectormustberetuned.5

4.2.2 Reducingthe MIMO modelto a SIMO modelwith colorednoise

If we explicitly model the signal from only one of the transmitters,we have to
considertheremainingsignalsasinterference.Assumingthesignalof interestto
be signalnumber1, we definea disturbancevector ®Bx�ygz as the sumof all co-
channelinterferenceandnoise:®/x�ygz�| �¯°²±J³ } ° x��7´{µ¶zH� ° x�ygz·�~�Sx�ygz (4.8)

where } ° x�� ´{µ z is column ¸ in (4.6). Sinceall signals� ° x�ygz arewhite with unit
varianceandmutually uncorrelatedaswell asuncorrelatedwith the interference�Sx�ygz , thematrix-valuedcovariancefunctionof theinterference®/x�ygz is givenby:¹º¼» ´g½¿¾|&À/ÁÂ®Bx�ygz�®ÄÃ�x,ÅÆz�ÇJ| �¯°È±J³ ÉAÊeË�Ì � ª � ´

»?Í ½ÏÎ¯  ±SÉ�ÐHÑ%Ì � ª ½Ò´ » Î �   ° x��   ´ »?Í ½° z
Ã~� º¼» ´g½ (4.9)

where�   ° is column ¸ of theimpulseresponsecoefficient (4.7) for lag ¬ :�   ° |)Ó �   µ ° �  ³
° �?�?� �   � °ÕÔ>Ö � (4.10)

Thecompletesingle-inputmultiple-outputchannelmodelthusbecomeswJx�ygz�|'} µ x��7´{µ¶zH� µ x�ygz��×®`x�ygz�� (4.11)

TheDFEperforminginterferencerejectionwill bebasedon thismodel.

Remark 4. If themodel(4.11)is usedasa basisfor detectordesign,estimation
of thematrix-valuedcovariancefunctionof ®Bx�ygz is vital. This becomesa major
problem,sincedirect estimationof

¹º ½ will provide poor accuracy for the short
training sequencestypically presentin cellular systems.In fact, the estimatesof
thecovariancefunctionwill besounreliable,thatwe in Subsection4.4.3andSec-
tion 4.5 areforcedto exploit only the spatialstructureof ®/x�ygz , that is, we will
assumethat À/ÁÂ®/x�ygz�® Ã x,ÅÆz�Ç{|�Ø for yÚÙ|�Å .

5In fact,this is aproblemalsofor interferencerejection,see[41].
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4.2.3 Antenna correlation

Spatialdiversity hasfor a long time beenusedto mitigate fading. The idea is
to openmultiple uncorrelatedchannelsfrom the transmitterto the receiver. By
combiningthesignalsreceivedthroughthedifferentchannels,theeffect of fading
canbe reduced. If the channelsarecorrelated,the advantageof usingdiversity
decreases.

With correlatedbasestationantennas,thestatisticalpropertiesof theuplinkand
downlink channelswill differ. In theuplink, ­ mobileuserstransmit ­ separate
messages,which aredetectedusing Û receiver antennasat the basestation. In
thescenariodepictedin Figure4.2, thechannelsfrom onetransmitterto different
receiverswill becorrelated, but thechannelsfrom differenttransmittersto asingle
receiver will beuncorrelated.

For downlink transmission,the situationis the opposite. Recall that in the
downlink, ­ differentmessagesaretransmittedfrom differentbasestationanten-
nas.Eachmobile is equippedwith Û receiver antennas,which areusedto detect
oneor severalof thetransmittedsignals.Thechannelsfrom two differenttransmit-
ter antennasto a singlereceiver antennawill now becorrelated, but thechannels
from onetransmitterantennato differentreceiver antennaswill beuncorrelated.

Wewill now derivethecorrelationbetweensignalsreceivedat two basestation
antennas.Thiscorrelationwill thenbeusedto generatecorrelateduplink channels.
Due to the reciprocityof the radio frequency propagation[102], we canalsouse
theresultto generatecorrelateddownlink channels.

The actualcorrelationwill dependon the distribution of the scatterersthat
causethe fading,but differentscattererdistributionsgive similar results[8]. We
will useamodelfirst suggestedin [6], whichassumesauniformlineararrayat the
basestationanda largenumberof scattererslocatedonacirclearoundthemobile.
Thissituationis depictedin Figure4.2.

Eachof thescatterersthatsurroundthemobileis treatedasa secondarytrans-
mitter. Assumingthat the transmittedsignal is narrowband, the signal replicas
originatingfrom onesuchsecondarytransmitterandreceivedat differentantenna
elementswill be identicalexcept for a phaseshift. The complex correlationco-
efficient betweenthereceivedbasebandsignalsw © x�ygz and w © Í µ x�ygz at two antenna
elementsÜ and ÜJ��� respectively is givenbyÀ/Á w © x�ygzZwÞÝ© Í µ x�ygz�ÇÀBÁàß w © x�ygz?ß ÇáÀBÁàß w © Í µ x�ygz?ß Ç ¾|�âJx�ã%äæå�ä�çFäæè7z	� (4.12)

We inserttheexpression(4.2)with ­ |é� and � © x�ygzê|ë� © Í µ x�ygzê|ìØ into (4.12).
Wefirst considerthecasewith nointersymbolinterference,thatis, � ©e« |�� Ì © Í µZÎ « |Ø . By assumingthatthechanneltapsareindependentof thetransmittedsignal,the
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Figure4.2: Geometryof local scattererssurroundingthemobile transmitterthat
resultsin correlationamongthesignalsreceivedat differentantennaelementsof
a uniformlineararray.

expression(4.12)reducestoâJx�ã%äæå�ä�çFäæè7zï| À/Á � �© µ x � �Ì © Í µZÎ�µ z
Ý¶ÇÀ/Áàß � �© µ ß ÇáÀ/Áàß � �Ì © Í µZÎ�µ ß Ç � (4.13)

For the circular scattererdistribution depictedin Figure4.2, Fulghumet al. [31]
obtainedthefollowing approximationfor thechannelcorrelation:âSx�ã�äæå�ä�çFäæè7zï|ëðÞñóòïôÈõ ã�åç ö>÷pø è<ùÆú ´7û ³
üFýÈþ,ÊeËgÿ (4.14)

whereã = theantennaseparation,expressedin carrierwavelengthså = theradiusof thering of scatterersç = thedistancebetweenthereceiver andthetransmitterè = theangleof theincomingsignalwith respectto antennabroadside,

andwhereðÞñ is theBesselfunctionof thefirst kindandorderzero.Equation(4.14)
is a goodapproximationwhen ã and å arebothsmallrelative to ç .

In a cellularsystem,theremaybescatterersthatarelocatedfar from boththe
transmitterandthereceiver. Thecorrespondingpathswill have differentpropaga-
tion delays,leadingto a delayspread���)Ø . To modelthis frequency selective
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fading,we usethe modelproposedin [8]. Seealso [27]. We will still assume
that (4.14) canbe usedto describethe correlationwithin eachvector tap. With
eachof these�~�ë� vectortapsin the impulseresponse,we associatea separate
circularcluster.

Theimpactof antennacorrelationontheperformanceof themultivariableDFE
will beinvestigatedin Subsection4.4.2.

4.3 DeployedDFEs

Oneof themainobjectivesof this chapteris to comparetheperformanceof mul-
tiuserdetectionandinterferencerejection. Decisionfeedbackequalizersof both
kindscanbederivedusingTheorem3.4andthemodelsin Section4.2:

1. With themodel(4.5a)andthenoisedescription(4.4), anFIR DFEperform-
ing multiuserdetection(MU-DFE) canbedesigned.

2. With themodel(4.11)andthenoisedescription(4.9), anFIR DFEperform-
ing interferencerejection(IR-DFE)canbedesigned.

Theorems3.5and3.6canbeusedto determinewhetheror notazero-forcingMU-
DFEexistsfor agivenscenario.However, wehavenotyetderivedacorresponding
conditionfor the IR-DFE. Also, the complexity of the two approachesshouldbe
compared.Thesetwo issueswill bedealtwith in theremainderof thissection.

4.3.1 The ZF IR-DFE

In this subsection,we will investigateunderwhat conditionsthereexists an FIR
IR-DFE thatcompletelyeliminatesbothintersymbolandco-channelinterference.
In anIR-DFE,thefeedforwardfilter hasÛ inputsandasingleoutput,whereasthe
feedbackfilter is aSISOfilter:�� © x�yó���pß ygz�|�� Ì © Î x�� ´{µ zZwJx�ygz-��� © © x�� ´{µ z
	� © x�y����Ï����zï� (4.15)

Above, � Ì © Î x�� ´{µ z is a polynomialrow vectorwith Û elements,whereas� © © x�� ´{µ z
is ascalarpolynomial.

To derive thezero-forcingconditionfor theIR-DFE,weassumethatall previ-
ousdecisionsarecorrectandinsertthechannelmodel(2.11)into (4.15):�� © x�yó���pß ygzï|
� Ì © Î x�� ´{µ z
}~x�� ´{µ zH��x�ygz��� © © x��<´{µ¶zH� © x�yó���Ï����z·��� Ì © Î x��7´{µ�zZ�Sx�ygzï� (4.16)
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We introducetheunit rowvector ú Ì © Î , whosey th elementis givenby

x�ú Ì © Î z » | � � if y`|�ÜØ otherwise
�

Theestimator(4.16)cannow berewritten�� © x�yó���pß ygzï|
� Ì © Î x��7´{µ¶z
}~x��7´{µ¶zH��x�ygzA��� © © x��7´{µ�z
ú Ì © Î���x�y���������z��� Ì © Î x�� ´{µ zZ�Sx�ygzï|&� © x�y�����z-��� © x�y�����z
with

� © x�yÄ���%zï|��%� ´�� ú Ì © Î ��� Ì © Î x�� ´{µ z
}~x�� ´{µ z{��� ´��
´{µ � © © x�� ´{µ z
ú Ì © Î�� ��x�ygz��� Ì © Î x�� ´{µ zZ�Sx�ygzï�
To complywith thezero-forcingcondition(2.3), wehave to requirethat� ´�� ú Ì © Î ��� Ì © Î x�� ´{µ z
}�x�� ´{µ z·� � ´���´{µ � © © x�� ´{µ z
ú Ì © Î |�Ø¢� (4.17)

Thisconditionhasto befulfilled for everyuser, thatis, for Ü¼|ì�Èä?�?�?��äæ­ .
We cannow formulatetheconditionfor existenceof a setof ­ zero-forcing

interferencerejectingDFEs:

Theorem 4.1 Thereexistsa setof ­ zero-forcing IR-DFEsif andonly if for everyÜ¼| �Èä?�?�?��äæ­ , everyright divisorof }�x�� ´{µ z and � ´��
´{µ ú Ì © Î is a right divisoralsoof� ´�� ú Ì © Î . Theright divisors shouldbemembers of thering of polynomialmatrices.

Proof: The theoremfollows from the generaltheoryof Diophantineequa-
tions,see[45].

Thesituationsdescribedin Corollaries3.4 and3.5 precludetheexistencealsoof
a zero-forcingDFE performinginterferencerejection. In fact, the conditionsin
Theorem4.1is alwaysat leastasstrictastheconditionin Theorem3.5.To seethis,
assumethat no solutionto (3.28)exists, that is, assumethat }~x�� ´{µ z and � ´���´{µ��
haveacommonright divisor, say ���Èx�� ´{µ z thatis nota factorof � ´�� � . In thiscase,
any row Å of ���²x�� ´{µ z is thena right divisor of }�x�� ´{µ z and � ´���´{µ ú Ì ½ÏÎ , but not
of � ´�� ú Ì ½ÏÎ , whichmeansthatequation(4.17)cannothave any solutionfor Å |�Ü .
Wethusrealizethatassoonthereexistsa right divisor thatprecludestheexistence
of asolutionto (3.28), nozero-forcingIR-DFEcanexist.



78 Chapter4. Reusewithin cell usingantennaarrays

It remainsto deriveaconditioncorrespondingto Theorem(3.6). As aprerequi-
site,weneedthefollowing definitions.Wefirst factorize}~x�� ´{µ z into threematrix
polynomials: }�x�� ´{µ zA| ¹}�x�� ´{µ z�� x�� ´{µ z� ×x�� ´{µ z�� (4.18)

Thefactorsof (4.18)aredefinedas �x�� ´{µ z ¾|"!$#à§&% Ó � ´('*) �?�?�)� ´(',+ Ô (4.19a)� x�� ´{µ z ¾|"!$#à§&% Ó.- µ x�� ´{µ z��?�?� - � x�� ´{µ z Ô (4.19b)¹}~x�� ´{µ z ¾| ¹�Ä�ï� ¹� µ � ´{µ ���?�?�F� ¹�0/� � ´ /� (4.19c)

where1 « is definedin (3.17), and- « x�� ´{µ z ¾| thegreatestcommonpolynomialfactorotherthan � ´('32
of thechannels� µ « x�� ´{µ z¶ä?�?�?��ä ��� « x�� ´{µ z from user4 to
all antennaelements.Without restriction,- « x�� ´{µ z is
assumedto bemonic.

(4.20)

Wealsodefine 5 « ¾|6!879% - « x�� ´{µ z (4.21a)¹� « ¾|ì¦ §F¨© � ©Â« ��1 « � 5 « (4.21b)¹� ¾|ì¦ §F¨« ¹� « (4.21c)

Wearenow readyto formulateTheorem4.2.

Theorem 4.2 Considerthe MIMO channelmodel(2.11)with ­ sourcesand Û
measurementsignalsandassumethat theconditionsin Theorem4.1 are fulfilled.
A genericallynecessaryconditionfor theexistenceof a zero-forcing FIR IR-DFE
describedby (4.15)with decisiondelay � andfeedforward filter degree ã;: is then
that ã;:=<�¦ §F¨« > �½ ± µ ¹� ½ �?�ï��� � ¹� « �?1 «Û)��� ��­ ��� (4.22)

where
¹� « is definedin (4.21b)and 1 « is thepropagationdelayfor user 4 , defined

in (3.17).

Proof: SeeAppendix4.A.
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Considercolumn 4 in (4.18). Fromthevectortapsin the impulseresponseof
user4 , wecanform thechannelmatrixÁe� « Ç ¾|@� � �« � µ« �?�?�)� � 2« � (4.23)

where � « ¾|ì¦`§F¨ © � ©Â« andwhere �   « is definedin (4.10). Therankof thechannel
matrix in generalequals ¦A#CB{x�Û äæ� « ����zï�
However, when

¹� «ED � « , wecanrewrite (4.23)asÁe� « ÇS|GF ¹� «9H Á - « Ç (4.24)

with F ¹� « H ¾| � ¹� �« ¹� µ« �?�?� ¹� /� 2« �
Á - « Ç ¾| ��� Ø �?�?� Ø � - �« �?�?� -JI 2« �?�?� Ø

...
...

. . . . . . . . . . . . . ..
...Ø �?�?� Ø �?�?� Ø � - �« �?�?� -JI 2«
�?��

wherein Á - « Ç , thefirst 1 « columnsareidenticallyzero.
We seethattherankof Á � « Ç is

¹� « . This low rankpropertycanbeexploitedin
two ways:

1. It canbeusedto simplify detectortuningandexecution,asdescribedin [52].

2. It canalsobeusedto improve theestimationaccuracy, asdescribedin [53,
81].

As hasbeendemonstratedabove, an interferinguserwhosechannelis described
by a low rankmodelcanbemoreeasilyrejected:With a rank

¹� « channel,only
¹� «

spatialnullsarenecessaryto completelysuppresstheinterference.

4.3.2 The zero-forcing solution and well-posedequalizationproblems

An MMSE equalizerbalancesrejectionof intersymboland co-channelinterfer-
enceagainstnoiseamplification.Theresultingestimationerrorat theinput to the
decisiondevice hastwo components:onecausedby residualintersymbolandco-
channelinterferenceandonecausedby noise.Thiscanbeseenexplicitly in (3.11).
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For any equalizer, it is desirablethatwhenthenoisepower tendsto zero,the
estimationerrorshouldvanish.In this situation,error freecommunicationis pos-
siblewhentheSNRis sufficiently high, irrespective of thesymbolalphabet.Un-
fortunately, this is not alwaysthecase,sincethestructureof thedetectormaybe
inappropriatefor theconsideredequalizationproblem.

On theotherhand,theestimationerrorof a zero-forcingequalizeronly hasa
noisecomponent.By definition,all intersymbolandco-channelinterferencehas
beenrejected.Hence,whenthenoisevariancetendsto zero,sowill the residual
MSEof azero-forcingequalizer.

However, the residualMSE of the MMSE equalizercannotexceedthe MSE
of thezero-forcing(or any other)equalizerwith thesamestructure.Furthermore,
the MSE cannot,of course,be lessthanzero. Hencewe concludethat whenthe
residualMSEof thezero-forcingequalizertendsto zero,somusttheresidualMSE
of theMMSE equalizer. Theexistenceof anequalizerthat fulfills thezero-forcing
condition(2.3) thusguaranteesthat the correspondingMMSEequalizerwill be-
havewell for high SNR. The existenceof a ZF equalizerthus indicatesthat the
equalizationproblemis well-posedin the sensethat a usefulsolutioncanbe ob-
tained: Goodperformanceis guaranteedwhenthe noiselevel is sufficiently low.
Also, the lack of a zero-forcingequalizersuggeststhat thecorrespondingMMSE
equalizermaynot work well, not even for very high SNR.This effect is particu-
larly apparentwhenthe interferingsignalshave high power. This is theso-called
near-far problem, whichwill bestudiedin moredetailin Chapter5.

Thus,whena zero-forcingsolutionexists,goodperformancecanbeachieved
whenthesignal-to-noiseratiogoesto infinity. Theconsequencesof this factmust,
however, beinterpretedwith somecare.Whenthezero-forcingproblemis in some
sensewell-conditioned,the correspondingMMSE equalizerwill work well also
at realisticsignal-to-noiseratios. However, whenthezero-forcingproblemis ill-
conditioned,6 thecorrespondingMMSE solutionmaynotprovideadequateperfor-
mance,despitethefactthatazero-forcingsolutiondoesexist. Webelievehowever,
thatthelikelihoodfor thissituationto occuris small.

The simulationsin Subsection4.4.2 demonstratehow the MMSE DFE per-
formsin a mild near-far situation.

4.3.3 Complexity comparison

To computethe MMSE MU- or IR-DFE, we needto solve the systemof linear
equations(3.22)anddeterminethe feedbackfilter via (3.25). The numberof re-
quiredcomplex multiplicationsareindicatedin Table4.1 for both multiuserand

6Thiswouldoccurfor instanceif thechannelsof differentuserswerealmostidentical.
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interferencerejectingDFEs.

MU-DFE IR-DFE

For thefeedforwardfilter � :
CalculateKLK Ã �NM µO Û ³ ­ xP�ï����z>xP�Ï� ô z µO Û ³ ­ ³ xP�	����z>xP�	� ô z
FactorizeKLK Ã �QM µR ÛTSpx�ã;: ����z.S µR ÛTS>­ x�ãU: ����z.S
Solve for thecoefficients Û ³ x�ãU: ����z ³ ­ Û ³ x�ãU: ����z ³ ­ ³

For thefeedbackfilter V :
Computethecoefficients ­ ³ Û�x��Ú����z>x�ã&������z ­ëÛ~x�� ����z>x�ã&���&��z

Equalizationof onesymbolvector:
Feedforwardfiltering ­¿Û�x�ã;:��&��z
Feedbackfiltering ­ ³ x�ã&���&��z ­ x�ã;������z
Table4.1: Thenumberof complex multiplicationsnecessaryto computeandrun
theMU-DFE anda setof W IR-DFEsfor W usersand X sensors.Thedecision
delayof the DFEsis Y , the degreeof the feedforward filter is Z\[ andthe delay
spreadis ] . Thedegreeof thefeedbackfilter is Z\^�_�]a`bZ\[,cdYec0f .
FromTable4.1,we seethat thefeedforwardfilter tuningis morecomplex for

asetof ­ IR-DFEsthanfor oneMU-DFE, whereasthefeedbackfilter tuningand
executionis morecomplex for oneMU-DFE thanfor ­ IR-DFEs. To determine
which DFE hasthehigheroverall complexity, we have to considerhow often the
DFEmustberetuned.

Thereis however oneimportantcasewhenthe interferencerejectingDFE is
considerablylesscomplex thanthe multiuserDFE. If only oneof the impinging
signalsis of interestto us,wecanuseasingleIR-DFEto detectthatsignal.When
usinga MU-DFE, we still have to detectall thesignals,so thecomplexity of the
multiuserDFE is determinedby the total numberof impinging signals,not the
numberof impingingsignalsof interest.In theuplink, this situationwouldnot be
relevant,sincethebasestationmustalwaysdetectall impingingsignals.However,
in the downlink the mobile only needsto detectits own signal. In that case,a
detectorperforminginterferencerejectionwill beconsiderablylesscomplex than
amultiuserdetector.

4.4 Monte Carlo simulations

To explore the performanceof the MIMO DFE asa tool for joint multiuserde-
tection,extensive simulationexperimentsareconducted.Theexperimentsarede-
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signedto illustrateseveralkey aspectsof a realworld implementationof a system
employing reusewithin acell. Bothuplink anddownlink casesareconsidered.We
alsocomparetheperformanceof a multiuserdetectionapproachwith theperfor-
manceof aninterferencerejectionapproach.

In all scenarios,wecomparetheperformanceof two MMSE DFEs:g OneMU-DFE, performingmultiuserdetectiononall thesignals.g OneIR-DFE,detectingonesignalwhile rejectingtheremainingasinterfer-
ence.

4.4.1 The simulation scenario

All thesimulationshave somepropertiesin common,andwe will begin this sub-
sectionby describingthem.

In all simulations,one, two, threeor four transmitterssimultaneouslysend
BPSKmodulatedsignals.Thesignalsarereceivedat anarraywith four elements
in thepresenceof Gaussiannoise.Thenoiseis temporallywhite anduncorrelated
at differentantennaelements.

Thechannelsarefrequency selective with threetaps.Thetapsin eachchannel
fadeindependently,7 andthe channelsfrom differenttransmittersto onereceiver
areuncorrelated.

Both IR and MU DFEs have smoothinglags and feedforward filter lengths
equalto thelengthof thechannelimpulseresponse.

In differentsimulations,the systemspecifiedabove is investigatedunderthe
following additionalconditions:g Known channels(Subsection4.4.2)with

– EqualaverageSNRof all usersanduncorrelatedantennas.

– EqualaverageSNRof all usersandcorrelatedantennas.

– DifferentaverageSNRof theusersanduncorrelatedantennas.g Estimatedchannels(Subsection4.4.3):

– Estimationusingthetrainingsequenceonly.

– Estimationusingdetecteddata,with aso-calledbootstrapmethod[91].

7Wethusassumeuncorrelatedscattering[73, p. 706]. Seealso[42] for anexperimentalverifica-
tion. We alsoneglect theimpactof thepulseshaping.In practice,thepulseshapingwill introduce
somecorrelationamongadjacenttaps,but with full-responsesignalling,thiscorrelationis small,and
will notaffect theresultsin thesimulations.
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4.4.2 Performancewith known channelcoefficients

In this subsectionwe shall studythe idealizedcasewhenall channelcoefficients
areexactly known. Effectscausedby differencesin detectorstructurecanherebe
studiedin isolation,sinceeffectsof channelestimationerrorsareavoided.

Equal averageSNRfor all usersand uncorrelatedantennas

This is the basicscenario,whereall usershave the sameaverageSNR, and the
channelsfrom a singletransmitterto differentantennaelementsareuncorrelated.
In practice,theconditionof all usershaving thesameaverageSNRcanbefulfilled
by using slow power control that compensatesfor the propagationloss and the
shadow fading, but not for the Rayleighfading. The condition of uncorrelated
antennaspresupposesasufficiently largeantennaspacingã in Figure4.2.

Theabove scenariois simulatedfor anaverageSNRperbit between0 and15
dB, wheretheaverageSNRperbit [73, p. 728] for user4 , ¹h «i 8, is definedas¹h «i | �Û À/Áàß � �©Â« ß ³ �'ß � µ©e« ß ³ �'ß � ³©e« ß ³ ÇáÀ/Áàß � « x�ygz?ß ³ ÇÀ/Áàß � © x�ygz?ß ³ Ç (4.25)

for three-tapchannels.Weassumethat
¹h «i isequalatdifferentantennaelementsand

thusindependentof Ü . Notethatsignalsfrom otherusersdo not affect
¹h «i . Adding

userswill only affect theresultingBERfor afixed
¹h «i andtherebydemonstratethe

performancedegradationasa functionof thesystemload.
Figure 4.3 shows the estimatedBER as a function of the averageSNR per

bit. With four users,the performanceof the multiuserDFE at
¹h «i | �\j dB is

around6 dB betterthanthe performanceof the interferencerejectingDFE. This
differencearisesfrom the fact that theIR-DFE usesup all its degreesof freedom
to canceltheinterferencefrom theotherusers.This taskis easierfor theMU-DFE
sinceits feedbackfilter takescareof someof the suppressionof the co-channel
interferers.For fewer users,thedifferencebetweenthetwo approachesis smaller.
For example,in the caseof threeusersthe gain is approximately3 dB and for
two usersaround1 dB. This wasobserved in [20], wherea linear receiver was
comparedto the matchedfilter bound,which is an upperboundon the detector
performance.Whenthe numberof antennasis large, the differencebetweenthe
linearreceiver andthematchedfilter boundis small.

For
¹h «i | �\j dB, the performancedegradationwhenusinga MIMO DFE is

approximately1 dB for two users,3 dB for threeusersand5 dB for four usersas
comparedto asingleusersystem.SeeTable4.2for aperformancesummary.

8Thus,wedonotusetheSNRperchannel,definedas kl 2monprq kl 2s . Using kl 2m enablesafair compar-
isonamongscenarioswith differentnumberof antennas.
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Figure4.3: Comparisonof the MU-DFE and the IR-DFE for known channels,
equaltransmitterpowersanduncorrelatedantennas.Thenumbersto theright of
thegrapharethenumberof errorsusedto estimatetheBER for theaverageSNR
perbit vwyx =15dB.

Equal averageSNRfor all usersand correlatedantennas

In a realisticuplink scenario,the channelsfrom a singleuserto thedifferentan-
tennaelementswill becorrelated.Thismakesthesystemmoresusceptibleto fad-
ing. Also, in the correspondingdownlink scenario,the channelsfrom different
transmittersto a singlereceiver will becorrelated.Separatingthedifferentsignals
thenbecomesincreasinglydifficult. However, asweshallsee,successfulmultiuser
detectionand interferencerejectionis possibleeven with correlatedbasestation
antennas.

In this simulation,we will assumethata uniform lineararrayis presentat the
basestation. The correlationbetweenthe channelsto two adjacentantennaele-
mentsis givenby (4.14). In theuplink multipathmodel,eachincomingray from
user 4 will give rise to a columnvector �   « at lag ¬ in the impulseresponseas
definedin (4.10). Eachof thesecolumnvectorsoriginatesfrom a circulardistri-
bution of scatterersasdepictedin Figure4.2. Theangularlocationsè of scatterer
distributionscorrespondingto differentcolumnvectortapsin theimpulseresponse
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areassumedto be independentstochasticvariables,uniformly distributed in the
interval Á �{zÈØy|Èä}zÈØy|¶Ç .

The channelcorrelations(4.14) will dependon the angles è , which are not
underthesystemdesigner’s control. Therefore,we shalladdresstheperformance
of the DFE as a function of the correlationcoefficient accordingto (4.14) that
would resultif thesignalswouldall impingefrom anangleèó|#Øy| , comparewith
Figure4.2: âSx�ã�äæå�ä�ç�äæèó|�Ø<z�|ëðÞñ ò ôÈõ ã�åç ù ¾| 	â ò ã�åç ù � (4.26)

Wewill call thequantity 	â theantennacorrelation. It canbemeasuredfor a given
environmentanduniform lineararray, andthecorrespondingperformancecanbe
predictedfrom thesimulationresultspresentedbelow.

To calculatetheactualcorrelationâ betweenthechannelsto two adjacentan-
tennaelementsin theimpulseresponsefor agivenvalue 	â7� of theantennacorrela-
tion,weinserttheratio å ã;~�ç correspondingto 	âÕ� andarealizationof thestochastic
variable è into (4.14). Theresultingvalueof â is usedto form thecovariancema-
trix of �   ° . A realizationof �   ° is thengenerated.This procedureis repeatedfor
eachof ­ x�� �&��z vectortapsin theimpulseresponse.Thesimulationresultsare
presentedin Figure4.4for asignal-to-noiseratioof 10dB andantennacorrelations
betweenzeroandone.

In thedownlink, the Û receiver antennasareuncorrelated,whereasthe trans-
mitter antennasarecorrelated.Theprocedurefor finding thedownlink multipath
channelis similar to theuplink case:For a givenvalueof theantennacorrelation,
we insertthecorrespondingratio å ã&~�ç anda realizationof è into (4.14). There-
sultingvalueof â is usedto form a covariancematrix. Sinceit is the transmitters
that arecorrelated,this covariancematrix is usedto generateonerow of a tap in
thechannelimpulseresponse.Thisprocedureis repeatedfor eachof the Û�x��`����z
tap rows in the impulseresponse.Note that the angle è is equalfor all receiver
antennasof aspecificmobile.Theresultis depictedin Figure4.5.

It is evident from Figures4.4 and4.5 thatsuccessfulmultiuserdetectionand
interferencerejectionareindeednotdependentonuncorrelatedantennas.Theper-
formanceof all algorithmsdeteriorateswhentheantennacorrelationis increased
from zero to one. For the uplink, this is due to the diminisheddiversity effect,
resultingfrom a decreasein the numberof diversity branchesfrom twelve (four
uncorrelatedantennasandthreetaps)to three(four perfectlycorrelatedantennas
andthreetaps)peruser. For thedownlink, thesignalstransmittedfrom different
basestationantennasbecomeincreasinglysimilar, whichmakesthesignalsepara-
tion moredifficult. However, in bothlinks themultiuserdetectionapproachretains
its superiorperformanceascomparedto theinterferencerejectionapproach.
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Figure4.4: Comparisonof theMU-DFE andtheIR-DFEfor uplink transmission,
when the basestation is equippedwith a uniform linear array with correlated
antennaelements. Thechannelsareknown andtheSNRperbit is vw x _�f�� dB for
all users.TheestimatedBERis shown asa functionof theantennacorrelation �� .

Remark 5. Notice that 	â | Ø doesnot imply that all channeltapsareuncorre-
lated,only that a signalthat impingesfrom è | Ø | would result in uncorrelated
taps.Therefore,theBER for 	âÆ| Ø doesnot coincidewith theBER for

¹h i |é�?Ø
dB in Figure4.3,whereall tapsareuncorrelated.

Different averageSNRfor the usersand uncorrelatedantennas

In Figure4.3and4.4,we assumedthatpower controlwasusedto compensatefor
the propagationlossandthe shadow fading. In the scenarioinvestigatedin this
subsection,we will relaxthis assumption:Eventheaveragereceivedpowerswill
differ amongtheusers.Thiswill generatetheso-callednear-far problem.

We estimatedtheBER of a userhaving anaverageSNRperbit of 10 dB in a
scenariowherethereareone,two or threeadditionalusers,eachhaving anaverage
SNRperbit thatis between0 dB and10 dB higher, that is between10 dB and20
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Figure4.5: Comparisonof theMU-DFE andtheIR-DFE for downlink transmis-
sion,whenthebasestationis equippedwith auniformlineararraywith correlated
antennaelements. Thechannelsareknown andtheSNRperbit is vw x _Qf�� dB for
all users.TheestimatedBERis shown asa functionof theantennacorrelation �� .

dB. Theresultfrom thissimulationis depictedin theright half of Figure4.6.
In a MU-DFE, decisionsconcerningoneuseraffect future symbolestimates

of all users.Incorrectdecisionson thesymbolsfrom a weakuserwill thusimpair
the decisionsof other, strongerusers. In this case,an IR-DFE may yield better
performancesince(possiblyincorrect)decisionsof theweaker users’symbolsdo
not influencetheestimatesthestrongerusers’symbols.

To investigatethis effect, we estimatethe BER of a userhaving an average
SNRperbit of 10 dB in a scenariowheretherewereone,two or threeadditional
users,eachhaving anaverageSNRperbit thatwasbetween0 dB and10dB lower,
thatis theSNRperbit of theremainingusersvariedbetween10dB and0 dB. The
resultfrom thissimulationis depictedin the left half of Figure4.6.

Fromtheleftmostpartof Figure4.6, it is clearthatfor theinvestigateddiffer-
encesin powerlevels,errorpropagationis notsoseverethattheBERof aMU-DFE
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Figure4.6: Comparisonof theBERof user1 for theMU-DFE andtheIR-DFEfor
known channels,differenttransmitterpowersanduncorrelatedantennas.In this
simulation,25000channelswere randomlyselected.Over eachchannel,1000
symbolsweretransmitted.Usernumber1 hasan SNR per bit of vw(�x _�f�� dB,
while theSNRperbit vw8�x of theotherusersareequalandvariesbetween0 and20
dB.

exceedstheBERof anIR-DFE.Ontheotherhand,from therightmostpartof Fig-
ure4.6, it is evident that for themultiuserDFE, four userscancoexist in thecell,
evenwhenthereceivedaveragepowersdiffer substantially. For two users,theBER
is hardlyaffectedatall by thepower level of theinterferinguser. However, theper-
formanceof theinterferencerejectingDFE is seriouslyaffectedby theincreaseof
thepower levelsof the interferingusers,sincethe IR-DFE doesnot complywith
theZF condition(3.29). Insertingnumericalvaluesinto (3.29)givestherequired
feedforwardfilter degree: ­��#����� ã;:E<����o~U�­�� ô ��� ã;:E< ô ~&�­���� ��� ã;:E< ô ��j­��Q� ��� ã;:E< � �
This meansthatsincewe usedãU:a�"��� ��� ô , completesuppressionof all co-
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channelinterferersis impossiblewhenever ­ <6� . As thepowersof theseusers
increase,the estimationerror due to residualinterferenceincreases,resultingin
anincreasedBER.ThemultiuserDFE on theotherhandis capableof completely
removing the interferencefrom thestrongerusers,at theexpenseof a slightly in-
creasednoiseamplification.

4.4.3 Performancewith estimatedchannelcoefficients

Estimation using the training sequenceonly

To demonstratehow theMIMO DFE worksin a morerealisticcase,channelesti-
mationis introduced.Thedatais transmittedin bursts,with a structuresimilar to
thatof GSM: A trainingsequenceof 26 symbolsis locatedin themiddleof each
burst. Togetherwith datasymbols,tail symbolsandcontrol symbols,this results
in a totalburstlengthof 148symbols.9 Thechannelestimationis performedusing
the off-line leastsquaresmethod,andthe spatialcolor of the noiseis estimated
from theresidualsof thechannelidentification.Thetemporalcolor of thenoiseis
not estimateddueto the limited amountof data. In theMIMO case,thechannels
from all usersto eachantennaelementareestimatedsimultaneously. Apart from
this, thesimulationconditionsarethesameasin Subsection4.4.2.Theresultsare
indicatedin Figure4.7on thefollowing page.

Whenwe compareFigures4.3and4.7,we seethatthedifferencebetweenthe
MU-DFE andtheIR-DFE is greaterwhenthechannelshave to beestimated.The
differencebetweenthemultiuserdetectionapproachandtheinterferencerejection
approachhasnow increasedto about4 dB for two users,andto about7 dB for three
usersandevenmorefor four users.In thiscase,theoverallpenaltyfor squeezingin
four usersinto onecell is about7 dB ascomparedto thesingleusercase.Table4.2
summarizestheperformancelossof theIR-DFE andtheMU-DFE for known and
estimatedchannelsascomparedto thesingle-usercase.

Impr oving channelestimationusing the detectedsymbols

Sincechannelestimationerrorsarea majorcauseof bit errorsin a digital cellular
system,thereis a greatpotentialfor performanceimprovementin the reduction
of thechannelestimationerrors.Oneway of accomplishingthis would beto use
detectedsymbolsasregressorsin theestimationalgorithm. This approachwould
thusconsistof two passesasfollows:

9Thepulseshapingusedin GSM resultsin a channelwith five highly correlatedtaps.We have
not includedthis featurein thesimulation:Only theburststructureresemblestheoneusedin GSM.
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Figure4.7: Comparisonof theMU-DFE andtheIR-DFE for estimatedchannels,
equaltransmitterpowersanduncorrelatedantennas.Thechannelwasestimated
usingonly thetrainingsequence. Thenumbersat theright edgeof thegraphare
thenumberof errorsusedto estimatetheBERfor anSNRperbit of vwyx =15dB.

Pass1:

1. Estimatethechannelusingthetrainingsequence.

2. Designanequalizerusingthesechannelestimates.

3. Detectall thesymbolsin theburst.

Pass2:

4. Estimatethechannelusingthe trainingsequenceand thesymbolsdetected
in pass1.

5. Redesigntheequalizerusingtheupdatedchannelestimates.

6. Repeatthesymboldetection.

We thus improve the channelestimatesby usingdetecteddatathat areprobably
correct.By usingtheseextra regressorswe canincreasethelengthof thetraining
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sequencefrom 26 to 148 symbolsin the GSM case. This method— which we
call bootstrap — is basedon the assumptionthat whenthe fraction of incorrect
decisionsfrom pass1 is sufficiently small, the channelestimationin pass2 will
provide betteraccuracy thanthe channelestimationin pass1. Bootstrapequal-
ization is discussedin [91] for both decisionfeedbackequalizersandmaximum
likelihoodsequenceestimation.

To testthis algorithm,we repeatthe simulationin Subsection4.4.3,with the
useof the detectedsymbolsto improve the channelestimates,accordingto the
bootstrapalgorithmdescribedabove. Theresultsfrom thesecondpassof thealgo-
rithm areshown in Figure4.8.
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Figure4.8: Comparisonof theMU-DFE andtheIR-DFE for estimatedchannels,
equaltransmitterpowersanduncorrelatedantennas.Thechannelestimateswere
obtainedusingboththetrainingsequenceanddetectedsymbols. Thenumbersat
theright edgeof thegrapharethenumberof errorsusedto estimatetheBER for
anSNRperbit of vw¯x =15dB.

As canbeseenfrom Figure4.8, theBER wasreducedwhenthe tentative de-
cisionswereusedto improve thechannelestimates.It seemsthattheperformance
of the multiuserdetectorwas impairedmoreby the poor quality of the channel
estimatesthanthe performanceof the detectorperforminginterferencerejection:
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Thedifferencebetweenthetwo approachesis largerwhenthetwo passalgorithm
is usedthanwhenonly thetrainingsequenceis usedto estimatethechannel.This
is dueto thefactthattheestimationof thecovariancefunctionof thenoiseandthe
interferersis still inaccurate,despitethefactthatwe now have accessto a training
sequenceof 148symbols.This impairstheperformanceof theIR algorithm,and
largely explainsthedifferencebetweenits performancebasedon known channels
andnoisecovariancesin Figure4.3andits performancebasedonestimatesof these
quantitiesin Figure4.7and4.8

The performanceat 15 dB of the bootstrapalgorithm is summarizedin Ta-
ble4.2.

IR-DFE MU-DFE

Numberof users 2 3 4 2 3 4

Known channels 2.6dB 5.6dB 8.9dB 1.2dB 3.0dB 5.0dB
Estimatedchannelsusing
thetrainingsequenceonly 6.0dB 10.5dB 12.9dB 1.8dB 4.2dB 7.3dB
thebootstrapalgorithm 5.9dB 11.2dB 14.0dB 1.5dB 3.3dB 5.6dB

Table4.2: Theperformancelossexperiencedascomparedto a singleusersystem
whenaddingusersfor thesimulationsin Figure4.3, 4.7 and4.8. All valuesare
estimatedatanSNRof 15 dB.

4.5 Application on measureddata

Thesimulationsin Section4.4 indicatethatreusewithin a cell is indeedpossible.
But will it work in practice?To investigatethis we will applyboth themultiuser
andtheinterferencerejectingDFEto asetof uplink measurements.

4.5.1 The measurements

Themeasurementswereperformedon a testbeddesignedby EricssonRadioSys-
temsAB andEricssonMicrowave SystemsAB [5]. The testbedimplementsthe
air interfaceof a DCS1800basestation.Duringall measurements,no othertraffic
waspresentandthecarrierfrequency was1782MHz.

The arrayhasfour dually polarized( °±� j¯| ) microstripantennas,resultingin
eightantennaoutputs.A conventionalsectorantennawith two branchpolarization
diversity is alsoincludedin the measurementsetupfor two reasons:to evaluate
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the impactof usingmoreantennaelementsandto estimatethe transmittedsignal
power.

The measurementswere performedin Kista, a suburb north of Stockholm,
Sweden.

A singlemobilemountedin avanwasusedfor all experiments.Thevandrove
at approximately30–40km/h during themeasurementperiod. Themobile trans-
mitted a burst of datain oneof the eight time slots in a GSM frame. The base
stationdown-convertedandsampledthe received signalandthe resultingdigital
basebandsignalwasrecordedfor a large numberof frames.This procedurewas
repeatedwhenthemobiletraveledthesameroutebut transmittedanotherdatase-
quence.The two setsof collecteddigital basebandmeasurementswereaddedto
representa situationwhentwo mobile userssharethe samechannel. The algo-
rithms investigatedin Section4.4 werethenapplied,both to thedatarecordedat
thearrayantenna,andto thedatarecordedat thesectorantenna.

4.5.2 Estimation of the averageC/N

We estimatethe averagecarrier-to-noiseratio (C/N)10 indirectly, by measuring
thereceivedpowerat thesectorantennawhenthemobileis inactive. Thisprovides
us with an estimateof the noiselevel. The received power at the sectorantenna
during the periodswhenthe mobile is active providesan estimateof the signal-
plus-noisepower. Thesepower level measurementsareaveragedover a segment
of frames.Dueto theshadow fading,thisaveragediffersbetweensegments.Thus
the performanceof the algorithmscanbe addressedasa function of the average
carrier-to-noiseratio.

4.5.3 Results

The framestructurein DCS1800is identical to the framestructuredescribedin
Subsection4.4.3.In thiscase,fivetapchannelsareestimated,and ²U:E��³´�¶µ��¶�
is used.

TheMMSE MU-DFE andtwo MMSE IR-DFEswereusedto demodulatethe
signalsfrom the two users. In both cases,the bootstrapalgorithmdescribedin
Section4.4.3wasutilized.Theresultsareshown in Figure4.9for thearrayantenna
andin Figure4.10for thesectorantenna.

Whenwe comparethe resultsin Figures4.9 and4.10 with the resultsfrom
thesimulations,we seethat theerrorratedecreasesmuchmoreslowly with SNR
for the experimentaldatathan for the simulations. This is becausethe number

10Thecarrier-to-noiseratio correspondsto theSNRperchanneldiscussedpreviously. Weusethe
notationC/N ratherthanSNRto stressthefactthatthequantityhasbeenestimatedindirectly.
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Figure4.9: Comparisonof theMU-DFEandtheIR-DFEappliedto measurements
from aDCS1800testbedin aflat fadingenvironment.Theantennaarrayhadeight
outputsandtwo usersweretransmittingsimultaneously.

of diversity branchesis considerablylower in this case: The channelis in fact
flat fadingandthepartial responseGMSK modulationcausesall the intersymbol
interference.

Theresultsfrom theexperimentson themeasurementsfrom thearrayantenna
arenot surprising. For the lightly loadedsystemwith º��»� and ¼ �¾½ , the
performanceof a MU-DFE shouldbeonly slightly betterthantheperformanceof
two IR-DFEs.

For thesectorantenna,the resultsaremoresurprising:A MU-DFE performs
slightly worsethantwo IR-DFEs.Thereasonsfor thisaretwofold:

1. Sincethe channelis flat fading,the IR-DFE will have adequatedegreesof
freedom. The intersymbolinterferenceinducedby the GMSK modulation
will bepresentin thechannelsto all antennaelements.Hence,eachcolumn
of ¿�ÀÂÁÄÃ3Å}Æ will have a commonfactorof degreeµ . For º»�
½ and ¼ �
½ ,
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Figure4.10: Comparisonof the MU-DFE andthe IR-DFE appliedto measure-
mentsfrom a DCS1800testbedin a flat fadingenvironment.Thesectorantenna
hadtwo outputsandtwo usersweretransmittingsimultaneously.

thezero-forcingcondition(4.22)thenreducesto

²;ÊÌË�Í¶ÎÏÑÐ Å(Ò{Ó ³ ÓÕÔ×Ö?ÒJÖ?ØÚÙ½ Ó¶ÔÛÖ ½ Ö�Ô ��³ Ö?ØÚÙ
where ³ is the decisiondelay and ØÚÙ is the propagationdelay of user Ü .
Therefore,thechoice ²UÊÝ��³ ensurestheexistenceof a ZF IR-DFE for this
scenario,andthecorrespondingMMSE detectorwill work well.

2. Whentheamountof intersymbolinterferencecausedby multipathpropaga-
tion is small,spatial-onlyinterferencerejectionis sufficient to suppressthe
interferinguser. The multiuserDFE tries to rejectco-channelinterference
by meansof anestimateof its spatio-temporalcolor. This will hereleadto
worseperformance,sinceparametersthat do not improve equalizationare
estimated.
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With thearrayantenna,a few multipathcomponentscanberesolved,which leads
to a situationwherethechannelsto differentantennaelementswill have no com-
monfactor. In this case,the interferencecancellerwill have to placespatialnulls
in several directions,therebysacrificingsomedegreesof freedom,which leads
to worseperformance.In this case,the multiuserdetectorcanuseits additional
degreesof freedomto canceltheco-channelinterference.

It shouldbe noted,that the investigatedscenarioconstitutesa very difficult
detectionproblem: The two mobilestravel exactly the samemeasurementroute.
Still, reusewithin a cell is possible,usingeither the arrayantennaor the sector
antenna:Thedetectorperformanceis approximately2 dB worsefor two usersthan
for oneuser.

4.6 Discussion

In our investigationof receiver algorithmsdesignedto accomplishreusewithin
cells,we have comparedMIMO DFEsthatwork asmultiuserdetectorsto theuse
of interferencerejection,implementedby MISO DFEs. In summary, extensive
simulationsindicatethatchannelreusewithin acell is indeedaviableoption,with
multiuserdetectionproviding superiorperformance.Up to four userscouldcoex-
ist in the samecell if the receiversutilize antennaarrayswith only four antenna
elements.With multiuserdetection,the price paid for this in increasedbit error
rateis rathersmall. We have testedthealgorithmson experimentalmeasurements
from a DCS1800testbed.For theinvestigatedscenario,reusewithin a cell is pos-
sibleusingeitheraneight-elementantennaarrayor a two-branchdiversitysector
antenna.

Differencesin performancebetweenmultiuserdetectionandinterferencerejec-
tion arepartlydueto thedifferencein detectorstructure: A multiuserDFEutilizes
feedbackfrom previouslyestimatedsymbolsfrom all users,while theinterference
rejectingDFEperformsdecisionfeedbackfrom theuserof interestonly.

The differencealsoresultsfrom the preconditionsfor channelestimation: In
the multiusercase,input-outputtransferfunctionsfrom eachtransmitterto each
receiver antennacan,andmust,be estimated.For interferencerejection,the co-
channelinterferenceconstitutescolorednoise,andmultivariatenoisemodelsesti-
matedfrom shortdatarecordswill have pooraccuracy.

Thesefactorswill generallyresult in a higherperformancefor the multiuser
detector. This is particularlyapparentwhenthe detectorsareappliedto heavily
loadedsystems(with many users/interferers)and when the delay spreadin the
multipathchannelis large.

Wehavealsoproposedthattheexistenceof asolutionto thezero-forcingprob-
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lem canbe usedasan indicationof a well-posedequalizationproblem. Whena
zero-forcingequalizerexists,theresidualMSEof thecorrespondingMMSE equal-
izerwill tendto zeroastheSNRgoesto infinity.

Our conclusionsarebasedon studiesandcomparisonsof symbol-by-symbol
decisionfeedbackequalizers.We would expectsimilar conclusionsto hold from
a comparisonof joint multiusermaximumlikelihooddetectors[32] to single-user
maximumlikelihooddetectorswith spatialinterferencewhitening[14]. The re-
sultsin [17] confirmthisassumption.However, for maximumlikelihooddetectors
thecomplexity of thetwo approacheswould differ substantially, in contrastto the
complexity of thetwo detectorsdescribedhere.

Appendix 4.A Proof of Theorem4.2

We shall herederive the degreecondition(4.22). We assumethat the conditions
in Theorem4.1 arefulfilled, which implies thata zero-forcingsolutionexists for
somedegreeof thefeedforwardfilter.

We first needto remove theinfluenceof commonfactorswithin eachcolumn
of ¿?ÀÂÁÄÃ3Å�Æ . For thispurpose,we insertthefactorization(4.18)into (4.17):Þ{ßáàCâ ÀÂÁ Ã3Å Æ3ã¿�ÀÂÁ Ã3Å Æ�ä�ÀÂÁ Ã3Å Æ�åQÀÂÁ Ã3Å Æ,æ¶Á Ã�ç}è ßáàéâ À Ô*Ó Á Ã3Å�ê àëà ÀÂÁ Ã3Å Æ�Æíì (4.27)

For thisequationto haveasolution,theright factor ä�ÀÂÁÄÃ3ÅîÆ�åQÀÂÁÄÃ3ÅîÆ of theleft hand
sidemustbea right factoralsoof theright handside,thatis, wemusthaveÁ Ã�ç è ßáàéâ À Ô*Ó Á Ã3Å ê àëà ÀÂÁ Ã3Å Æ�Æïæ¶ð�ÀÂÁ Ã3Å Æ�ä�ÀÂÁ Ã3Å Æ�å�ÀÂÁ Ã3Å Æ (4.28)

for somematrix polynomial ð6ÀÂÁ Ã3Å�Æ . We realizethat å�ÀÂÁÄÃ3Å�Æ cannotbe a right
divisor of è ßáàéâ À Ô´Ó ÁÄÃ3Å ê àëà ÀÂÁÄÃ3Å�Æ�Æ , sincethecoefficientshaving the lowestdegree
differ when the propagationdelay Ø à is non-zero. However, the left handside
of (4.28)canberewrittenasÁ Ã�ç è ßáàéâ À Ô*Ó Á Ã3Å ê àëà ÀÂÁ Ã3Å Æ�Æïæ"À Ô*Ó Á Ã3Å ê àëà ÀÂÁ Ã3Å Æ�Æ.Á Ã�ç è ßáàéâeñ
which has åQÀÂÁÄÃ3ÅîÆ asa right divisor, since Ø à=ò ³ for all ó . Therefore,we can
write Á Ã�ç}è ßáàCâ À ÔÑÓ Á Ã3Åîê àáà ÀÂÁ Ã3Å Æ�Æíæ"À Ô*Ó Á Ã3Å�ê àëà ÀÂÁ Ã3Å Æ�Æ.Á Ã�ç}è ßáàCâæ¶ôQÀÂÁ Ã3Å Æ ãåNÀÂÁ Ã3Å Æ�åNÀÂÁ Ã3Å Æ (4.29)

for somematrixpolynomial ôQÀÂÁ Ã3Å Æ andwithãåQÀÂÁ Ã3Å Æíæ¶õ$öø÷&ù=úûÁÄÃ�ç�üþý*ÿ�ì9ì9ì Á Ã�ç�üþý ��� ì
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Wenow chooseôQÀÂÁ Ã3Å�Æ sothatit has ä�ÀÂÁÄÃ3Å�Æ asa right divisor, or equivalentlyÁ Ã�ç è ß àCâ À Ô*Ó Á Ã3Å ê àáà ÀÂÁ Ã3Å Æ�Æíæ ãô�ÀÂÁ Ã3Å Æ�ä�ÀÂÁ Ã3Å Æ ãåNÀÂÁ Ã3Å Æ�åNÀÂÁ Ã3Å Æíì (4.30)

Thematrix coefficient with the lowestdegreeon theleft handof (4.30)sidemust
be equalto the matrix coefficient with the lowestdegreeon the right handside.
Since ä�ÀÂÁÄÃ3Å�Æ is monic,thiscanonly besatisfiedifãôQÀÂÁ Ã3Å Æïæ è ßáàéâ À Ô*Ó Á Ã3Å ãê àëà ÀÂÁ Ã3Å Æ�Æ
for somepolynomialmatrix ãê àëà ÀÂÁÄÃ3Å}Æ . If we insert ãôQÀÂÁÄÃ3Å�Æ into (4.30), weobtainÁ Ã�ç è ß àCâ À Ô Ó Á Ã3Å ê àëà ÀÂÁ Ã3Å Æ�Æ¯æ è ß àCâ ú Ô Ó Á Ã3Å ãê àëà ÀÂÁ Ã3Å Æ � ä�ÀÂÁ Ã3Å Æ ãåQÀÂÁ Ã3Å Æ�åQÀÂÁ Ã3Å Æíì
Since ä�ÀÂÁÄÃ3Å�Æ and ãåQÀÂÁÄÃ3ÅîÆ arediagonal,they commute.Hence�����
	���
���������������� 
�
 ���������
��� 	!��
��#"
���$���%��&� 
�
 ���������(')&* ���������(+,�-���%��� * �������.�0/ (4.31)

From(4.31)we seethat Á Ã�ç è ßáàCâ À Ô×Ó Á Ã3Å ê àáà ÀÂÁ Ã3Å Æ�Æ has ä�ÀÂÁ Ã3Å Æ�å�ÀÂÁ Ã3Å Æ asa right
factorasrequired.This factorcanthusberemovedin ouroriginalequation(4.27).
Wemustnow solveÞ±ß àCâ ÀÂÁ Ã3Å Æ ã¿�ÀÂÁ Ã3Å Æíæ À Ô*Ó Á Ã3Å ãê àëà ÀÂÁ Ã3Å Æ�Æ ãåNÀÂÁ Ã3Å Æ (4.32)

with respectto
Þ ßáàCâ ÀÂÁ Ã3Å Æ and ãê àëà ÀÂÁ Ã3Å Æ . The polynomial ê àëà ÀÂÁ Ã3Å Æ that solves

the original Diophantineequation(4.27)canthenbe obtainedfrom the solution
of (4.31).

Wenow equatethe ¼ scalarpolynomialsin (4.32)to obtain123 Ð Å ã4 3 Ï ÀÂÁ Ã3Å Æ65 à 3 ÀÂÁ Ã3Å Æíæ Ò 7 æ Ô ñ ì9ì9ì ñ ¼ ñ 798æÕó (4.33a)123 Ð Å ã4 3 à ÀÂÁ Ã3Å Æ65 à 3 ÀÂÁ Ã3Å Æíæ Á Ã�ç�üþý;: À Ô*Ó Á Ã3Å ãê àëà ÀÂÁ Ã3Å Æ�Æïì (4.33b)

In general,equations(4.33a)and(4.33b)cannotbesolvedif therearemoreequa-
tionsthanthereareunknowns. We mustassurethusthatthenumberof unknowns
equalsor exceedsthenumberof equations.

Thefeedforwardfilter of anIR-DFE has º�À ²UÊ Ó Ô Æ scalartapsfor eachuser.
Eachof thesescalartapscanbetunedsothatthezero-forcingconditionis met.
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A systemof linearequationsis obtainedby equatingtermswith equalpowers
of Á Ã3Å . Eachof the ¼ Ö¶Ô equationsin (4.33a)contribute oneequationfor each
tapin theequalizedchannelgiving a totalof2Ï=<Ð à À ²UÊ Ó ãµ Ï Ó¶Ô Æ (4.34)

linear equations,whereasthe numberof equationsoriginatingfrom (4.33b)only
equals ³ Ó¶ÔÛÖ?Ø à (4.35)

sincethefeedbackfilter canbedeterminedto fulfill theremainingequations.This
meansthatwehave to satisfy2Ï><Ð à À ²;Ê Ó ãµ Ï Ó¶Ô Æ Ó ³ Ó Ô×Ö?Ø à

æ"ÀÂ¼ ÖNÔ Æ À ²UÊ Ó Ô Æ Ó ?2ÏÑÐ Å ú&ãµ Ï � Ö ãµ à Ó ³ Ó¶ÔÛÖ?Ø à (4.36)

linearequations,with the º�À ²UÊ Ó�Ô Æ unknownsin thefeedforwardfilter. Thus,we
require

²UÊÌË Í ?ÏÛÐ Å ú ãµ Ï � Ó ³ Ó¶Ô×Ö ãµ à Ö�Ø àº Ö ¼ Ó¶Ô Ö�Ô ì (4.37)

To ensurethatthezero-forcingconditionis fulfilled for everyuser, wemustrequire

²;ÊÚËA@A÷�Bà Í ?ÏÑÐ Å ú ãµ Ï � Ó ³ Ó¶Ô Ö ãµ à Ö?Ø àº Ö ¼ Ó¶Ô ÖNÔ ì (4.38)

The condition(4.38) is genericallynecessaryto fulfill the zero-forcingcondition
for all ¼ users.



100 Chapter4. Reusewithin cell usingantennaarrays



CHAPTER 5

Multiuserdetectionin DS-CDMA

5.1 Intr oductionC
N direct-sequencecodedivision multiple-access(DS-CDMA) systemsall users
concurrentlysharethesamebandwidth.Theusersaredistinguishedby assign-

ing to eachusera uniquecodeor signaturesequence,whosebandwidthis much
largerthanthatof thetransmittedinformation.Thiscodesequenceis usedto mod-
ulatethedatastream.

Conventionally, thetransmittedinformationis retrievedatthereceiverbycross-
correlationwith thesignaturesequence,followed by symbolratesampling.This
matchedfilter (or conventional)receiver is optimumin thesingle-usercaseor when
all signaturesequencesareorthogonalat the receiver. Thefirst caseis obviously
of no interest,andthesecondcaseis practicallyimpossibleto achieve.

In practice,the detectionwill be adverselyaffectedby multiple-accessinter-
ference(MAI). Whenthepowersreceived from differentusersareapproximately
equal,the detrimentaleffect of MAI will be relatively small. However, the con-
ventionalreceiver will be unableto detectweaksignals,typically originatingfar
from thereceiver, in thepresenceof strong(near)interferers.This is theso-called
near-far problem.

Thenear-far problemcanbealleviatedby meansof powercontrol. Thetrans-
mitterpowersof all signalsarethusadjustedsothatall signalsarereceivedwith the
samepower. However, power controloccupiesbandwidthandrequiresamplifiers
with highdynamicrangeto beinstalledin all transmitters.

An alternative to power control is to replacethe matchedfilter receiver with
a moreadvanceddetector. Suchmultiuserdetectors have gainedanenormousin-

101
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terestin the academicliteratureduring the last decade.Multiuser detectorscan
be divided into two broadclasses:thosethat operateon the sampledoutputof a
bankof matchedfiltersandthosethatdonot. Thelatterinsteadoperatedirectlyon
thereceivedsignal,sampledonceor severaltimesduringachipperiod.Examples
of detectorsin thefirst classaretheoptimaldetector[99], thedecorrelatingdetec-
tor [56, 57, 77], themultistagedetector[96] andtheMMSE detector[105] andalso
someschemesbasedon multivariabledecisionfeedbackequalizers[24, 25, 88].1

The receivers in [2, 16, 58, 61, 70, 74] areexamplesof detectorsin the second
category.

Operatingon theoutputof thematchedfilter bankhassomeadvantages.The
sampledsignalconstitutesasufficientstatisticof thereceivedcontinuous-timesig-
nal. It is thuspossibleto derive a receiver that optimally demodulatesall trans-
mittedsignals.Also, with few usersactive in thesystem,thematchedfilter bank
reducesthenumberof measurementsignalsconsiderably, resultingin lower com-
plexity. A third advantageis that thesedetectorscaneasilybe modifiedto cope
with so-calledlongcodes,thatis, codesequenceswith aperiodthatis muchlarger
thanthesymbolperiod.

However, the timing accuracy requiredwhensamplingthematchedfilter out-
putsis high. In fact,theperformanceof thesemultiuserdetectorsmaydropdrasti-
cally with synchronizationerrors[69, 107]. Also, in many casesthesignalsfrom
all usersmustbedetectedevenwhenonly oneof themis of interest.

Duringthefirst partof thisdecade,it wasrealizedthatit waspossibleto imple-
mentanadaptivemultiuserdetector. This multiuserdetectoroperatesdirectly on
thereceivedsignal,sampledonceor severaltimesduringeachchipperiod.Sucha
receiver is relatively insensitive to errorsin theestimatesof thepropagationdelay
andothersystemparameters.Anotheradvantageis that is canbeimplementedin
suchaway thatonly signalsthatareof interestneedto bedetected.

Theadaptive multiuserdetectorhastwo majordisadvantages.First, it cannot
beappliedin systemswith long codes.Second,in somecasestherateof conver-
gencemaybetoo slow. However, thesetwo issuesarenot problemsthatrelateto
thedetectorstructure,but to thetuningprocedure.

In this chapter, we shall describehow this chip-sampleddetectorcanbe de-
signedso that it canbe usedin a systemwith long codes. Insteadof tuning the
receiver directly from the received signal,we derive a linear filter modelof the
DS-CDMA system.This multivariablemodelhasthe symbolstransmittedby all
usersasinput,andthereceivedchip-sampledsignalasoutput.This modelis then
usedas a basisfor the detectordesign. Both synchronizationerrorsand multi-

1Thedetectorin [88] is theMMSE FIR DFEdescribedin Section3.3,appliedto themultivariable
channelmodeloutlinedin Subsection1.4.3.
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pathpropagationis incorporatedin the model,andunknown parameterscanbe
estimatedwith relative ease.Thefilter modelwill be time-invariant— or slowly
time-varying— in a systemwith shortcodes.Whenlong codesareused,thefil-
ter modelwill changeabruptlyfrom symbolto symbol,evenwhenthemultipath
channelis time-invariant.

This modelwill thenbeusedto designa family of MMSE detectors,with or
without decisionfeedback.We will thenshow that for a givendetectorstructure,
thedetectorobtainedby minimizing theMSEwill benear-far resistantif andonly
if it is possibleto adjustits parametersso that the zero-forcingcriterion is ful-
filled. In thelastpartof thechapter, we will presentMonteCarlosimulationsthat
demonstratehow theproposeddesignmethodworksin differentscenarios.

5.2 Systemmodel

In this section,we explainhow theentireprocessof transmissionandreceptionin
a DS-CDMA systemcanbe describedby a discrete-timemodel. Our final target
is a MIMO model, which hastwo inputs for eachuser in the system,whereas
thenumberof outputsequalstwo timestheprocessinggain. Both long andshort
codescanbe incorporated.However, if long codesareused,the modelwill be
time-varying. Frequency selective fadingandarbitrarypulseshapingcanalsobe
handled.

5.2.1 The DS-CDMA system

Considera singleuserin anasynchronousDS-CDMA system.Thesymbolperiod
is denotedby D0E , whereasDGF representsthe durationof a chip. The processing
gain,thatis, theratio D0E.H!DGF , is denotedby º)F .

It is assumedthatuseró transmitsthecomplex-valuedsymbolIKJ�Là ÀNM$Æíæ I Jà ÀNM$Æ Ó Ü IOLà ÀNM$Æ
duringthetimeperiod PQMKD0E ñ ÀNM ÓÕÔ Æ(D0E�P . TheI- andQ-componentsof eachsymbol
arespreadby two real-valuedwidebandsignaturesequences2, whicharegivenbyR Jà ÀNM�º)F ÓTS Æ and R Là ÀNM�º)F ÓTS Æ

2This reflectstheway thespreadingis performedin somesystems,for instancein theW-CDMA
downlink [22]. Themodelsanddetectorsdiscussedin this chapterwould besomewhatsimplifiedif
thecomplex-valuedQAM symbolswerespreaddirectlyby complex-valuedsignaturesequences.
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respectively, duringthetimeperiod PéÀNM�ºUF ÓTS Æ(D#F ñ ÀNM�º)F ÓTSÌÓ Ô Æ(D#F!P . Thespread-
ing operationresultsin acomplex-valueddiscrete-timebasebandsignalÊ J.Là ÀNM�º)F ÓVS Æïæ Ê Jà ÀNM�º)F ÓTS Æ Ó Ü Ê Là ÀNM�ºUF ÓTS Æ
thatcanbewrittenas

Ê J.Là ÀNM�º)F ÓVS ÆïæXW R Jà ÀNM�º)F ÓTS Æ R Là ÀNM�º)F ÓTS ÆZY\[ I Jà ÀNM$ÆÜ I Là ÀNM$Æ^] ì (5.1)

Above, M is a runningsymbolindex, whereasÒ ò S ò º)F Ö Ô denotesthechip
numberwithin this symbol. The integer M�ºUF Ó_S thuscorrespondsto a running
chip index. We will usethis notationthroughoutthe chapter:If a time seriesis
indexedwith theexpressionM�ºUF Ó`S , thenit indicatesthatthesamplingperiodof
this timeseriesequalsthechipperiod.

To limit the bandwidthof the transmittedsignal, Ê J.Là ÀNM�º)F ÓaS Æ is passed
througha pulse-shapingfilter, which is causalwith impulseresponsebeÀdc�Æ of du-
ration Dfe . The continuous-timebasebandsignal is then modulatedby a high-
frequency carrier, andtransmitted.

The transmittedsignal propagatesthrougha wideband,frequency selective
channelwith equivalent basebandimpulseresponseg Fà Àih#j6c�Æ . This time-varying
impulseresponseconsistsof k à Ó�Ô discretecomponentswith differenttransmis-
siondelays: g Fà Àih#j6c�Æïæ l :2ÏÑÐ#m g Fà Ï Àdc�Æ^nÄÀih Ö h à Ï Àdc�Æ�Æíì (5.2)

Above, the complex-valuedcoefficients g Fà Ï Àdc�Æ model the possiblytime-varying
dampingandphaseshift for eachof the k à ÓQÔ taps,whereash à Ï Àdc�Æ representsthe
correspondingpropagationdelay.

The receiver front endconsistsof a conventionalIQ-stage,wherethe I- and
Q-signalsaredown-convertedto the baseband.The received basebandsignal is
thenpassedthroughacausalchip-matchedfilter, with impulseresponsebeÀ�D e Ö c�Æ .
Thesignalat theoutputof thechip-matchedfilter is thensampledat thechip rate.
Thereceiver front endis depictedin Figure5.1 on thenext page.Notethat theI-
andQ-channelsarehandledseparately, whichmakesmoreflexible detectortuning
possible.

5.2.2 A discrete-timesingle-userchannelmodel

Theentirecommunicationsystem,from thetransmittedsymbolsto thechip-sam-
pledsignal,will now bereformulatedasa discrete-timelinearmodel. Themodel
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Figure5.1: Thereceiver front end.

will includethespreading,aswell asthemultipathchannelandtheeffectsof the
pulseshapingandthechip-matchedfilter.

We begin by relating the spreadtransmittedsignal Ê J�Là ÀNM�ºUF Ó�S Æ to the re-
ceivedsignal. TheI- andQ- componentsof thereceivedchip-sampledsignalcan
bemodeledas� à ÀNM�º)F ÓTS Æ#�æ [ � Jà¬ÀNM�º)F ÓTS Æ� Là ÀNM�º F ÓVS Æ ] æ�� 3 1 � ü#�à ÀÂÁ Ã3Å Æ [ Ê Jà ÀNM�º)F ÓTS ÆÊ Là ÀNM�º F ÓTS Æ ] (5.3a)æ�� 3 1 � ü#�à ÀÂÁ Ã3Å Æ Ê à ÀNM�ºUF Ó`S Æ ñ (5.3b)

wherewehave definedtheequivalentdiscrete-timeimpulseresponseof thephysi-
cal channel � 3 1 � ü#�à ÀÂÁ Ã3Å Æ �æ � � :2ÏÛÐ#m%� 3 1 � ü#�à Ï Á Ã Ï ì (5.4)

Thediscrete-timephysicalchannelhas� Fà ÓÕÔ taps,andincludestheeffectsof the
pulseshaping,themultipathpropagation,andthechip-matchedfilter. Propagation
delayscaneasilybeaccommodatedby allowing anumberof zerosin thebeginning
of � 3 1 � ü#�à ÀÂÁ Ã3Å Æ . Dependingon thepulseshapingemployed,theimpulseresponse
of thephysicalchannelmaybe infinite. In practicehowever, a shortFIR filter is
sufficient to modelthediscrete-timephysicalchannel.

Wenow makethecommonassumptionthatthepulseshapeis symmetrical,that
is, we assumethat beÀdc�ÆJæ�brÀ�D e Ö c�Æ;��c . If g Fà Ï Àdc�Æ and h à Ï Àdc�Æ areapproximately
constantover a time interval of length D�e , thenthefilter tapscanbeexpressedin
theform � 3 1 � ü#�à�� �æ l :2ÏÑÐ#m ã� Fà Ï ÀNMKD0E ÓTS D#F�Æ
�aÀd #DGF Ö h à Ï ÀNMKD0E ÓTS D#F}Æ�Æíì (5.5)
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Above,wehave introducedreal-valued ½¢¡b½ matricesdefinedby

ã� Fà Ï Àdc�Æ �æ [¤£¦¥ g Fà Ï Àdc�Æ Ö¦§ @¨g Fà Ï Àdc�Æ§ @¨g Fà Ï Àdc�Æ £©¥ g Fà Ï Àdc�Æ ]
(comparewith (1.15)) andthescalarreal-valuedintegral�aÀih(Æ �æ«ª­¬¯®m beÀd°þÆ-brÀih Ö °þÆ I ° ì
A completederivationof thischannelmodelcanbefoundin Appendix5.A.

Equation(5.3b) describesa completelydiscrete-timemodel. However, as it
doesnot includeanexplicit modelof thespreading,it cannotbedirectly applied
as a basisfor designof a DS-CDMA detector. Thus, we would like to include
the spreadingin the channelmodel, in sucha way that the detectordesignwill
besimplified. This canbeaccomplishedby regardingthespreadingoperationas
linearfiltering. DesigningaDS-CDMA detectorwill thenturnout to beequivalent
to designinga fractionallyspacedequalizer.

To show thatthespreadingoperationcanindeedbeinterpretedaslinearfilter-
ing, westudytherealpartof (5.1)Ê Jà ÀNM�ºUF Ó`S Æ,æ R Jà ÀNM�ºUF ÓTS Æ I Jà ÀNM$Æ ñ (5.6)

over thedurationof onesymbolperiod Ò ò S ò º)F ÖNÔ . Introducethesignals

ãI Jà ÀNM�º)F ÓTS Æ#�æ²± I Jà ÀNM$Æ S æ ÒÒ S æ Ô ñ ì9ì9ì ñ º F ÖNÔ (5.7a)R Jà�³ 3 1 � ü#� À 7 Æ#�æ²± R Jà ÀNM�º)F Ó´7 Æ Ò ò S ñ 7 ò º)F ÖNÔÒ otherwise
ì (5.7b)

Thechip-sampledsignal ãI Jà ÀZµ Æ is thusequalto
I Jà ÀZµ Æ every º)F chipsandzeroother-

wise,whereasthesignal R Jàd³ 3 1 � ü#� À 7 Æ is thepieceof thecodethatis usedto spread
thesymbol

I Jà ÀNM$Æ .3 Equation(5.6)canthenberewrittenas

Ê Jà ÀNM�ºUF Ó`S Æíæ 1 � Ã3Å2ÏÑÐ#m R Jà�³ 3 1 � ü#� À 7 Æ
ãI Jà ÀNM�ºUF ÓTSLÖ\7 Ææ_¶ Jàd³ 3 1 � ü#� ÀÂÁ Ã3Å Æ ãI Jà ÀNM�º)F ÓTS Æíì (5.8)

3With shortcodes,·Z¸:�¹ ºZ»½¼(¾K¿¯ÀÂÁ=Ã is independentof | . This is however not truefor longcodes.
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Above,wehave defineda spreadingfilter with impulseresponse¶ Jà�³ 3 1 � ü#� ÀÂÁ Ã3Å Æ#�æ 1 � Ã3Å2ÏÑÐ#m R Jàd³ 3 1 � ü#� À 7 Æ.Á Ã Ï ì (5.9)

Analogously, wecanwriteÊ Là ÀNM�º F ÓTS Æ,æ_¶ Làd³ 3 1 � ü#� ÀÂÁ Ã3Å Æ ãI Là ÀNM�º F ÓTS Æ (5.10)

where

ãIOLà ÀNM�º)F ÓVS Æ �æÄ± I Là ÀNM$Æ S æ ÒÒ S æ Ô ñ ì9ì9ì ñ ºUF ÖNÔ (5.11a)¶ Là�³ 3 1 � ü#� ÀÂÁ Ã3Å Æ �æ 1 � Ã3Å2ÏÑÐ#m R Làd³ 3 1 � ü#� À 7 Æ.Á Ã Ï (5.11b)

with R Làd³ 3 1 � ü#� À 7 Æ �æÄ± R Là ÀNM�ºUF ÓV7 Æ Ò ò S ñ 7 ò ºUF ÖNÔÒ otherwise
ì

Notethat the lengthof the impulseresponseof thespreadingfilter is equalto the
processinggain.

Whentheperiodof thecodesequenceis equalto thesymbolperiod,thespread-
ingfilterswill betime-invariant, sincethesamecodeisusedto spreadeachsymbol.
Suchcodesareknown asshortcodes.

Codeswith aperiodthatis muchlargerthanthesymbolperiodarecalledlong
or randomcodes.The spreadingin a systemwith long codescanalsobe repre-
sentedas in (5.8), (5.10). In this case,the spreadingfilter will be time-varying,
sincedifferentsymbolsarespreadwith differentcodes.This meansthat even if
thephysicalchannelis time-invariant(thatis, if thereis no fastfading),theresult-
ing equivalentchannelwill vary very rapidly! This time-variationcanhowever be
perfectlypredicted,sincefuturevaluesof thecodesequenceareknown.

Wecannow use(5.3a), (5.8)and(5.10)to obtainacombinedchannelmodel� à ÀNM�º)F ÓTS Æ,æ� 3 1 � ü#�à ÀÂÁ Ã3Å Æ©Å ¶ Jàd³ 3 1 � ü#� ÀÂÁ Ã3Å Æ ÒÒ ¶ Làd³ 3 1 � ü#� ÀÂÁ Ã3Å ÆZÆ [ ãI Jà ÀNM�º F ÓTS ÆãIOLà ÀNM�º)F ÓTS Æ ] ì (5.12)
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Notethatthis modelhastwo real-valuedinputsandtwo real-valuedoutputs.4 We
canthenintroducethecompleteequivalentchannel

ã¿ 3 1 � ü#�à ÀÂÁ Ã3Å Æ#�æÇ� 3 1 � ü#�à ÀÂÁ Ã3Å Æ©Å ¶ Jàd³ 3 1 � ü#� ÀÂÁÄÃ3ÅîÆ ÒÒ ¶ Làd³ 3 1 � ü#� ÀÂÁ Ã3Å�ÆZÆ (5.13a)�æÈ� �: ü 1 � Ã3Å2ÏÛÐ#m ãÉ 3 1 � ü#�à Ï Á Ã Ï ì (5.13b)

Wethusobtainthefollowing modelof thereceivedsignalfrom useró :� à ÀNM�º F ÓTS Æíæx� �: ü 1 � Ã3Å2ÏÑÐ#m ãÉ 3 1 � ü#�à Ï Á Ã Ï [ ãI Jà ÀNM�º)F ÓVS ÆãI Là ÀNM�ºUF ÓTS Æ ]æ � � : ü 1 � Ã3Å2ÏÑÐ#m ãÉ 3 1 � ü#�à Ï [ ãI JàÄÀNM�º F ÓTSLÖ 7 ÆãI Là ÀNM�º)F ÓTSÝÖ\7 Æ ] ì (5.14)

Since ãI Jà ÀNM�º)F ÓUS�ÖÊ7 Æ and ãI Là ÀNM�ºUF ÓvS Ö�7 Æ arenon-zeroonlywhen7?Ö>S æË �ºUF ,
we realizethat(5.14)canberewritten� à ÀNM�º)F ÓTS Æ,æ � :2� Ð#m ãÉ 3 1 � ü#�àd³ � 1 � ü#� [ ãI Jà¬ÀNM�ºUF Ö  �º)F�ÆãI Là ÀNM�º F Ö  �º F Æ ] ñ
wherewehave definedthenumberof non-zerotermsin thesum(5.14):� à æÍÌ � Fà Ó ºUF Ö�ÔºUF Î ì (5.15)

Wenow usethedefinitions(5.7a)and(5.11a)to express� à ÀNM�ºUF ÓTS Æ as� à ÀNM�º)F ÓVS Æíæ � :2� Ð#m ãÉ 3 1 � ü#�àd³ � 1 � ü#� [ I Jà ÀNM Ö   ÆI Là ÀNM Ö   Æ ] (5.16a)

æ � :2� Ð#m ãÉ 3 1 � ü#�àd³ � 1 � ü#� Á Ã � [ I Jà ÀNM$ÆI Là ÀNM$Æ ] ì (5.16b)

4Whena usertransmitsone-dimensional,for instanceBPSK,signalsthe imaginarypart of the
input in (5.12) will vanish. The modelwill thenhave onereal-valuedinput and two real-valued
outputs. In the following, we will however assumethat all transmittersutilize two-dimensional
signals.
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To obtaina collective representationof the signalsreceived during a symbol
period,wecollect º F consecutive samplesof � à ÀZµ Æ in the ½&º F -dimensionalvectorÏ à ÀNM$Æ �æ ú � ¬à ÀNM�º)F}Æ � ¬à ÀNM�º)F Ó¶Ô Æ�ì9ì9ì � ¬à ÀNM�º)F Ó º)F ÖNÔ Æ � ¬ ì (5.17)

Thevector-valuedstochasticprocessÏ à ÀZµ Æ hasa samplingratethat is equalto the
symbolrate Ô H!D0E . To modelÏ à ÀNM$Æ , weintroducethemultiple-inputmultiple-output
transferfunction

¿ 3à ÀÂÁ Ã3Å Æ �æÑÐÒÒÒÒÓ Í � :� Ð#m ãÉ 3 1 �àd³ � 1 � ÁÄÃ �Í � :� Ð#m ãÉ 3 1 � ü Åàd³ � 1 � ü Å ÁÄÃ �...Í � :� Ð#m ãÉ 3 1 � ü 1 � Ã3Åàd³ � 1 � ü 1 � Ã3Å Á Ã �
Ô~ÕÕÕÕÖ (5.18a)

æ � :2� Ð#m ÐÒÒÒÒÓ
ãÉ 3 1 �àd³ � 1 �ãÉ 3 1 � ü Åàd³ � 1 � ü Å...ãÉ 3 1 � ü 1 � Ã3Åàd³ � 1 � ü 1 � Ã3Å

Ô~ÕÕÕÕÖ Á Ã � æ � :2� Ð#m É 3à×� Á Ã � (5.18b)

with É 3à×� �æØW À ãÉ 3 1 �à�³ � 1 � Æ ¬ À ãÉ 3 1 � ü Åàd³ � 1 � ü Å Æ ¬ ì9ì9ìGÀ ãÉ 3 1 � ü 1 � Ã3Åàd³ � 1 � ü 1 � Ã3Å Æ ¬ Y ¬ ì (5.18c)

In (5.18c), the real-valuedmatrices ãÉ 3 1 � ü#�àd³ � 1 � ü¤Ù aredefinedin (5.13b)whereasthe

channelsÍ � :� Ð#m ãÉ 3 1 � ü#�à�³ � 1 � ü#� ÁÄÃ � areobtainedfrom (5.16b). TheFIR model(5.18b)
hastwo inputsand ½&º)F outputs,andis of order � à , asdefinedin (5.15).

Wecannow combine(5.17), (5.16b)and(5.18a)to obtain:Ï à ÀNM$Æíæ ¿ 3à ÀÂÁ Ã3Å Æ [ I Jà ÀNM$ÆI Là ÀNM$Æ ] �æ�¿ 3à ÀÂÁ Ã3Å Æ I à ÀNM$Æïì (5.19)

Clearly, this model can be directly usedfor detectordesign,sinceit relatesthe
transmittedsymbolsto thereceived(vector)signal,sampledat thesymbolrate.

It canbeseenfrom (5.15) that � à>Ú Ò in general.Hencethe received signal
will suffer from intersymbolinterferencedueto multipathpropagationandreceiver
andtransmitterfilters. Theonly exceptionis whenÛ themultipathchannelis flat fading( k à æ Ò in (5.2)); andÛ thesynchronizationis perfect( h à m æ Ò in (5.2)) .
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However, in many cases,theamountof inducedintersymbolinterferenceis small
and can be ignored. In particular, this is true when the symbol period is large
in comparisonwith thedelayspreadof thechannel.For instance,in a W-CDMA
system[22], thesymbolperiodcanbeaslargeas62.5 Ü s,whereasthedelayspread
in a typical ruralor urbanareararelyexceeds5 Ü s.

EXAMPLE 5.1

To illustratetheconstructionof thesingle-userchannelmodel(5.19), averysim-
ple exampleis considered.We will build thechannelmodelfor oneuser(user
1) in anasynchronousDS-CDMA systemwith a processinggain º)F×æ�Ý where
shortcodesareused.5 To simplify theconstructionfurther, wemaketheunrealis-
tic assumptionthatthetapsin thecontinuous-timebasebandchannel(5.2)aswell
asthe transmittedsignalarereal-valued. Thus, � Là ÀNM�º F ÓxS Æ>Þ Ò , andwe can
modelthechannelasascalarreal-valuedfilter. Weassumethatthechip-sampled
discrete-timeequivalentphysicalchannel(5.4) is givenby� Å ÀÂÁ Ã3Å Æ,æ Ò ìàß&Á Ã3Å Ó�Ò ìàá&Á Ã Î ì
Notethat � F Å æ ½ andthatwe have droppedthesuperscriptM�º)F ÓAS , sincethe
channelis time-invariant.ThesymbolsarespreadusingthecodeP ÓLÔ ñ ÖÌÔ ñ ÖÌÔ ñ ÓÝÔãâ H&½ ñ
whichmeansthatthetime-invariantspreadingfilter (5.9) is givenby¶ JÅ ÀÂÁ Ã3Å Æíæ Ò ìàß Ö Ò ìàß&Á Ã3Å Ö Ò ìàß&Á Ã Î Ó�Ò ìàß&Á Ãåä ñ
wherewe have omittedthesubscriptM�º)F Ó`S on thespreadingfilter to simplify
thenotation.Thespreadingfilter ¶ JÅ ÀÂÁÄÃ3Å�Æ andthechannel� Å ÀÂÁÄÃ3ÅîÆ cannow be
insertedinto (5.13a)to obtainthetime-invariantchip-spacedchannel

ã¿ Å ÀÂÁ Ã3Å Æíæ æ2� Ð#m ãÉ Å � Á Ã � æ Ò ì�½çß&Á Ã3Å Ö�Ò ì Ô Á Ã Î Ö Ò ìQÝyÁ Ãåä Ó�Ò ì Ô Á Ã%è Ó�Ò ì Ô ß&Á Ã æ ì
From (5.15), the orderof the symbolratesampledSIMO channel� Å æ Ô and
using(5.16b)weobtain� Å ÀdÝ�M Ó`S Æ,æ ãÉ Å ³ � I J Å ÀNM$Æ Ó ãÉ Å ³ è}ü#� I J Å ÀNM ÖQÔ Æíì

5Theconstructionbecomesmuchmoreinvolvedwhenlongcodesareused.
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By stackingthechanneltapsfor S æ Ò ñ Ô ñ ½ ñ á into a columnvector, thesymbol
ratesampledSIMO channel(5.18b)is obtained:

¿ Å ÀÂÁ Ã3Å Æ,æ ÐÒÒÓ ãÉ Å ³ mãÉ Å ³ ÅãÉ Å ³ ÎãÉ Å ³ ä
Ô~ÕÕÖ Ó ÐÒÒÓ ãÉ Å ³ èãÉ Å ³ æãÉ Å ³ éãÉ Å ³ ê

Ô~ÕÕÖ Á Ã3Å æ ÐÒÒÓ ÒÒ ì�½çßÖ{Ò ì ÔÖ{Ò ìQÝ
Ô~ÕÕÖ Ó ÐÒÒÓ Ò ì ÔÒ ì Ô ßÒÒ

Ô~ÕÕÖ Á Ã3Å ì (5.20)

Notethattheorderof thischannelequalsone.

Thechannelmodel(5.20)will beusedin Example5.3 to designa multiuser
detector.

5.2.3 A multiple-input multiple-output channelmodel

According to the precedingsubsection,the entire single-userchannel,from the
real andimaginarypartsof the symbolsequenceto the symbolratesampledre-
ceivedbasebandvectorsequence,canberepresentedby a discrete-timetwo-input
multiple-output(TIMO) channelmodel. In a multiuserscenariowherethe pro-
cessinggainsof all usersareequal,eachusercontributeswith onesuchchannel.
Whentheprocessinggainsaredifferent,auserwith processinggain ë)F ³ à will con-
tributewith ë F Hãë F ³ à channels,where ë F is thelargestprocessinggainamongthe
active users.6 Eachof thesechannelscanbe determinedusingthe procedurede-
scribedin theprecedingsubsection.Theonly differenceis thatthesymbolstream
of the high rateuseris convertedto ëUF�Hãë)F ³ à symbolstreams.The first of these
symbolstreamsis spreadusinga codethat is non-zeroonly during the first ë)F ³ à
chips,whereasthesecondis spreadwith acodethatis non-zeroonly in theintervalP ë)F ³ à Ó�Ô ñ�ì ë)F ³ à â andsoon.7 Keepingin mind thatauserwith processinggain ë)F ³ à
is equivalentto ëUF�Hãë)F ³ à userswith processinggain ëUF , wein thefollowing assume
that í “equivalentusers”with processinggain ëUF areactive in thesystem.

Thereceivedsignalis thusthesumof theoutputsfrom í of theTIMO chan-
nelsdescribedin theprecedingsubsectionandsomenoise,asshown in Figure5.2
on thefollowing page.

6Theprocedurecanalsobegeneralizedto thecasewhenthequotient î �Zï î � ¹ : is not aninteger.
In this case,we defineð � to betheleastcommonmultiple of all theutilized processinggains.We
thendefine ñ : À | Ã to contain ð � consecutive chip-samples,andassociatewith eachuser ð � ï î � ¹ :channels.

7Providing differentdataratesby varying the processinggain is thusequivalent to multicode
transmissionwith codesthatarenon-zeroonly duringpartsof thetransmission.
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Figure5.2: A multiple-inputmultiple-outputchannelmodelthatrelatesthesym-
bol sequencestransmittedby ÿ usersto asymbolratesampledreceivedvectorof
dimension

�����
.

Theentirechannelcanthusberepresentedby a linearmodelwith
ì í inputs

and
ì ë)F outputs. To derive this model, we sum the contributions Ï à	� M�
 ñ ó�æ� ñ ì9ì9ì ñ í definedin (5.17)alongwith somenoise  � M�
 to obtainÏ � M�
G�æ 
2 à���� Ï à�� M�
��´  � M�
íæ 
2 à���� � 3à ����� � 
 I à�� M�
��´  � M�


æ � 3 ����� � 
 I � M�
��´  � M�
 (5.21)

where � 3 ��� � � 
#�æGú � 3 � ��� � � 
 � 3� ��� � � 
 ì9ì9ì � 3 
 ��� � � 
 � (5.22a)

æ �2��� m É 3� ��� � (5.22b)

is a
ì í -input

ì ë)F -outputchannelof order��æË@A÷�Bà � à ì (5.23)

The I- andQ-componentsof the symbolsfor all active usersarecollectedin the
vector I � M�
G�æGú I ¬ � � M�
 I ¬ � � M�
�ì9ì9ì I ¬ 
 � M�
 � ¬ ì (5.24)

Thenoise  � M�
 is assumedto bezeromeanandwide-sensestationarywith matrix-
valuedcovariancefunction ���   � ó 

  ¬ �"! 
$#´æ&% à ��' ì (5.25)
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Thenoiseincludesthermalnoiseand,in acellularsystem,out-of-cellinterferers.
Equation(5.21) is the desiredmultiple-inputmultiple-outputchannelmodel,

which relatesthesequenceof symbolvectorsto thesampledoutputsequence.In
this multiuserscenario,the conditionsfor achieving no intersymbolinterference
becomemoresevere:Thefadingin all channelsmustbeflat, andall transmissions
have to arrive synchronizedat thereceiver.

If thecoefficientsof theimpulseresponse
�)( ��� � � 
 , alongwith thecovariance

function % � canbeestimated,thenwe canusetheseestimatesto designanequal-
izer. In general,this requiresthatpilot bitsareincludedin all thetransmissions.

5.2.4 Model baseddetectordesign

A specialcaseof themodel(5.19)wasusedin [70] to analyzetheperformanceof
theso-calledMMSE detector. Also, theanalysisin [58, 61] useda modelthatis a
reformulationof themodel(5.21)for theAWGN channel.However, in bothcases
themodelwasusedonly for analysis.For theactualimplementation,theauthors
suggestedthattheparametersof thedetectorsbeupdateddirectlyfrom thereceived
datausingeithera trainingsequenceor detecteddata.

In contrast,wesuggestthat(5.21)isusedfor thedesignof aDS-CDMA detector.
In this case,theunknown channelparametersareestimatedandthedetectoris de-
signedusingmethodsdescribedin Section5.3.Thisapproachhastwo advantages:

1. Thechannelestimationis simplified.

2. Longcodescanbeused.

In thedetectorimplementationssuggestedin [58, 61, 70], theassumptiononshort
spreadingcodesis vital. However, with theimplementationsuggestedin thischap-
ter the signaturesequencesare explicitly modeledand the introductionof long
codes“only” impliesthatthechannelwill berapidly time-varying. This will lead
to highercomplexity, but it is not a fundamentalproblem,sincefuturevaluesof
thecodesequenceareknown.

Thebenefitsfor thechannelestimationarelessobviousandareoutlinedin the
following subsection.

Channelestimation

To usethemodel(5.21)asa basisfor detectordesign,thechannelsto thedesired
usershave to beestimated.This canbe doneif pilot bits areavailable8. We can

8Whenadetectoris working in tandemwith thechannelestimator, someof thepilot bitsmaybe
replacedby detectedsymbols.
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thenestimatethecoefficientsof themodel(5.21)usingthe transmittedpilot bits.
However, thenumberof unknown parametersin thesemodelscanbelarge,espe-
cially whentheprocessinggain is large. This is truealsofor the implementation
suggestedin [2, 58, 61, 70]: Thenumberof parametersto estimategrows with the
processinggain.

If we utilize that the spreadingcodesof the signalswe are trying to detect
areknown, thenwe canusespread pilot bits to reducethe numberof unknown
parameters.We will now derive a model,whereonly thetapsin thediscrete-time
impulseresponseof thephysicalchannel(5.4)hasto beestimated.

For this purpose,we use(5.3a)andsumthe contributions from all í users
alongwith somenoise:� �+* ë-,.�0/1
 �2 
3 4 ��� � 4 �+* ë-,.�0/1
5�V 76+8:9 ; �+* ë<,��=/1


2 
3 4 ��� � (?> � @ �4 ��� � � 
	A 4 �+* ë , �B/1
��´ 76C8:9 ; �+* ë , �0/1
2 � (D> � @ � ��� � � 
	A �+* ë , �0/1
5�´ 76C8:9 ; �+* ë , �0/1
 (5.26)

where � (D> � @ � ��� � � 
 �2FE � (?> � @ �� ��� � � 
HG?G?G � (?> � @ �
 ��� � � 
	I (5.27a)A �+* ë , �0/1
#�2 E A ¬ � �+* ë , �0/J
KG?G?GLA ¬ 
 �+* ë , �0/1
 I ¬NM (5.27b)

andwhere 76C8:9 ; �+* ë , �O/J
 constitutesnoise.Notethatthenoiseintroducedin (5.21)
is relatedto  76C8:9 ; �+* ë , �0/1
 via  �+* 
 2 E   ¬ 6C8:9 ; �+* ë , 
KG?G?G   ¬ 6C8:9 ; �+* ë , �Vë ,QP � 
 I ¬ G
The signals A 4 �+* ë , �R/1
 M<S 2 � M G?G?G M í can be computedfor the durationof
the pilot bit transmission.Thesespreadpilot bits can then be usedto estimate
the parametersof the model (5.26). From the residualsof the channelestima-
tion, the covariancefunction of the signal  76C8:9 ; �+* 
 canbe estimated.We would
thenuse(5.13a), (5.18b), and(5.22a)to computethe completechannel.Finally,
we would obtain % � definedin (5.25) from the estimatedcovariancefunction of 76+8T9 ; �+* ë , �0/1
 . Theseentitiescanthenbeusedfor detectordesign.

If we estimatethecoefficientsof themodel(5.26), only theparametersof the
discrete-timephysicalmultipathchannelmustbeestimated.Sincethismaybeonly
a few coefficients,higheraccuracy canbeexpected,ascomparedto directestima-
tion of theparametersof the model(5.21), which hasthe transmittedsymbolsas
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input. Theaccuracy of theestimateof thecovariancefunction % � definedin (5.25)
shouldalsobehigherwhenit is constructed,ratherthandirectlyestimated.More-
over, by usingthe spreadpilot bits asregressorsin the estimationalgorithm,we
effectively increasethenumberof trainingdataby a factorof ë , .

Theexactnatureof theactualestimationalgorithmis notcritical. Recursiveor
block-basedmethodsmaybeused.Notehowever thattheregressorsA 4 �+* ë , �U/1

in the model (5.26) arewhite with equalpower. This propertyis of paramount
importanceif LMS is usedfor thechannelestimation:Sinceall eigenvaluesof the
autocorrelationmatrixof A �+* ë-,D�-/1
 will beequal,awell-conditionedoptimization
problemis obtained.

We concludethis subsectionwith an exampleof the estimationaccuracy ob-
tainedwith thetwo approachesdescribedabove. Wethuscomparetheaccuracy of
theestimatesof theparametersin themodel(5.21)whenthey areÛ directlyestimated,andÛ constructedfrom estimatesof theparametersof themodel(5.26).

EXAMPLE 5.2

The systemunderstudyis a DS-CDMA systemwith processinggain ë<, 2WV .
OnlyasingleuserisactiveandtransmitsaBPSKsignalusingashortBPSKcode.
Thechannel(5.4) hasfour time-invariantRayleighfadingtaps. Thechannelis
estimatedusing the off-line least-squaresmethodusing either 10 or 100 pilot
symbolsfor anSNRbetween0 and15dB.As aperformancemeasure,weusethe
MSE betweentheestimatedandtruecoefficientsof thechannel(5.19)averaged
over100000channelrealizations.Theresultis depictedin Figure5.3onthenext
page.

In this scenario,the delayspreadequalshalf thesymbolperiod,which is a
largedelayspreadfor a DS-CDMA system.Whenthe impulseresponseof the
discrete-timephysicalchannelisshorter, thedifferencebetweendirectestimation
andchannelestimateconstructionwouldbeevenlarger.

5.3 Detectordescription

We will now describea family of detectors,the membersof which aredesigned
basedon themodelsdescribedin theprecedingsection.Thedetectorsaremulti-
variableequalizersthat detect í � of the í presentsignalsandfeedback í �

of
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Figure 5.3: The resulting varianceof the estimatedcoefficients of the chan-
nel (5.21)for directestimationandconstructedestimates.

theseí � decisions9, asdepictedin Figure5.4. Without restriction,we assume
that thesignalsto bedetectedcorrespondto thefirst

ì í � columnsin thechannel�)( ��� � � 
 andthat the decisionsfed backcorrespondto the first
ì í �

columnsin� ( ��� � � 
 .
üýXYDZ (\[ ( �^]$_Ï �+* 
 ����� op ` 
ba ��� � � 
 � ÿ �op c � ÿ � op d r�e y � ÿ �.f � ÿ ÷ opop� ÿ ÷

Feedback
gh

ij �+* Plk 

Feedforward P � � �nm 
7o ��� � � 
� ÿ � � �

Figure5.4: The structureof the considereddetectors.The feedforwardandthe
feedbackfilters aretransversalfilters,which mayhave multiple inputsandmulti-
ple outputs.

With differentchoicesof í � and í �
weobtaindifferentdetectors:

9Wecouldfor instancechooseto feedbackonly thedecisionsthatareconsideredreliable.
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and í � 2qp we obtainthe so-calledMMSEdetector. This

lineardetectorhasbeensuggestedfor applicationin aDS-CDMA multiuser
scenarioby Madhow andHonigin [58] andby Miller in [61]. In bothpapers,
a model relatedto (5.21)wasusedfor analysisof its performancefor the
AWGN channel.Theanalysiswasextendedto flat fadingchannelsin [62].
PaterosandSaulnier[70] investigatedtheperformanceof thelinearMMSE
detectorin a single-userscenariowith frequency selective fadingandnar-
rowbandinterference.Û With í � 2 í � 2 �

we obtainthe IR-DFE discussedin Subsection4.3. A
detectorthatis basicallyequivalentto thisDFEhasbeensuggestedasa tool
for multiuserdetectionin DS-CDMA systemsby Abdulrahmanet al. in [2].
Seealso[1].Û With í � 2 í � 2 í , a possiblytime-varyingversionof themultiuserFIR
DFE discussedin Section3.3 is obtained.Sucha multiuserDFE hasbeen
usedin a CDMA systemby RapajicandVuceticin [74]. The fractionally
spacedDFEdiscussedin [86] is alsoequivalentto thisMIMO DFE.

The detectorfamily we discussin this chapteris closely relatedto the detector
family introducedby Rapajicand Vucetic in [74]. Unlike thosedetectors,our
detectorswill bedescribedby polynomialmatrices.Furthermore,sincethedesign
is basedona time-varyingmodel,longcodescanbehandled.

Sincethis channelmodelis in generaltime-varying,so arethedetectorsdis-
cussedin this section.However, to simplify thepresentation,the time indicesof
thedetectorfiltersandtheir parametershave beenomitted.

As depictedin Figure5.4, the estimateat the input of the decisiondevice is
givenbyrj �+* Plkts * 
 2 ` 
ba ��� � � 
 Ï �+* 
 P m 
7o ��� � � 
 ij Z 
7o _ �+* PlkuP � 
 M (5.28)

where ` 
 a ��� � � 
 �2 v w3x � m5y x
ba � � x
(5.29a)

m 
7o ��� � � 
 �2 � @ v w �^]�� �3x � m z x 
7o � � x
(5.29b)

and ij Z 
 o _��+* 
G�2FE ij ¬ � �+* 
 ij ¬ � �+* 
{G?G?G ij ¬ 
7o �+* 
�I ¬ G (5.30)
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Herethe feedforward filter ` 
ba ��� � � 
 is a polynomialmatrix with
ì í � rows andì ë<, columns,whereasthe feedbackfilter

m 
7o ��� � � 
 is a polynomialmatrix withì í � rows and
ì í �

columns.Thedegreeof the feedforward filter equalsn|A , and
thedegreeof thefeedbackfilter equalsn\} 2 �~�An|A P�k�P �

, where � is defined
in (5.23). Notethatthedetector(5.28)usesë , � n|A�� � 
 consecutive chip-samples
of thereceivedI- andQ-channelsto estimateonetransmittedsymbolvector.

Remark 1. When í � 2�p ,
m 
7o ��� � � 
 will have no columns.This situationwill

occurfrequentlyin thischapterandimpliesthatnodecisionfeedbackis present.

In thefollowing section,we will presentdesignequationsfor a detectorof the
form (5.28)thatminimizestheMSE:� 
ba �2 ��� � j Z 
ba _ �+* P~k 
 P rj �+* Plk�s * 
�
 � j Z 
ba _ �+* Plk 
 P rj �+* Plk�s * 
�
 ¬�â (5.31)

wherej Z 
ba _ �+* Plk 
 �2�E j ¬ � �+* Plk 
 j ¬ � �+* Plk 
KG?G?G j ¬ 
ba �+* Plk 
 I ¬ G (5.32)

Themodel(5.21)will beusedasabasisfor thetuningof thedetectorparameters.

5.3.1 Designequations

We will now describehow to tune the parametersof the MMSE detector(5.28)
so that the MSE (5.31) is minimized. As a prerequisite,we needthe following
definitions: �u�"���1�2 ����� (� G?G?G � (� G?G?G p

...
. . . . ..

...p G?G?G � ( � v	w� G?G?G � ( � v	w�
�?�� (5.33)

�5�?��� w �2 ����� � ( � ] G?G?G � ( 
ba ]...
...

� ( � � G?G?G � ( 
ba �� G?G?G �
�?���� (5.34)

�0�2 ��� % � G?G?G�% v	w...
. . .

...% � v w G?G?GK% �
�?�� (5.35)

and r
� (x �2�E � ( � x G?G?G � ( 
7o x I G (5.36)
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Notethat � (4 x arethematrixcoefficientsof thetwo-input �\� , -outputfilter (5.18a),
whereas� (x arethematrix coefficientsof thefilter (5.22a), which has �\� inputs
and �\� , outputs.

Wearenow readyto formulateTheorem5.1:

Theorem 5.1 Considerthemultivariabledetectordescribedby (5.28), thechan-
nelmodel(5.21)with � transmitters andprocessinggain � , andthenoisestatis-
tics(5.25), with � �

beingnon-singular. Assumeall � signals
j��n�4¡  *�¢ M£S 2�¤ M G?G?G M �

to bewhiteandcircular with unit variance, to bemutuallyuncorrelatedanduncor-
relatedwith thenoisevector ¥   *�¢ . If all pastdecisionsare assumedcorrect,then
the uniquematrix polynomials̀§¦ a  �¨�©5ª ¢ and

m ¦ o  �¨�©5ª ¢ in (5.29a)and (5.29b),
with which theestimator(5.28)minimizestheMSE(5.31), areobtainedasfollows:

1. Thecoefficientsof thefeedforward filter ` ¦ a  �¨ ©5ª ¢ areobtainedastheunique
solutionto thesystemof �\� ,  +« A§¬ ¤ ¢ linear equations

E � ¦ o �®­¦ o ¬ � I ���
  y � ¦ a ¢ ­

...
  y v w¦ a ¢ ­

�?�� 2 �5�?��� w (5.37)

Above,
� ¦ o is the �\� ,  +« A�¬ ¤ ¢§¯ �\�  +« A�¬U°~¬ ¤ ¢ matrix,whose

 ²± M ¥ ¢ th
elementis givenby  � ¦ o ¢ x�³ ´ �2 µ¶¶¶· ¶¶¶¸

  �Q¹�º ¹ ¢ x»³ ´ ¥l¼½�\�   k ¬ ¤ ¢  �Q¹�º ¹ ¢ x»³ ´ ¥ 2 �\�¿¾À¬ÂÁ M Á 2 �\�ÄÃÅ¬ ¤ M G?G?G M �\�¾ 2 k ¬ ¤ M G?G?G M « AÆ¬0°p otherwise

(5.38)

where
�Q¹�º ¹

is definedin (5.33). Also,
�5�?��� w and

�
are definedin (5.34)

and (5.35), respectively.

2. When��ÃÈÇ p , thecoefficientsof thefeedback filter
m ¦ o  �¨ ©5ª ¢ are givenby

z ´ ¦ o 2 É7ÊÌË Z v	w ³ ] @ ´ @ ª _3xÆÍ É®Î Ï Z � ³ ´ © � @ ] @ ª _ y x ¦ a r
� ( © x] @ ª�© x @ ´ (5.39)

for p ¼U¥l¼U°¿¬ « A PlkuP ¤ , with

r
� (x definedin (5.36).

Proof: SeeAppendix5.B.
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Remark 2. In contrastto the channelparameters,we assumethat the covari-
ancefunction � x is time-invariant over a period of

« A symbols. In a cellular
DS-CDMA systemwherelong codesareused,this assumptionwill not bevalid,
anddirect estimationof � x is impossible.Using the noisecolor to improve the
detectorperformanceis in thiscaseverydifficult.

Remark 3. When long codesare used,the detectormust be retunedfor every
symboldetection.Thedetectorcomplexity thenbecomesveryhigh.

Remark 4. This time-varyingDFEis amulti-variablegeneralizationof theSISO
DFEderivedin [50].

Remark 5. Considerthecase��Ã 2Ðp . Weseefrom (5.38)and(5.35)that� � � ­� ¬ �
is independentof � ª

. Sinceeachcolumnof
�5�Ñ�	� w is alsoindependentof � ª

, each
columnof thesolutionto (5.37)is alsoindependentof � ª

. We thusconcludethat
thetuningof theparametersof alineardetectoris notaffectedbyhow many signals
thataresimultaneouslydetected.Therefore,a linearMMSE multiuserdetectoris
exactly thesamedetectorasa setof linearMMSE interferencecancellers.

TheresultingMSEwhentheMMSE detectoroperatesontheoutputof thechannel
describedby (5.21)canbecomputedusingthefollowing corollary:

Corollary 5.1 WhentheMMSEdetectordesignedfromTheorem5.1is usedin the
multiuserscenariodescribedby (5.21), theresidualMSEis givenby� ¦ a 2ÓÒ ¦ a P �Å­�Ñ�	� w E � ¦ o �Å­¦ o ¬ � I ©5ª �5�?��� w (5.40)

where
�5�?��� w , � ¦ o and

�
aredefinedin (5.34), (5.38)and(5.35)respectively.

Proof: SeeAppendix5.B.

As mentioned,when � ª 2 �ÄÃ 2 � , this detectorreducesto the MMSE FIR
MIMO DFE discussedin Subsection3.3.1. In this case,Theorem5.1 provides
a generalizationof Theorem3.4 to the time-varying case. For a time invariant
channel,theDFEsderivedfrom Theorem5.1andTheorem3.4areidentical.
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EXAMPLE 5.3

Wewill now useTheorem5.1to designÔÔ thelinearMMSE detector( � ª 2Õ¤ M �ÄÃ 2Ðp ),Ô theinterferencerejectingDFE( � ª 2 �ÄÃ 2Õ¤ ) andÔ themultiuserDFE( � ª 2 �ÄÃ 2 � )

for theCDMA systemwith shortcodesandprocessinggain � , 2&Ö discussedin
Example5.1.

Two usersare transmittingBPSK signals,the first of which hasthe chan-
nel (5.20). Theseconduserusesthesignaturesequence� ¬ ¤ M ¬ ¤ M P ¤ M P ¤T×�Ø �
andthespreadsignaltravelsthroughthechip-sampledmultipathbasebandchan-
nel Ù Ã  �¨ ©5ª ¢ 2 P p G V ¨ © Ã ¬ p G Ö ¨ ©1Ú ¬ p G ¤ ¨ ©�Û G
As in Example5.1,we have assumedthatthecontinuous-timechannel(5.2) for
theseconduseris real-valued,which meansthat thesingle-userchannelcanbe
modeledby a scalar, real-valuedfilter. Proceedingasin Example5.1,we obtain
thesymbolratesampledSIMO channel

Ü Ã  �¨ ©5ª ¢ 2 ���� ppP p G ÖP p GÝ�
�?��� ¬ ���� p GÝÞ�ßp GÝ��ßP p GÝ��ßP p G p ß

�?��� ¨ ©5ª G (5.41)

Combining(5.20)and(5.41)asin (5.22a), weobtaintheMIMO model

Ü  �¨ ©5ª ¢ 2 � � ¬ �
ª ¨ ©5ª 2 ���� p pp GÝ��ß pP p G ¤ P p G ÖP p G Ö P p GÝ�

�?��� ¬ ���� p G ¤ p GÝÞ�ßp G ¤ ß p GÝ��ßp P p GÝ��ßp P p G p ß
�?��� ¨ ©5ª G (5.42)

This channelmodelwill beusedto designthethreedetectorsmentionedabove.
For the linearMMSE detectorandthe IR-DFE,only thefirst signalwill bede-
tected. All threedetectorshave k 2 « A 2 ° 2à¤ . We begin by building the
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matrix
�Q¹�º ¹

, definedin (5.33). Thismatrix is usedasa basisfor thedesignof all
threedetectors.Keepingin mind that

« A 2�¤ and ° 2�¤ , weobtain

�Q¹�º ¹ 2
������������

p p p G ¤?p p GÝÞ�ß p pp GÝ��ß p p G ¤ ß p GÝ��ß p pP p G ¤?p P p G Ö�p p P p GÝ��ß p pP p G Ö�p P p GÝ� p p P p G p ß p pp p p p p G ¤?p p GÝÞ�ßp p p GÝ��ß p p G ¤ ß p GÝ��ßp p P p G ¤?p P p G Ö�p p P p GÝ��ßp p P p G Ö�p P p GÝ� p p P p G p ß

�?����������� G (5.43)

Thenoise¥   *�¢ is whiteandhascovariancematrix0.03Ò Û , which impliesthat� 2Óp G p�áQÒ?â G (5.44)

This will give a signal-to-noiseratio of 9.5 dB and14.0dB for users1 and2,
respectively.

To determinethelineardetectorandtheIR-DFE,wealsoneed�5�?��� w 2�ã �
ª�ª

�
ª �?ä 2åECp G ¤?p p G ¤ ß p p p p GÝ��ß P p G ¤?p P p G Ö�p I ­ M (5.45)

where �
ª �

and �
ª�ª

wereobtainedfrom (5.20). Notethat
�5�?��� w correspondsto

columnthreein (5.43). For the linear detector, we have ��Ã 2æp , andwe see
from (5.38) that

� � 2 �Q¹�º ¹
. Inserting(5.43), (5.45)and(5.44) into (5.37), we

obtainthefeedforwardfilter for thelineardetector` ª  �¨ ©5ª ¢ 2åE P p G Ö�ÖtV�V p GÝ� á�ç�á p G p � á�V p G ¤?pè¤�¤ I¬ E P p G á�é\VêÖ p G é\ç�áêÖ p G ¤ ��Þ V P ¤ GÝÞ V Þ ¤ I ¨ ©5ª G
FromCorollary5.1,wethenobtaintheresidualMSEfor thelineardetector:� ª 2Ðp G ¤DÖtV�ç G
For theinterferencerejectingDFE,weobtainwith �ÄÃ 2�¤

� ª 2
������������

p p p G ¤?p p GÝÞ�ß p pp GÝ��ß p p G ¤ ß p GÝ��ß p pP p G ¤?p P p G Ö�p p P p GÝ��ß p pP p G Ö�p P p GÝ� p p P p G p ß p pp p p p p p GÝÞ�ßp p p GÝ��ß p p p GÝ��ßp p P p G ¤?p P p G Ö�p p P p GÝ��ßp p P p G Ö�p P p GÝ� p p P p G p ß

�?����������� G (5.46)
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Theonly differencebetween
� �

and
� ª

is in theelements

  ß M ß ¢ and

  ß M Þ ¢ , which
arezeroin

� ª
. Inserting(5.46), (5.45), and(5.44)into (5.37), weobtain` ª  �¨ ©5ª ¢ 2 E P p G á�é ß á p GÝ� á�V^¤ p G pè¤ Þ�� p G ¤?p�á ß I¬ E P p G Ö�p � p ¤ G pè¤?pté p GÝ� p Þ á P ¤ GÝß é|ÖtV I ¨ ©5ª G

Using

r
�

ª 2 E p G ¤?p p G ¤ ß p p I ­ , we candeterminethe feedbackfilter from
equation(5.39): m ª  �¨ ©5ª ¢ 2Ðp G ¤�¤�¤DÖ G
Finally, weobtaintheresidualMSEfor aDFEwith decisionfeedbackfrom only
signalonefrom (5.40): � ª 2Ðp G ¤Ñá�ç�V G
For themultiuserDFEwehave

� Ã 2
������������

p p p G ¤?p p GÝÞ�ß p pp GÝ��ß p p G ¤ ß p GÝ��ß p pP p G ¤?p P p G Ö�p p P p GÝ��ß p pP p G Ö�p P p GÝ� p p P p G p ß p pp p p p p pp p p GÝ��ß p p pp p P p G ¤?p P p G Ö�p p pp p P p G Ö�p P p GÝ� p p p

�?����������� G (5.47)

Notethatthetwo lastcolumnsnow containonly zeros.Sincewearenow detect-
ing bothsignals,wehave anotherright handsidein (5.37):

�5�Ñ�	� w 2�ã �
ª�ª

� Ã ª
�

ª � � Ã � ä 2
������������

p G ¤?p p GÝÞ�ßp G ¤ ß p GÝ��ßp P p GÝ��ßp P p G p ßp pp GÝ��ß pP p G ¤?p P p G Ö�pP p G Ö�p P p GÝ� p

�?����������� G (5.48)

Wenow insert(5.47), (5.48)and(5.44)into (5.37)to obtain` Ã  �¨ ©5ª ¢ 2�ã P p G Ö�¤�é\V p GÝ� ¤?p ß p G p � á�á p G p�V�V\p¤ G p�á�á�ç p G ¤Ñç�ç�á P p G ¤ � é � p G ¤DÖ�¤Ñá ä¬ ã p ¤ G ¤�¤Ñá�ç p G p�V ß é P ¤ GÝß ¤ Þ�Þp P p G á�á � ¤ P p GÝß V ß ¤ p G ¤�é � á ä ¨ ©5ª G



124 Chapter5. Multiuserdetectionin DS-CDMA

Using r
�

ª 2 ���� p G ¤?p p GÝÞ�ßp G ¤ ß p GÝ��ßp P p GÝ��ßp P p G p ß
�?���

wecandeterminethefeedbackfilter from (5.39):m Ã  �¨ ©5ª ¢ 2�ã p G ¤ Þ éë¤ p G á�á � çP p G p\Ötç�V p G p ß Ö�é ä G
Finally, weobtaintheresidualMSEfrom (5.40):� Ã 2�ã p G ¤Ñá�á�é P p G p�á�ç�VP p G p�á�ç�V p G p ß á�V ä G
The residualMSE for usertwo is smallerthanthe residualMSE for userone,
sincethetwo usershave differentSNRs.

We seethat in this example,theresidualMSE for useroneis approximately
thesamefor thethreedetectors:��Ã 0 1 2

MSE 0.1489 0.1398 0.1337

This is generallythecasewhenonly a few usersareactive in thesystem.

5.3.2 Near-far resistanceand the zero-forcing design

To addressthe performancedegradationin a multiuserscenariodueto multiple-
accessinterferencewhen the signal-to-noiseratio is high, Verd́u introducedthe
asymptoticefficiency[99, 100], which is definedas

¾ 4 �2Õì�íèîðï7p ¼=ñð¼ ¤\òOó�ô�õö|÷ ��ø 4  �ù ¢ Ø } ã»ú ñ\û 4ù äýü&þ ÿ (5.49)

where }   � ¢ �2 ¤ú ��� ���� � ©
	 o�� Ã j�
 G
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Above, ø 4  �ù ¢ is theerrorprobabilityof userS for theconsideredmultiuserdetector
whenthepowerspectraldensityof theadditive whiteGaussiannoiseis

ù Ã andthe
bit energy of userS is û 4

.
Theasymptoticefficiency relatestheperformanceof a multiuserdetectorop-

eratingin a multiuserscenarioto theperformanceof anoptimumsingle-userde-
tector, operatingin an AWGN channel.Whenthe asymptoticefficiency is equal
to one,theperformanceof themultiuserdetectoris unaffectedby thepresenceof
multiple-accessinterference.

Intuitively, theasymptoticefficiency of theMMSE detectorsdiscussedin Sub-
section5.3 is relatedto the increasein the residualMSE when multiple-access
interferenceis added:If theMSE only increasesmarginally with theintroduction
of MAI, thentheasymptoticefficiency is high. A graphicalillustrationof asymp-
totic efficiency is givenin Figure5.5.
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Figure5.5: An illustrationof asymptoticefficiency. Theperformanceof adetector
with asymptoticefficiency ��� operatingin a multiuserenvironmentdegradesby "!$#&%('*) ��� dBascomparedto theperformanceof anoptimumsingle-userdetector,
operatingin a scenariowithoutMAI.

However, the exact mappingfrom MSE to asymptoticefficiency is compli-
cated.10 Still, the asymptoticefficiency can, in principle, be evaluatedfrom the

10This is mainly becausethe noiseat the input to the decisiondevice is not Gaussian,sincethe
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statisticsof the soft symbolestimate +, . Naturally, the choiceof codes,the exact
multipathchannelandthe propagationdelayswill affect this stochasticvariable
alongwith thedetectorstructure.However, thereis anotherperformancemeasure
that canbe usedto describethe performancedegradationof a multiuserdetector
relative to theoptimumperformanceof a single-userdetector:thenear-far resis-
tance.

Thenear-far resistanceis defined[57] astheworst-caseasymptoticefficiency
for any interferencepower. Wewill investigateunderwhatconditionsthediscussed
MMSE detectorshave a near-far resistancethat is greaterthanzero. Whenthis
situationoccurs,thedetectoris saidto benear-far resistant.

Todetermineif theconsideredMMSEdetectorsarenear-farresistant,theresid-
ualMSE(5.40)couldbeevaluatedfor thecurrentscenariofor all transmitterpow-
ersof theinterferingusers.However, sincetheresidualMSEoftenvariessmoothly
with thenumberof users,theresultswould benon-conclusive. We needa sharper
instrument.

For this purpose,we will usethemultivariablezero-forcingcriterion.11 To be
able to usethe zero-forcingcriterion to prove near-far resistanceof the MMSE
detectorsin Subsection5.3.1, we formulatea condition that involves the matri-
cesintroducedin Theorem5.1. This conditionis sufficient andnecessaryfor the
fulfillment of thezero-forcingcondition,andis statedin thefollowing lemma.

Theorem 5.2 Considerthemultivariabledetector(5.28)and theMIMO channel
model(5.21)with � users andprocessinggain �.- . Assumethatall previousdeci-
sionsarecorrect,andthatall � signals

,t�n�/  10 ¢325476 ¤ 2989898*2 � are white, circular
with unit variance, andmutuallyuncorrelated.Thenthereexistanestimator(5.28)
thatfulfills thezero-forcingcondition(2.3) if andonlyif thecoefficientsof thefeed-
forward filter : ¦<;  �¨ ©5ª ¢=6?> � ¦<; ¬ > ª¦<; ¨ ©5ª ¬A@9@9@\¬ >&BDC¦<; ¨ © BEC satisfy

�®­¦=F ���
  > � ¦<; ¢ ­

...
  >&BEC¦<; ¢ ­

�?�� 6HGI8 (5.50)

MMSE detectorsbalanceMAI rejectionagainstnoiseamplification.Thedecisionstatisticwill thus
havecontributionsfrom residual(non-Gaussian)MAI, aswell asfrom (Gaussian)noise.Thecontri-
butionsfrom all interferingusersmustthenbeconsideredindividually.

11Sincethe detectorstructurediscussedin this chapterclosely resemblesthe one discussedin
Section3.3,weareactuallyinvestigatingavariantof theDiophantineequation(3.28).



5.3. Detectordescription 127

Here
� ¦=F is definedin (5.38), and

G �6
�������������

J 89898 J
...

...J 89898 JK Ã ¦<;J 89898 J
...

...J 89898 J

�?������������

L ¶M¶N �\�PO
L ¶M¶N �\�  +«*Q ¬B°~¬ ¤SR O ¢ R �\� ª

T UWV X�\� ª
(5.51)

Proof: SeeAppendix5.C.

Remark 6. As previously mentioned,when � ª 6 ��Ã 6 � andthechannelsare
time-invariant,thedetectoris identicalto theFIR DFE introducedin Section3.3.
Also, for � ª 6 ��Ã 6 ¤ andtime-invariantchannels,the detectoris identicalto
the IR-DFE discussedin Section4.3. For thesesituations,equation(5.50) will
thuslack a solutionwhenever theconditionsin Theorem3.5 ( � ª 6 �ÄÃ 6 � ) or
Theorem4.1( � ª 6 �ÄÃ 6 ¤ ) areviolated.

We showedin Chapter3, thata zero-forcingsolutionnever existswhen ¥ZYðÇ¥&[ , that is, when the numberof channelinputsexceedsthe numberof channel
outputs.By imposingthis conditionon thechannelmodel(5.21), we realizethat
a zero-forcingCDMA detectorwith the structuredescribedabove cannotexist12

whenÔ � Ç½�\� - (realsymbolconstellation)Ô � ÇU� - (complex symbolconstellation).

Theseconditionswill be relaxed whenthereceived signalis oversampled.How-
ever, excessive oversamplingof a bandlimitedsignalwill leadto high correlation
amongconsecutivechanneltaps,whichin turnmayleadto anill-conditionedprob-
lem.

To ensurethat a solutionto (5.50)exists, we have to assurethat the number
of unknowns equalsor exceedsthenumberof equations.We thusderive a condi-
tion correspondingto (3.29)and(4.22), which statesthenecessarydegreeof the
feedforwardfilter of thezero-forcingCDMA detector:

12Strictly speaking,wehaveonly shown this for \ ;^] \ FZ] \ (Theorem3.5)and \ ;_] \ FZ]`
(Theorem4.1),but formulatingandproving thecorrespondingconditionsfor any other \ ; and \ F

is straightforward.
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Corollary 5.2 Thereexistsa zero-forcingCDMAdetectorwith thestructure (5.28)
only if «*Qba   � R ��Ã ¢ °~¬B��Ã   OÅ¬ ¤ ¢� - R �L¬B� Ã RU¤ 8 (5.52)

Proof: SeeAppendix5.D

Thisconditioncanberewrittenas� ¼ �b-  +«cQ ¬ ¤ ¢ ¬ �ÄÃ  +«cQ R OÅ¬B° ¢«*Q ¬B°~¬ ¤ 8 (5.53)

Sincewe require

«*QAa O , the numberof usersthat can be accommodatedin a
systemwith � - , «cQ

, ° and O fixeddecreaseswith decreasing� Ã . In this respect,
it is of greatvalueto feedbackasmany detectedsignalsaspossible.We alsosee
thatthelimit increaseswith increasing� - .
Remark 7. Themostcommonversionof the linear receiver uses

«*Q 6 J
. If we

insert

«*Q 6 J
and �ÄÃ 6 J

into (5.53), weobtain� ¼ �b-°¿¬ ¤ 8 (5.54)

Considera casewithout multipathpropagation,that is, d / 6 Jfe 4 in (5.2). In the
synchronouscase,no intersymbolinterferencewill thenoccur( ° 6 J

), provided
thatthesynchronizationis perfect.In thiscase,theinequality(5.54)reducesto� ¼½�b- 8
In theasynchronouscase,weneed° 6 ¤ to modeltheresultingintersymbolinter-
ference.In thiscase,azero-forcinglinearreceiver with

«*Q 6 J
existswhen� ¼½�b- Ø � 8

Again,theseconditionsarerelaxedif oversamplingis used.

We cannow useTheorem5.2andCorollary5.2alongwith thefollowing the-
oremto determineif oneof theMMSE detectorsabove is near-far resistant:

Theorem 5.3 Assumingcorrectpastdecisions,theMMSEdetector(5.28)designed
from (5.37)and (5.39) is near-far resistantif andonly if it is possibleto tuneits
parameters sothat (5.50)is fulfilled.

Proof: SeeAppendix5.E.
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Remark 8. Whenthedetectoremploys decisionfeedback,thatis, when �ÄÃÈÇ J
,

we assumethat all previous decisionsarecorrect. We arethusinvestigatingthe
idealnear-far resistance[25].

Thetheoremis intuitive: If no solutionto thezero-forcingconditionexists,all
multiple-accessandintersymbolinterferencecannotberemovedfrom thesignalat
the input of the decisiondevice. In situationswhenthe power of the interfering
signalsis large,thesymbolestimatesmayeasilybecomeuseless.

It is not surprisingthattheconditionfor non-zeronear-far resistancebecomes
milder whenmoredecisionfeedbackis introduced,sincethefeedbackfilter helps
to suppressMAI. The resultsin [74] can be predictedfrom Corollary 5.2: For
any given feedforward filter degree,a decisionfeedbackreceiver canrejectmore
interferers.

5.4 Monte Carlo simulations

In thissection,theresultsfrom severalMonteCarlosimulationswill bepresented.
In thesimulationexperiments,themodelbaseddesignprocedureproposedin this
chapteris comparedto the traditional adaptive approach[58, 61, 70], which is
discussedin Subsection5.2.4.We alsoevaluatethenear-far propertiesof thecon-
sidereddetectors,andcomparethesepropertieswith thepredictionsobtainedfrom
considerationof the zero-forcingconditionsintroducedin Subsection5.3.2. Fi-
nally, we will apply the consideredmultiuserdetectorsto the downlink in a W-
CDMA system,andcomparetheir performanceto thatof theconventionaldetec-
tor.

5.4.1 Application in a systemwith long codes

In our first scenario,we will demonstratetheperformanceof theproposedmodel
baseddesignin asystemwith longcodes.Theconsideredsystemis asynchronous
with a processinggain �b- 6hg . Themodulationschemeis BPSK,andthepulse
shapingemployedis a raisedcosinewith roll-off 0.35.

ThetransmittedsignalspassthroughaRayleighfadingchannelwith four time-
invarianttaps.Thesetapsareindependentandassumedto beknown. Thechannels
from differenttransmittersareindependent,aswould bethecasefor uplink trans-
mission.Weassumethatslow powercontrolensuresthatthesignalsfrom different
transmittersarereceivedwith thesameaveragepower.

At thereceiver, whiteGaussiannoiseis addedto obtainanSNRbetween0 and
15 dB. We evaluatetheBER whenthreeor six usersarepresentin thesystemand
considerthreedifferentMMSE detectors:
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.Ô ThemultivariableDFE with � ª 6 � Ã 6 ¤ , which is relatedto theinterfer-

encerejectingFIR DFE discussedin Subsection4.3. As in Chapter4, this
DFEwill becalledtheinterferencerejecting(IR-)DFE.Ô The multivariableDFE with � ª 6 �ÄÃ 6 � , which closelyresemblesthe
FIR DFE discussedin Section3.3. This DFE will be calledthe multiuser
(MU-)DFE.

For all threedetectors,we use

«cQ 6 O 6 � . This is in accordancewith the rule
of thumbin Subsection3.3.1,sincewe mustuse ° 6 � in (5.22b)to modelthe
multipathchannel,the spreading,anda propagationdelay that may be equalto�b- R½¤ . Theresultsaredepictedin Figure5.6.
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Figure5.6: Performanceof the threedetectorsin anasynchronoussystemusing
longcodes.Theprocessinggainis eight,andthechannelhasfour Rayleighfading
taps.

Themainobjective of this simulationis to show thatchip-spacedMMSE de-
tectorscanbeimplementedin a systemwith long codes.Theresultsdemonstrate
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exactly that. We alsoseethat the differencebetweenthe threeinvestigatedde-
tectorsis small, in particularfor the three-usercase. This is in agreementwith
the resultsobtainedin Chapter4: With few users,the advantageof introducing
additionaldecisionfeedbackis small.

5.4.2 Convergencecomparison

In thissimulation,wewill demonstratehow theimprovedconditionsfor parameter
estimationaffect the performanceof the detectors. The proposedmodel based
tuning will be comparedto the traditional adaptive setupwherethe receiver is
recursively adjustedto minimizetheMSE.Thismethodis proposedin [58, 61, 70],
andwill becalledthedirectapproach.

We investigatetheresidualMSE for the linearMMSE detector( � Ã 6 J
) for

two differentparameteradjustmentprocedures:

1. Indirectadjustment,whenthedesignis basedonanestimatedchannelmodel
andtheknown codesequencesasdescribedin Subsection5.2.4.

2. Directadjustment,whenthereceiver is tuneddirectlyfrom thereceiveddata.

In bothcases,theunknown parametersareestimatedrecursively usingtherecursive
leastsquares(RLS) algorithmwith an increasingdatawindow, that is, with the
forgettingfactorequalto one.

Thecomparisonbetweenthetwo approachesis notcompletelyfair: Themodel
baseddesignassumesknowledgeof thecodesequencewhereasthedirectmethod
doesnot. Actually, this is exactly our point: We want to show how muchcanbe
gainedby usingthisknowledge.

The consideredsystemis asynchronous.Kasamisequencesof length15 are
usedto spreadBPSK symbols,which are subsequentlypassedthrougha raised
cosinefilter with roll-off factor0.35.

ThetransmittedsignalpropagatesthroughaRayleighfadingchannelwith four
time-invarianttaps.Thechannelsfrom differenttransmittersareindependent,and
slow powercontrolis assumedto ensurethatsignalsfrom differenttransmittersare
receivedwith thesameaveragepower.

At thereceiver, thesignalsfrom four, eightor twelve usersareaddedtogether
with white Gaussiannoiseto give an averageSNR of 15 dB. We estimatethe
transientMSE for user1, whosesignal arrives at the receiver with zero delay,
usinga lineardetectorwith

«*Q 6 O 6 ¤ . Again, this is in accordancewith therule
of thumbin Subsection3.3.1:Sinceonly thesignalfrom user1 is detected,wecan
use

«cQ 6 O 6 ° ª 6 ¤ . TheMSE is averagedover 100noiserealizations,in each
of 1000channelrealizations.Theresultis depictedin Figure5.7.
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Figure5.7: Comparisonof therateof convergencefor modelbased(indirect)de-
signanddirectestimationof theequalizerparametersfor anasynchronoussystem
with processinggain ikjkl !$m . The residualMSE hasbeenestimatedfor 1000
channelrealizations,eachof whichcomprises100noiserealizations.

FromFigure5.7,weobserve thattheinitial convergenceis muchfasterfor the
modelbasedapproachthanfor the direct approach.This is quite natural: In the
modelbasedapproach,muchfewer parametershave to be estimatedthanfor the
direct approach.The parametersestimatedin the indirect approachdescribethe
channelwell enoughso that a powerful detectorcanbe designed. In this case,
sufficient accuracy is obtainedwith five tapsthatmodelthemultipathchanneland
the “interchip” interferencethat resultsfrom the asynchronoussamplingof the
pulseshapingfunction n7oqpsr .

For the direct approach,the capability to reject interferenceis directly tied
to the numberof parameterswe have to estimate.In this simulationscenario,a
detectorthatis powerful enoughis describedby t.-uo1v Q�wAx r 6zy J parameters,and
all of themmustbeestimated.

At iteration30, theMSE of thedirectapproachhasa local maximum.Before
this iteration,theestimatedcovariancematrixof theregressorvectordoesnothave
full rank. The parametersthentendto drift off in any directionin the nullspace
of this matrix estimate.However, astheconvergenceproceeds,this nullspacebe-
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comessmallerandsmaller, until it vanishesat iteration30andtheparametersstart
moving towardstheoptimumsetting.

Remark 9. Note that theadvantageof themodelbaseddesignlies in the initial
convergence.For very long trainingsequences,betterperformanceis obtainedif
the channelmodelhasmorethanfive taps,a propertythat the direct,but not the
indirect,methodutilizes.

5.4.3 Performancecomparisonin a near-far situation

We now turn our attentionto the near-far propertiesof the considereddetectors
asa functionof thenumberof active users.Still, the consideredsystemis asyn-
chronouswith processinggain t.- 6 xu{

. EachQPSKmodulatedsignalis spread
by a real-valuedKasamisequence,and raisedcosinefiltering with roll-off 0.35
is usedfor pulseshaping.The transmittedsignalpropagatesthrougha Rayleigh
fadingchannelwith four time-invarianttaps. Thesetapsareindependentandare
assumedto beknown. Differentusershaveuncorrelatedchannels,aswouldbethe
casefor uplink transmission.To modelthemultipathchannel,thespreading,anda
propagationdelaythatmaybeequalto t.- R x , wemustuse| 6z} in (5.22b).

At thereceiver, white Gaussiannoiseis addedto give user1 anaverageSNR
of 20or 30dB, whereastheremainingusershave anaverageSNRof 60or 70dB.
Thenear-far ratio is thus40dB.

We estimatethe residualMSE of user1 for the linear MMSE detector, the
interferencerejectingDFE andthemultiuserDFE whenthenumberof usersvary
between1and20. Notethatwefor thedetectorswith decisionfeedbackusecorrect
decisions.For all threedetectors,we use v Q 6 O 6 | 6?} in accordancewith the
ruleof thumbin Subsection3.3.1.Theresultis depictedin Figure5.8.

In thisscenario,theperformanceof thelinearequalizerandtheIR-DFEarestill
approximatelyequal,whereasthe performanceof the MU-DFE is clearly better.
This conclusioncouldbepredictedif we studytheconditionsfor theexistenceof
azero-forcingsolutionfor thepresentscenario.If we insertthesystemparameters
( | 6 O 6 v Q 6z}�2 t.- 6 xu{

) into (5.53)weobtain

Linear: ~����
IR-DFE: ~����
MU-DFE: ~�� xu{ 8

We couldthuspredictthat theperformanceof the lineardetectorandtheIR-DFE
would besimilar. However, theresultsin thesimulationsindicatethata few more
thannineuserscanbeaccommodatedin a systemwherethelineardetectoror the
IR-DFEareemployed.Thereasonsfor thisdiscrepancy aretwofold:
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Figure 5.8: The performanceof the threedetectorsin a near-far scenariowith
processinggain i j l !Wm . Thegraphshows theestimatedresidualMSE for user
one,whohasanSNRof 20or 30dB. TheremainingusershaveanSNRthatis 40
dB higher.

1. The systemin the simulationhasmoreconstraintsthan is assumedin the
discussiononnear-far resistancein Subsection5.3.2:� In thedefinitionof near-far resistance,time-varyingsignalpowersare

allowed.This featureis not includedin thesimulation.� The discussionin Subsection5.3.2 is basedon a completelygeneral
discrete-timechannelmodel,describedby the ~�t.-9o�| w�x r complex
coefficientsof the multivariableimpulseresponse.In the simulation,
we usea realisticCDMA model,whereseveral of thesecomplex co-
efficientsarezero. In the impulseresponse(5.18b), the first part of
thefirst tap ���/�� is zeroto modela propagationdelay, whereasthelast
part of the last tap � �/���� is zeroto padthe impulseresponse.For in-
stance,whenthechannel(5.2)only hasasingletapwith apropagation
delaythat is an integer multiple of the chip-period,that is, if d / 6 J
and � /�� oqpsr 6��^� - , the equivalent discrete-timeimpulseresponseof
thephysicalchannelhas o � w�x r taps,whereonly the lastoneis non-
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zero.Whentheequivalentdiscrete-timephysicalchannelis convolved
with thespreadingfilters (5.9)and(5.11b), weobtaina two-inputtwo-
outputchannelwith � w tb- taps,wherethefirst � arestill zero.When
we form thetwo-input } t.- -outputchannelusing(5.18b), we obtaina
two-tapchannelthatis describedby o�| w�x r=� } � } t.- 6zg t.- param-
eters.However, only ��t.- of themare non-zero. Thepresenceof these
zerosmakesit easierto fulfill thezero-forcingcriterion.

2. Thesystemparametersarestochasticvariables:Onerealizationmayyield a
systemfor whichazero-forcingsolutionexists,whereasfor anotherrealiza-
tion, suchasolutionmaynotexist.

Thefirst point is moreimportant.A closerexaminationof thenumberof equations
andunknownsshouldgive a morereliablepredictionon thenear-far resistanceof
thedifferentdetectors.

If the degreeof the feedforward filter is increased,then the performanceof
the lineardetectorandtheIR-DFE shouldimprove. If we insertnumericalvalues
into (5.52), we find that a zero-forcinglinear equalizermay exist for ~ 6 x � ifv Q�a }�� andthatazero-forcingIR-DFEmayexist for ~ 6 xu{

whenever v Q�a y x .
As a final comment,we remarkthat investigationson near-far resistanceare

mainlyof theoreticalinterest.In aninterferencelimitedcellularsystem,the“noise”
is causedby MAI from othercells. Therefore,it is very unlikely that theweakest
userhasanSNRof 20 or 30 dB. This is true in particularfor a near-far scenario,
wherepower controlis not usedto reducethepower of stronginterferers.

5.4.4 Performanceof the multiuser detectorsin a W-CDMA system

As a final test,theperformanceof themultiuserdetectorsin a morerealisticsce-
nariowill beinvestigated:thedownlink in a widebandCDMA system,according
to theUTRA W-CDMA proposal[22].13

In this simulation,all usershave processinggain t.- 6 xu�
.14 Thecodesused

in theW-CDMA downlink aresocalledOVSFcodes,combinedwith a longcode.
In this case,whenall usershave the sameprocessinggain, the OVSF codesare
simply Walshfunctions.Themodulationis QPSKandraisedcosinefiltering with
a roll-off of 0.22is used.

Eachframecontains160symbols,andeightof thosearepilot symbols.In this
simulation,we assumethat the frameboundariesfor differentusersarealigned,

13The UTRA W-CDMA standardis still evolving. However, the descriptionin [22] is accurate
enoughfor thepurposeof thissimulation.

14This assumptionis unrealistic: In a real system,differentuserswill have differentprocessing
gainsto allow differentdatarates.
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andthatthesignalsto differentusersaretransmittedwith thesamepower. Wealso
assumethatthepropagationdelayhasbeenestimatedwith anaccuracy of onechip
period.

The signalsfrom the basestationpassesthrougha Rayleighfadingchannel
with threetime-invarianttaps.15 Sincethepropagationdelayhasbeenaccurately
estimated,it is sufficient to useachannelmodel(5.22b)with | 6 x

.
The channelis estimatedusing the off-line leastsquaresmethodusing the

spreadpilot bits. ThetransmittedsymbolsarethendetectedusingthelinearMMSE
detector, the interferencerejectingDFE andthe multiuserDFE. For all threede-
tectors,we choosev Q 6 O 6 | 6 x

. TheBER wasthenevaluatedfor anaverage
SNRof 5 and10dB, andcomparedto theBERof theconventionaldetectorwith a
RAKE receiver. Theresultis depictedin Figure5.9.
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Figure5.9: Theperformanceof thethreemultiuserdetectorsandtheconventional
receiver in a downlink W-CDMA scenario. The processinggain is 16 and all
signalsaretransmittedwith thesamepower.

A downlink scenariois different from an uplink scenarioin a few important

15Theframelengthin W-CDMA is only 0.625ms,sothechannelis approximatelytime-invariant
for thedurationof aW-CDMA frame.
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aspects:� All thetransmittedsignalspassthroughthesamechannel.� Thereis a possibilityto receive all signalsynchronously.� Thecodescanbealmostorthogonalat thereceiver.

Thesefactscausethesmallperformancedifferencebetweentheinvestigatedmul-
tiuserdetectorsto disappear. Furthermore,the differencebetweenthe multiuser
detectorsandthe conventionaldetectoris relatively small, in particularwhenthe
SNRequals5 dB. This is a remarkablefact: In a downlink situationwith a lot of
noise,the potentialfor improvementin the systemcapacityby introducingmul-
tiuserdetectorsis small! Only in situationswhereuplink performancelimits the
systemcapacitycanit beadvantageousto deploy multiuserdetectors!

Finally, we notea small anomalyin the results: Whenthe numberof active
usersis small, theBER is decreasedwhenthenumberof usersincreases.This is
becausein this situation,theperformanceis limited by thequality of thechannel
estimates,andaswe increasethe numberof users,the preconditionsfor channel
estimationare improved. To seethis we insert � �9�^���^ ¡ o�¢�£ ¡ r¥¤¦� �9�^���^ § o�¢�£ ¡ r¥¤¨9¨9¨ ¤z� �9� � �^ © o�¢ £ ¡ r into (5.26)to obtainª o1«¬t.­ w�® r¯¤z� �9�^���^ ¡ o�¢ £ ¡ r ©° ±�² ¡´³ ± o1«¬t.­ w�® r w �=µ1¶3· ¸ o1«¬tb­ w�® r¤z� �9�^���^ ¡ o�¢ £ ¡ r�¹7o1«¬t.­ w�® r w �=µ1¶3· ¸ o1«¬tb­ w�® r
with

¹7o1«¬t ­ w�® r^º¤ ©° ±�² ¡ ³ ± o1«¬t ­ w�® r¼»
We seethat the varianceof the input signal ¹ increasesas the numberof users
increases,leadingto higheraccuracy in thechannelestimates.As thenumberof
userskeepsincreasing,thedetectorperformancenolongerbecomeslimited by the
accuracy of thechannelestimates.Whenthis happens,theperformancebeginsto
degradeasthenumberof usersincreases.

5.5 Discussion

We have proposeda new methodologyfor the designof DS-CDMA detectors.
Thedesignis basedon a linearfilter model,which hasthetransmittedsymbolsas
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input andthe chip-sampledsignalasoutput. This model is constructedfrom an
estimateof themultipathchannelandtheknown signaturesequences.Multipath
propagationandpropagationdelayscanbeeasilyhandledin this framework.

Similarmodelshavebeenusedpreviously to analyzeCDMA detectors[58, 61,
70]. In contrast,we proposethat themodelbeusedalsofor detectorimplementa-
tion. Sincethenumberof unknown parametersis kept low, theaccuracy obtained
whenestimatingtheseparametersbecomeshigh. Moreover, it is conceptuallysim-
ple to modify thedetectorto beusedin asystemwherelongcodesareused.

Thelinearmodelcanbeusedto designMMSE detectorswith or withoutdeci-
sionfeedback,asdemonstratedin Section5.3.Thedetectorswill betime-invariant
whenthemultipathchannelis time-invariantandshortcodesareused.Otherwise,
it will betime-varying.

We have also introduceda tool for analyzingthe near-far propertiesof the
MMSE detectors:existenceof a zero-forcingsolution. We have shown that an
MMSE detectorwith a certainstructureis near-far resistantif andonly if thede-
tectorparameterscanbe tunedso that the zero-forcingcondition is fulfilled. A
simpleconditionthat is necessaryfor theexistenceof a zero-forcingsolutionhas
alsobeenderived. The conditionprovides a relationbetweenimportantsystem
parametersanddetectorparameters.In particular, the conditionpredictsthat the
near-farpropertiesof alinearMMSEdetectorandanMMSEdetectorwith decision
feedbackfrom only asingleuserareverysimilar.

For thecasewith longsignaturesequences,themodelandtheresultingdetector
are rapidly time-varying. In fact, the detectorhas to be recalculatedfor every
symbol.Thecomplexity for thedesignthenbecomesveryhigh.

Simulationsin theprecedingsectiondemonstratethat:� Thedetectorcanbeimplementedin a systemwith longcodes.� Theimplementationmakesrapidadaptationpossible.� The detectoris near-far resistantunderconditionsthatareoutlinedin Sub-
section5.3.2.� The gainsobtainedwhen implementingthe detectorin the downlink of a
W-CDMA systemarerelatively modest.

Thefinal point is alarming,sincethesystemcapacitymayoftenbelimited by the
downlink capacity. It appearsthat the implementationof a multiuserdetectoris
not worth-whileif thedownlink is thelimiting link. Thispropertyis alsothemost
importanttopic for futureresearch:Howlarge is thegain in systemcapacitywhen
multiuserdetectionis introduced?
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Appendix 5.A Derivation of the channelmodel (5.4)

In this appendix,we will derive theexpression(5.5). To simplify thenotation,we
will droptheuserindex ½ , andderive theexpressionfor thechannelfrom thereal
partof the transmittedchip sequenceto thereceivedchip-sampledin-phasecom-
ponent.Theextensionto theotherthreecomponentsin thepoynomialmatrix (5.4)
is straightforward.

We will assumethat the pulseshapingfilter hasa time-invariant impulsere-
sponsen5o��¾r that is non-zeroonly in theinterval ¿ À¬Á �¬Â ¿ , where�ÃÂ is allowedto be
infinite. Thereceiverfilter is matchedto thepulseshapingfilter. To obtainacausal
filter, its impulseresponseis assumedto begivenby n7o �ÃÂbÄ �¾r . We alsoassume
thatthepulseshapeis symmetrical,thatis, weassumethatn7o �ÃÂfÄ �¾r=¤Ån5o��¾rÇÆ_�È» (5.55)

Thesituationis depictedin Figure5.10.

³ o1«
r É¯Ê1ËZÌ ÍÏÎÑÐ�ÒÃÓ3ÔÖÕ�×�Ø É¯ÊÚÙ ÂÜÛ ËZÌ Ý lßÞ�à j ª o1«
ráâ ã�ä(åçæáâ èWäéåçæ áâ ê$ä(åçæ ëëëëë áâìí
Figure5.10:Thecomponentsof theequivalentbasebandchannelmodelfrom the
realpartof thetransmittedsymbolto thereceivedin-phasecomponent.

Referringto Figure5.10,wedefinethefollowing signals

³ o1«
r^º¤ therealpartof thetransmittedchipsequenceî oqp�r º¤ therealpartof thetransmittedbasebandsignalï oqp�r º¤ thereceivedin-phasecomponentprior to chip-matchedfilteringª oqp�r º¤ thereceivedin-phasecomponentafterthechip-matchedfilteringª o1«
r º¤ sampledin-phasecomponent»
Throughoutthisappendix,all discretetimetime-seriesaresampledatthechip-rate,
andweusethesingleletter « asanindex in thesetime-series.

At time p , thecontinuoustimebasebandrepresentationof thetransmittedsignal
is givenbyî oqpsr¼¤Ån7oqpsr ³ o�À�r w n7oqp Äð� ­ñr ³ o x r w n7oqp ÄH}*� ­3r ³ o } r w »9»9»¤ �°ò ² � n7oqp Äß�^� ­ñr ³ o � r5» (5.56)
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Thenumberof non-zerotermsin thissumdependson therelationbetween�ÃÂ and� ­ .
Eachtermin thesum(5.56)is attenuatedandphaseshiftedby the ó wAx time-

varyingmultipathsin theimpulseresponse(5.2), which we repeatfor easeof ref-
erence: ôöõø÷ ­ o��^ù�p�r¼¤ ú°ã ² �

ô�õ´÷ ­ã oqpsrDv�o�� Ä � ã oqpsr�r¯»
Thereceivedsignalprior to thechip-matchedfiltering is thengivenby thedouble
sumï oqpsr¼¤ ú°ã ² �

ôöõ´÷ ­ã oqp�rçn5oqp Ä � ã oqp�r�r ³ o�À�r w ú°ã ² �
ô�õ´÷ ­ã oqpsrçn7oqp Äð� ­ Ä � ã oqpsr�r ³ o x r w »9»9»¤ �°ò ² � ú°ã ² �

ô�õø÷ ­ã oqp�rçn7oqp Äß�^� ­ Ä � ã oqpsr�r ³ o � r¼»
The received signal is passedthrougha filter matchedto the pulseshapingfil-
ter (5.55). Theresultingoutputfrom theconvolution is givenbyª oqpsr=¤�ûÅü9ý� n5oq¹^r ï oqp Ä ¹&r�þ�¹

¤ ûÅü9ý� n5oq¹^r �°ò ² � ú°ã ² �
ô�õ´÷ ­ã oqp Ä ¹^rçn7oqp Ä ¹ Äÿ�^� ­ Ä � ã oqp Ä ¹&r�r ³ o � r�þ�¹�»

Note that the integration only takes placeover the interval ¿ À¬Á � Â ¿ , since n7oqpsr is
non-zeroonly in this interval.

Finally, thesignal ª oqpsr is sampledat thetime instantp¼¤z« � ­ , andweobtainª o1«
r¼¤ û ü9ý� n7oq¹&r �°ò ² � ú°ã ² �
ôöõ´÷ ­ã o1« � ­ Ä ¹&r��n7o1« � ­ Ä ¹ Äð�^� ­ Ä � ã o1« � ­ Ä ¹&r�r ³ o � r�þ�¹�»

Theorderof integrationandsummationcannow beexchangedto obtainª o1«
r¼¤ �°ò ² � � ûÅü9ý� n5oq¹^r ú°ã ² �
ôöõø÷ ­ã o1« � ­ Ä ¹^rc�
n7o1« � ­ Ä ¹ Äß�^� ­ Ä � ã o1« � ­ Ä ¹^r�r�þ�¹�� ³ o � r¼»
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With theaidof thedefinition� �� £ ò º¤ ûÅü9ý� n7oq¹&r ú°ã ² �
ô�õø÷ ­ã o1« � ­ Ä ¹^rS�n7o�o1« Äß� r � ­ Ä ¹ Ä � ã o1« � ­ Ä ¹^r�r�þ�¹ (5.57)

thereceivedsignalcanbeexpressedasª o1«
r¼¤ �°ò ² � � �� £ ò ³ o � r=¤ � �°� ² � � �� ³ o1« Ä�� r¼¤ � � o�¢ £ ¡ r ³ o1«
r¯Á (5.58)

wherewe have substituted� for � Ä « . Wealsoassumedthat
� �� ¤zÀ for ��� À or�
	 | ­ . Notethat(5.58)coincideswith element(1,1) in (5.3a). We thusseethatª o1«
r canbe modeledasthe outputof a linear filter, whosecoefficientsaregiven

by (5.57).
If we assumethat

ôöõ´÷ ­ã o ¨ r and � ã o ¨ r areapproximatelyconstantover a time
interval of length � Â , we can further simplify the expression(5.57). With this
assumptionweobtainthefollowing approximationsof thefactorsin theintegrand:

ô�õø÷ ­ã o1« � ­ Ä ¹^r�� ô�õ´÷ ­ã o1« � ­ñr�Zo1« � ­ Ä ¹^r�� �Zo1« � ­ r
since ÀÈ� ¹Ï� �¬Â . Thefactor

ôöõø÷ ­ã o1« � ­ñr canthenbemovedoutsidetheintegra-
tion and(5.57)becomes� �� ¤ ú°ã ² �

ô�õ´÷ ­ã o1« � ­ñr ûIü ý� n7oq¹^rçn5o �¾� ­ Ä � ã o1« � ­3r Ä ¹&rEþ�¹
¤ ú°ã ² �

ô�õ´÷ ­ã o1« � ­ñr�
Èo � � ­ Ä � ã o1« � ­3r�r (5.59)

with 
Èo��¾r<¤�ûÅü9ý� n7oq¹&rçn7o�� Ä ¹&rEþ�¹ » (5.60)

To returnto thenotationusedin therestof thechapter, wereplace« by «¬t.­ wP® ¤«&o ������� ­ r w�® . Equation(5.59)thenbecomes� �9�^�E�^ � ¤ ú°ã ² �
ôöõ7÷ ­ã o1« � � w�® � ­ñr�
Èo � � ­ Ä � ã o1« � � w�® � ­ñr�r

whichcoincideswith element(1,1) in (5.5).
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Appendix 5.B Proof of Theorem5.1and Corollary 5.1

Supposethata linearfinite impulseresponsechannelof order | is givenby (5.21)
andassumethat � ¿ þ_o1«
rEþ ü o î r��^¤zv � ã��� ¿ � o1«
r � ü o î r��^¤�� � £ ã� ¿ þ o1«
r � ü o î r��^¤ À » (5.61)

Theobjective is to estimatethesymbolvectorþ ä ©�� æ�� « Ä�� � º¤"! þ ü ¡ � « Ä�� � »9»9» þ ü © � � « Ä#�$�&% ü (5.62)

by meansof theequalizer(5.28), whichwerepeatfor easeof reference:'þ � « Ä#�)( « � ¤+* © � � ¢ £ ¡ ��,-� « �7Ä/. ©10 � ¢ £ ¡ �32þ ä ©10 æ4� « Ä��SÄ65 � (5.63)¤+7-8 © � ,-� « �:9 7 ¡© � ,;� « Ä65 ��9 ¨9¨9¨ 9 7-< �© � ,;� « Ä>= ³ �Ä@? 8 ©10 2þ ä ©10 æ � « Ä��SÄ65 �7Ä ¨9¨9¨ ÄA? <CB©10 2þ ä ©10 æ � « Ä���ÄD5"ÄE=GFH�¤JI ü K3LNM Ä I ü B 2O ä ©10 æM £QP�£ ¡ (5.64)2þ ä ©10 æ± � « Ä��$� ¤SR � 'þ ± � « ÄT�U( « �&� ½5¤ 5 Á4V�Á9»9»9»*Á4VXW § (5.65)

where * ©�� � ¢ £ ¡ � of order = ³ and . ©10 � ¢ £ ¡ � of order =GF arepolynomialmatrices
of dimensionsVXW ¡ZY VX[.­ and VXW ¡ZY VXW § , respectively and R � ¨ � is the decision
non-linearity. Also, I ü K ¤\! 7 8 © � 7 ¡© � »9»9»]7 < �© � % (5.66a)I ü B ¤]^ ? 8 ©10 ? ¡©10 »9»9» ? <CB©104_ (5.66b)

and LNM ¤\! , ü � « �`, ü � « Ä65 � »9»9» , ü � « Ä>= ³ � % ü (5.67a)2O ä © 0 æM £QP�£ ¡ ¤bacd 2þ ä ©10 æ � « Ä��SÄ65 �
...2þ ä ©10 æ � « Ä��SÄ65"Ä/=GFH� egfh » (5.67b)

Thefeedbackfilter shouldbeableto cancelall postcursortaps.Thenumberof
postcursortapsequals = ³ 9
ij9k5l mon p

numberof
tapsin qsrst ävuxw � æzy|{9ä}uxw � æ Ä �l~monGp

numberof
precursortaps

Ä 5lGmon~p
reference

tap

»
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Therefore,weconcludethat =XF ¤ i�9
= ³ Ä��SÄ65 »
The coefficients �Q7 ò ©��$� and � ? ò © 0 � areto be determinedso that the mean-

squareerrorof theestimate
'þ � « Ä��)( « � is minimized.Proceedingasin AppendixC,

weobtainthenormalequationsacd � LNM~L üM Ä � LQM ^ 2O ä ©10 æM £QP�£ ¡ _ üÄ � 2O ä © 0 æM £QP�£ ¡ L ü M � 2O ä © 0 æM £QP�£ ¡ ^ 2O ä © 0 æM £QP�£ ¡ _ ü
egfh�� I KI B��¤�� � LQM � þ ä ©�� æ � « Ä��$�&� üÄ � 2O ä ©10 æM £QPD£ ¡ � þ ä © � æ � « Ä#�$�&� ü:� » (5.68)

Assumethatall previousdecisionsaffecting thecurrentestimatearecorrect,that
is, 2þ ä © 0 æ�� « Ä#��� ¤ þ ä © 0 æ�� « Ä#��� Æ ��9S5��@���Dij9A= ³
with þ ä ©10 æ � « � º¤ ! þ ü ¡ � « � »9»9» þ ü © 0 � « � % ü »
Define O ä ©10 æM £QP�£ ¡ º¤�acd þ ä ©10 æ � « Ä#��Ä65 �

...þ ä ©10 æ � « Ä>= ³ Ä>i�� egfh » (5.69)

Dueto theassumptionof uncorrelatedsymbolsmadein (5.61), andtheassumption
of correctpastdecisions,equation(5.68)canthenbesimplifiedto�� ���)�o�)�� � ���)�����Q��������������¡ �¢ �� �£� ��������������¡  � �� ¤�¥ � � ¦§©¨sª|«ª�¬;­E® ¨ ��� �°¯z± ������� ¯ Þ �³²x´�´ �µ ­·¶ (5.70)

To evaluatetheexpectationsin (5.70), weinvoke thechannelmodel(5.21)to writeLQM as�)� ® �¸�º¹ �» ¶x¶4¶ ¹ �¼ ¶4¶4¶ µ
...

...
...

...µ ¶x¶4¶ ¹ ���N½C¾» ¶4¶4¶ ¹ ���Q½�¾¼ ¦4¿§ �¸� ±N¯ Þ ´
...±N¯ Þ �ÁÀ$Â��ÁÃ�´ ¦4¿§�Ä �¸� Å ¯ Þ ´

...Å ¯ Þ �ÆÀ$Â�´ ¦4¿§ ¶ (5.71)
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Theonly differencebetweenthisequationandequation(C.13)in theproofof The-
orem3.4 is that thechannelcoefficientsaretime-varying. To obtaina morecom-
pactexpressionof (5.71), we introducethevectorof stackednoisevectorsÇ M ¤\! � ü � « �`� ü � « Ä@5 � »9»9» � ü � « Ä>= ³ � % ü (5.72)

andthevectorof stackedsymbolvectorsÈO M ¤ ! þ ü � « � þ ü � « Ä65 � »9»9» þ ü � « Ä/= ³ Ä#i���% ü » (5.73)

The measurementvector LNM is affectedby the symbol vectors þ � « ÄÉ��� Á � ¤À¬Á 5 Á9»9»9»*Á = ³ 9ji . Someof thesymbolsin thesevectorshavealreadybeendetected.
We will now separatethe influenceof thesesymbolsfrom that of the remaining
symbols.

Todothis,wewill rewrite (5.71)with theaidof thedefinitions(5.33)and(5.38).
Introducethematrix 2Ê ©10 º¤ Ê åÌËEå Ä Ê ©10 Á (5.74)

where
Ê åÌËEå and

Ê ©10 aredefinedin (5.33)and(5.38), respectively. Equation(5.71)
canthenberewrittenLQM ¤ Ê åÌË�å ÈO M 9 Ç M ¤ Ê ©10 ÈO M 9 2Ê ©10 ÈO M 9 Ç M » (5.75)

Of course,thecolumnsin 2Ê ©10 thatarenon-zeroarethecolumnsof
Ê ©10 thatare

zero.Theindicesof thosecolumnscanbeobtainedfrom (5.38):� ¤SVXWjÍ 9>� ÍÈ¤ ��9k5 Á9»9»9»�Á = ³ 9Ai Á � ¤ 5 Á9»9»9»�Á4VXW § »
If wepick outtheelementsin

O M correspondingto theseindices,weobtainthefirstVXW § elementsin þ � « Ä Í � Á£Í�¤ �Î9Ï5 Á9»9»9»cÁ = ³ 9Éi , that is, þ ä ©10 æ � « Ä Í � Á�ÍI¤��9k5 Á9»9»9»�Á = ³ 9@i . Comparingwith (5.69), we realizethat(5.75)canberewritten
as LNM ¤ Ê ©10 ÈO M 9 22Ê ©10 O ä ©10 æM £QP�£ ¡ 9 Ç M Á (5.76)

where 22Ê ©10 º¤ A matrixwith thenon-zerocolumnsof 2Ê ©10 . (5.77)

Using(5.76)and(5.61), wecanevaluatetheexpectationsin (5.70):� ¿ LQM~L ü M �&¤ Ê © 0 Ê ü©10 9 22Ê © 0�22Ê ü ©10 9AÐ� ¿ LQM ^ O ä ©10 æM £QP�£ ¡ _ ü �&¤ 22Ê ©10� ¿ LQM � þ ä © � æ � « Ä��$�&� ü �&¤ Ê ¸$ÑzÒ�Ó
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where Ð and
Ê ¸$ÑÔÒ�Ó aredefinedin (5.35)and(5.34), respectively. To evaluatethese

expectations,wehave usedÊ ©10 � ¿ ÈO M � O ä ©10 æM £QP�£ ¡ � ü �_¤ À�Á
which holds sincethe indicesof the non-zerocolumnsof

Ê ©10 are equalto the

indicesof thezerorows in

� ¿ ÈO M � O ä ©10 æM £QPD£ ¡ � ü � .Thesecomputedexpectationscanthenbeinsertedinto (5.70):� Ê ©10 Ê ü©10 9 22Ê ©10 22Ê ü ©10 9@Ð Ä 22Ê ©10Ä 22Ê ü ©10 Õ § ©10 � � I KI BÖ� ¤ � Ê ¸$ÑÔÒ�ÓÀ � » (5.78)

By observingthat I B ¤ 22Ê ü ©10 I K from thesecondblockrow of (5.78)andinserting
this into thefirst block row, weobtain� Ê ©10 Ê ü©10 9@Ð×� I K ¤ Ê ¸$ÑzÒ�Ó (5.79a)I B ¤ 22Ê ü ©10 I K » (5.79b)

Here(5.79a)coincideswith (5.37)andif we transposebothsidesof (5.79b)and
evaluatefor eachmatrixelement? ò © 0 , weobtain(5.39).

Proof of Corollary 5.1

To determinethe residualMSE at the outputof the detectordescribedin Theo-
rem5.1,we usetheexpression(5.64)for theestimatorandtheexpression(5.79b)
for its feedbackfilter coefficients:'þ � « ÄT�)( « � ¤ÉI ü K ^ LQM Ä 22Ê ©10 2O ä ©10 æM £QP�£ ¡&_
Wenow assumethatall previousdecisionsarecorrect.Wethusreplace2O ä ©10 æM £QP�£ ¡ byO ä ©10 æM £QP�£ ¡ , definedin (5.69). Wealsousetheexpression(5.76)for LQM to obtain'þ � « Ä#�$� ¤ÉI ü K ! Ê ©10 ÈO M 9 Ç M % » (5.80)

From(5.80)weobtainanexpressionfor theestimationerror, whichcanbeusedto
determinetheestimationerrorcovariancematrix (5.31):Ø © � ¤ �\Ù ^ þ ä © � æ�� « Ä��$�øÄ I ü K ! Ê ©10 ÈO M 9 Ç M % _Y ^ þ ä © � æ � « Ä#�$�7Ä I ü K ! Ê ©10 ÈO M 9 Ç M % _ ü;Ú »
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Thecovariancematrixcanbeevaluatedto yieldØ ©�� ¤ � þ ä ©�� æx� « Ä�� �o� þ ä ©�� æx� « Ä�� �&� ü Ä � þ ä ©�� æx� « ÄT�$� ÈO ü M Ê ü© 0 I KÄ I ü K Ê ©10 � ÈO M � þ ä © � æ � « Ä�� �&� ü 9 I ü K Ê ©10 � ÈO M ÈO ü M Ê ü©10 I K 9 I ü K � Ç M Ç ü M I K Á
wherewe have used(5.61). Again makinguseof (5.61) andalsoof (5.35) we
readilyobtainØ © � ¤ Õ Ä � þ ä © � æ � « Ä�� � ÈO ü M Ê ü©10 I K Ä I ü K Ê ©10 � ÈO M � þ ä © � æ � « Ä#�$�&� ü9 I ü K Ê ©10 Ê ü©10 I K 9 I ü K Ð I K » (5.81)

It remainsto evaluatethe expectation

� þ ä © � æ � « Ä@� � ÈO ü M . Sincethe symbolsare
white,weobtain� þ ä ©�� æ � « Ä#�$� ÈO ü M ¤Ûacd À »9»9» À

...
...À »9»9» Àl moÜ p§ © P

� þ ¡ � « Ä��$� þ ü � « Ä�� �
...� þ © � � « Ä#�$� þ ü � « Ä�� � À »9»9» À

...
...À »9»9» Àl moÜ p§ © ä < � �-Ý £QP æ
egfh

¤Ûacd À »9»9» À
...

...À »9»9» Àl moÜ p§ © P
Þàß á   À »9»9» À

...
...À »9»9» Àl mgÜ pâxã�äæå�ç3èêé�èÁë;ìHíïîQì�â4ã �
egfh ¤/ð ü

whereð is definedin (5.51). Theeffect of premultiplying
Ê ü©10 with ð ü is to pick

out therows VXW �;9/5 to VXW ��9 VXW ¡ from
Ê ü© 0 . Comparingwith (5.34), werealize

thattheproduct

� þ ä © � æ � « Ä�� � ÈO ü M Ê ü©10 becomes� þ ä © � æ � « Ä#�$� ÈO ü M Ê ü©10 ¤/ð ü Ê ü©10 ¤ Ê üÂ êïñ � Á (5.82)

whichcanbeinsertedinto (5.81)to yieldØ © � ¤ Õ Ä Ê üÂ ê&ñ � I K Ä I ü K Ê Â ê&ñ �:9 I ü K ! Ê ©10 Ê ü©10 9@Ð % I K » (5.83)

If we insert(5.37)into (5.83), wefinally obtainØ © � ¤ Õ Ä Ê üÂ ê&ñ � ! Ê ©10 Ê ü©10 9AÐ�% £ ¡ Ê Â ê&ñ � » (5.84)
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Appendix 5.C Proof of Theorem5.2

Supposethata linearfinite impulseresponsechannelof order i is givenby (5.21)
andassumethat� ¿ þ � « � þ)ò � î � �^¤ = M ã�� � ¿ þ � « ��� ò � î � �&¤ À�» (5.85)

Theobjective is to adjustthecoefficientsof theequalizer(5.28)so that thezero-
forcingcondition(2.3) is fulfilled. For thispurpose,we insert(5.76)into (5.64)to
obtain 'þ � « Ä#�)( « � ¤ÉIóòK ^ Ê ©10 ÈO M 9 22Ê ©10 O ä ©10 æM £QP�£ ¡ 9 Ç M _ Ä IóòB 2O ä ©10 æM £QPD£ ¡¤ÉIóòK Ê © 0 ÈO M 9 IÎòK 22Ê © 0 O ä ©10 æM £QP�£ ¡ 9 IÎòK Ç M Ä IÎòB 2O ä ©10 æM £QP�£ ¡ »
Assumethatall decisionsthataffectthecurrentestimatearecorrect,thatis,assume
that 2O ä ©10 æM £QP�£ ¡ ¤ O ä ©10 æM £QP�£ ¡ . Theexpressionabove canthenberearrangedto yield'þ � « Ä��)( « � ¤ÉI òK Ê © � ÈO M 9 ^ I ò K 22Ê ©10 Ä I ò B _ O ä ©10 æM £QP�£ ¡ 9 I ò K Ç M »
Wethusobtainanexpressionfor theestimationerrorô � « Ä��$� ¤zþ ä © � æx� « Ä�� �7Ä 'þ � « Ä��)( « �¤zþ ä © � æ � « Ä�� �7Ä I ò K Ê ©10 ÈO M Ä ^ I ò K 22Ê ©10 Ä I ò B _ O ä ©10 æM £QP�£ ¡ Ä I ò K Ç M »
To proceed,notethat þ ä © � æ4� « Ä��$� ¤
ð�ò ÈO M
whereð is definedin (5.51). Theestimationerror þ ä © � æ � « Äõ�$�
Ä 'þ � « Ä³� � canthen
besimplifiedtoô � « Ä��$� ¤\!}ð ò Ä I ò K Ê ©10 % ÈO M Ä ^ I ò K 22Ê ©10 Ä I ò B _ O ä ©10 æM £QP�£ ¡ Ä I ò K Ç M » (5.86)

Theexpression(5.86)canbe insertedinto thezero-forcingcondition(2.3). After
rearrangementweobtain� ¿ ô � « Ä�� � þ°ò �÷ö3� �&¤\!Ìð�ò Ä IÎòK Ê ©10 % � ¿ ÈO M þ)ò �÷öº� �Ä ^ I ò K 22Ê ©10 Ä I ò B _ � ¿ O ä © 0 æM £QP�£ ¡ þ ò �÷ö3� �Ä I ò K � ¿ Ç M þ ò �÷ö3� �^» (5.87)
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Since��� « � and þ � î � areassumeduncorrelatedfor all « and î , thelasttermvan-
ishes,andby appropriatechoiceof I B , we canalsomake thesecondtermequal
to zero.Also, for öø� « Ä>= ³ ÄEi and öù	 « , thefirst termvanishes.However, to
ensurethat theexpectedvalueis equalto zeroalsofor « Ä@= ³ ÄAiú�Ïö/� « , we
musthave ð ò Ä I ò K Ê ©10 ¤AÀ
or, equivalently Ê ò©10 I K ¤/ðIÁ
whichcoincideswith (5.50).

Appendix 5.D Proof of Corollary 5.2

Wewill derivewhatdegreeof thefeedforwardfilter is necessaryto fulfill thezero-
forcing condition(5.50). Theproof is basedsimply on comparingthenumberof
equationswith thenumberof unknownsin (5.50).

Considerasinglecolumnof theright handsideof (5.50). To fulfill theseequa-
tions,a singlecolumnof theunknown matrixacd � 7 8 ©�� � ò...� 7 < �©�� � ò egfh
mustbeused.A singlecolumnof thismatrixhasVX[.­ �÷= ³ 9S5 � (5.88)

elements.The numberof equationswe have to fulfill is equalto the numberof
rows in

Ê ò©10 , which is equalto VXW �÷= ³ 96i#9É5 � . However, we seefrom thedefi-
nition (5.38), that VXW § �÷= ³ Ä/��9@i|� of theserows areidenticallyzero. Equations
thatcorrespondto rows thatcontainnothingbut zerosarefulfilled automatically.
Hence,weonly have to fulfillVXW �÷= ³ 9
iT9S5 �7Ä VXW § �÷= ³ ÄT��9/i�� (5.89)

equations.For solvability, wemustthusrequireVX[b­ �÷= ³ 9S5 ��û VXW �÷= ³ 9
ij9S5 �5Ä VXW § �÷= ³ Ä���9Ai�� Á
or, equivalently = ³ û � W Ä W § �CiT9 W § �Ô��9S5 �[.­ Ä W 9 W § Ä65 Á (5.90)

whichcoincideswith (5.52).
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Appendix 5.E Proof of Theorem5.3

We will now prove that the MMSE detectorsdescribedin Section5.3 arenear-
far resistantif and only if the equalizercoefficients can be adjustedso that the
correspondingzero-forcingcondition(5.50)is satisfied.

Webegin by showing sufficiency. To thisend,weevaluatethesymbolestimate
at theoutputof theMMSE detector, givenby (5.64):'þ � « Ä#�)( « � ¤ÉI òK LNM Ä I ò B 2O ä ©10 æM £QP�£ ¡ Á
whereI K , I B , LQM , and 2O ä © 0 æM £QP�£ ¡ aredefinedin (5.66a), (5.66b), (5.67a)and(5.67b),
respectively. We now assumethat all previous decisionsarecorrect,that is, we
assumethat 2O ä ©10 æM £QP�£ ¡ ¤ O ä ©10 æM £QP�£ ¡
where

O ä ©10 æM £QP�£ ¡ is definedin (5.69). We alsoinsert the expression(5.79b)for the
feedbackfilter coefficientsinto theexpressionfor thesymbolestimate:'þ � « ÄT�U( « � ¤ÉIÎòK ^ LQM Ä 22Ê ©10 O ä © 0 æM £QPD£ ¡ _ »
Thiscanbesimplifiedusingthechannelmodel(5.76):'þ � « Ä��U( « � ¤ÉIÎòK ! Ê ©10 ÈO M 9 Ç M % » (5.91)

Wewill now evaluatethefirst termin (5.91)with theaidof theexpression(5.79a)
for thefeedforwardfilter coefficients:'þ � « Ä��)( « � ¤ Ê ò¸$ÑzÒ�Ó � Ê © 0 Ê ò©10 9@Ð×� £ ¡ Ê © 0 ÈO M 9 I ò K Ç M »
Sincewe areinvestigatingthe asymptoticefficiency, we assumethat the noiseis
white andGaussianwith varianceü § . This implies that Ð ¤ýü § Õ , which canbe
insertedinto theexpressionfor thesymbolestimate:'þ � « Ä��U( « � ¤ Ê ò¸ ÑzÒ�Ó � Ê © 0 Ê ò©10 9 ü § Õ � £ ¡ Ê © 0 ÈO M 9 IÎòK Ç M » (5.92)

To proceed,wenotethat! þ ò ¡ � « Ä�� � þ ò § � « Ä�� � »9»9» þ ò © � � « Ä#�$� % ò ¤/ð�ò ÈO M ¤ þ ä © � æ�� « Ä�� �
asdefinedin (5.62). Wenow addandsubtractþ ä © � æ � « Ä�� � from (5.92):'þ � « Ä��U( « � ¤ þ ä ©�� æ � « Ä��$�9 ! Ê ò¸$ÑzÒ�Ó � Ê ©10 Ê ò©10 9 ü § Õ � £ ¡ Ê ©10 Ä ð�ò % ÈO M 9 IÎòK Ç M » (5.93)
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Wecannow useequation(5.82):'þ � « Ä��U( « � ¤ þ ä © � æ � « Ä#�$�9 ð�ò ! Ê ò©10 � Ê ©10 Ê ò©10 9 ü § Õ � £ ¡ Ê ©10 Ä Õ % ÈO M 9 IÎòK Ç M » (5.94)

Sincethereexistsazero-forcingsolution,theremustexist a matrix I�þºÿ suchthatIÎòþsÿ Ê © 0 ¤>ð�ò�»
Thiscanbeinsertedinto (5.94)to yield'þ � « Ä��U( « � ¤ þ ä © � æ4� « Ä#�$�9 IÎòþºÿ ! Ê © 0 Ê ò©10 � Ê © 0 Ê ò©10 9 ü § Õ � £ ¡ Ê © 0 Ä Ê © 0 % ÈO M 9 IÎòK Ç M » (5.95)

In thisexpression,thefactor � Ê ©10 Ê ò©10 9 ü § Õ � £ ¡ Ê ©10 canbeextractedto theright.
After simplification,equation(5.95)becomes'þ � « Ä��U( « � ¤ þ ä © � æ � « Ä#�$�Ä ü § I ò þºÿ � Ê ©10 Ê ò©10 9 ü § Õ � £ ¡ Ê ©10 ÈO Ml mgÜ p�² ����� ä M £QP æ 9 I ò K Ç Ml moÜ p�² ���	�
���
� ä M £QP æ » (5.96)

We will now prove that every elementof ( ô ± � � « ÄA� �g( is smallerthanonefor ü §
sufficiently small.To thisend,wedefine� ¤ Ê © 0 Ê ò©10 9 ü § Õ »
Wenow make aneigenvaluedecompositionof

�
to obtain

� ¤\! � ¡ � § % accccccccd
� ¡ 9 ü §

. . . �� ê 9 ü § ü §� . . . ü §
egffffffffh � � ò¡� ò§ � Á

where

� ¡ containstheeigenvectorsthatcorrespondto the ª non-zeroeigenvalues� ¡ Á9»9»9»�Á � ê of
Ê ©10 . (Thematrix

Ê ©10 Ê ò© 0 mayhave full rank. In this case,

� § is
empty.) Wecannow invert

�
:� £ ¡ ¤\! � ¡ � § % � � ê ÀÀ ¡� 0 Õ � � � ò¡� ò§ � Á



5.E. Proofof Theorem5.3 151

where � ê º¤�acd ¡� � � � 0 . . . ¡��� � � 0
egfh »

Thiscanbeusedto simplify ô ± � � « Ä��$� in (5.96):ô ± � � « ÄT�$� ¤ Ä ü § I�þºÿ ! � ¡ � § % � � ê ÀÀ ¡� 0 Õ � � � ò¡� ò§ � Ê ©10 ÈO M
Since

� ¡ containstheeigenvectorsof
Ê ©10 , thefollowing relationholdsÊ ©10 ¤ � ¡����

for somematrix � � . Dueto theorthonormalityof theeigenvectors,we thenobtainô ± � � « Ä�� � ¤ Ä ü § I�þºÿ � ¡ � ê ��� ÈO M »
We realizethat every elementin ( ô ± � � « ÄA�$�g( becomesarbitrarily small when ü §
tendsto zero.

Wewill now studyelement½ in
'þ � « Ä��U( « � . With obviousnotations,wehave'þ ± � « Ä��U( « � ¤ þ ± � « Ä#�$�;9 ô ± �± � « ÄT� ��9 ô ò Ë ± � ñ± � « Ä��$� » (5.97)

For ü § smallenough,wehave ( ô ± �± � « ÄT� �g(N�A�
for some�j�J5 . Wewill now show thattheconditionalprobability � � 'þ ± � « ÄÎ�)( « �|	À ( þ ± � « Ä/�$� ¤ ÄZ5 � is upper-boundedby theprobabilityof error for a single-user
detectorin asingle-userscenario,but with ahighernoiselevel. Webegin by using( ô ± �± � « Ä��$�g(Q�
� :� � 'þ � « Ä��U( « ��	 À ( þ � « Ä�� � ¤ ÄZ5 � ¤�� � ô ò Ë ± � ñ± � « ÄT�$�|	J5"Ä ô ± �± � « Ä��$�&�� � � ô ò Ë ± � ñ± � « ÄT�$�|	J5"ÄT�;� »
The stochasticvariable ô ò Ë ± � ñ± � « Ä
� � is Gaussiandistributedwith zeromeanand
varianceü §��� K � . ToobtainanormedGaussiandistribution,wedivideby ü ��� K � :� � ô ò Ë ± � ñ± � « Ä�� ��	J5SÄ#�;� ¤�� � ô ò Ë ± � ñ± � « Ä#�$�ü ��� K � 	 5SÄ#�ü ��� K � � » (5.98)
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Unfortunately, the limit �ï5kÄ/�;�&� ü ��� K � dependson ü in a rathercomplex way.
Therefore,we upper-bound ü ��� K � with theestimationerrorvarianceat theout-
put of thezero-forcingequalizer. Sincea zero-forcingequalizerremovesall inter-
symbolandco-channelinterference,theestimationerroris only a linearcombina-
tion of noiseterms: ô þsÿ± � « Ä�� � ¤� Xòþsÿ Ç M
where  Gþºÿ º¤ column ½ in I�þºÿÏÁ
that is, column ½ in thesolutionto (5.50). Theestimationerrorof thezero-forcing
detectoris thusGaussiandistributedwith avarianceü §þºÿ thatis proportionalto ü § :ü §þsÿ º¤ � ¿ ( ô þºÿ± � « Ä��$�g( § �_¤�!�ü § Á (5.99)

for someconstant! û\5 . SincetheMSE of thezero-forcingequalizeris always
largerthanor equalto theMSEof theMMSE equalizer, wehaveü §þsÿ û � ( ô ± �± � « Ä�� �g( § 9 ü §��� K � û ü §��� K � »
This impliesthat 5"Ä��ü ��� K � û 5SÄ��ü3þsÿ
since 5"Ä��T	 À . Usingthis,wecanupper-boundtheprobabilityof errorin (5.98)
with � � ô ò Ë ± � ñ± � « Ä�� �ü ��� K � 	 5SÄ��ü ��� K � � � � � ô ò Ë ± � ñ± � « Ä�� �ü ��� K � 	 5"Ä��ü3þsÿ �¤�� � ô ò Ë ± � ñ± � « Ä�� �ü ��� K � 	 5"Ä��ü#" ! � Á
wherewe in the last equalityused(5.99). The conditionalprobability � � 'þ � « Ä�)( « �|	 À ( þ � « Ä��$� ¤ ÄZ5 � canthusbeupper-boundedbyF � 5"Ä#�ü " ! � » (5.100)

Usingthesameargument,wecanshow that� � 'þ ± � « Ä��)( « �|� À ( þ ± � « Ä�� � ¤ 9�5 �|��F � 5SÄ��ü#" ! � » (5.101)
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AssumingBPSKmodulation,wecancombine(5.100)and(5.101)to obtain� ^ 2þ ± � « Ä�� �%$¤ þ ± � « Ä�� � _ ��F � 5"Ä��ü " ! � (5.102)

where 2þ ± � « ÄT�$� ¤�&(' Ç 'þ ± � « Ä#�)( « �
is the binary decisionmadeon the symbol estimate

'þ ± � « ÄJ�)( « � . If we com-
pare(5.102)with (5.49), werealizethatthequotient� ± � ü �F ^*) ê�+ �� _ ¤ � �à2þ ± � « Ä��$�,$¤ þ ± � « Ä�� �&�F ^*) ê�+ �� _
is finite if " - ± ª ¤ 5öÄ��" !
for �ù�J5 . Since- ± ¤ � ¿ ( þ ± � « Ä#�$�g( § �_¤ 5 , thiscanbesimplifiedto yieldª ¤ �ï5"Ä��;� §! »
Sincetheprobabilityof errorfor theMMSE detectoris upper-boundedby (5.102),
weobtainthefollowing boundfor theasymptoticefficiency:Í ± û �ï5"Ä��;� §! »
Since �©�`5 and ! û`5 is finite, we realizethat the near-far resistanceof the
MMSE detectoris alwaysgreaterthanzero.HencetheMMSE detectoris near-far
resistant.

We now turn our attentionto theproof of necessity. We will thusassumethat
thezero-forcingcondition(5.50)cannotbefulfilled for all users,andshow thatin
this case,thecorrespondingdiagonalelementin

Ø © �
, definedin (5.31), will tend

to oneasthe interferencepower goesto infinity. TheMSE for user ½ canonly be
equalto onewhen 'þ ± � « Ä��)( « � ¤ À�» (5.103)
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For BPSKmodulation,theprobabilityof error for this detectoris 0.5 irrespective
of thenoiselevel. WerealizethatthequotientÀ¬»/.F ^ ) ê�+ �� _
in (5.49)will befinite only for ª ¤ À . Thusweconcludethat'þ ± � « Ä��U( « � ¤ À10 Í ± ¤ Àb» (5.104)

Theasymptoticefficiency of adetectorthatproducestheestimate
'þ ± � « ÄÁ�U( « � ¤ À ,

irrespective of thenoiselevel andtransmittedsymbols,is thuszero.
Wewill now show thattheresidualMSEat theoutputof theMMSE equalizer

indeedtendsto one when no zero-forcingequalizerexists. Considercolumn �
of the right handsidein (5.50). We realizethat in column � of ð , only elementVXW ��9/� is non-zero.Wedefine2 º¤ column VXW ��9/� in

Ê ©10 ¤ column � in
Ê Â êïñ � (5.105a)3 º¤ theremainingcolumnsin

Ê ©10 » (5.105b)

Column � of (5.50)canthenbewrittenas3 ò  � ¤ � (5.106a)2 ò  � ¤ 5 , (5.106b)

where � is column � in acd � 7 8 © � � ò...� 7 < �© � � ò egfh »
Wealsodefine 4 ��� K � º¤ element� Á � in

Ø65 � » (5.107)

Since2 is equalto column � in
Ê Â ê&ñ � , wecanuseCorollary5.1to express

4 ��� K �
as 4 ��� K �87 5"Ä 2 ò ! Ê 5 0 Ê ò5 0 9AÐ�%:9<; 27 5"Ä 2 ò ! 3=3 ò 9 2�2 ò 9@Ð�%>9<; 2 » (5.108)

To fulfill thezero-forcingcondition,equations(5.106a)and(5.106b)musthave a
commonsolution  � . A situationwherenosuchcommonsolutionexistsmayarise
for thefollowing two reasons:
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1. Theonly solutionto (5.106a)is  � 7 À . Thishappenswhen
3

hasfull rank,?	@°ÇBA 3 7 V �÷= ³ 9S5 � [ ­ .
2. Everysolution  � $7 À to (5.106a)resultsin 2 ò  � 7 À . Thishappenswhen2 ò 7 - 3 ò (5.109)

for somevector - .

Thesetwo caseswill bediscussednext.

Case1

We will now let thepower of theMAI andISI increase,that is, we will studythe
case 3 º7DC 3 8 Á C ûJ5 (5.110)

with
3 8 fixed.Insert(5.110)into (5.108):4 ��� K � � CFE � 7 5"Ä 2 ò ! CFE 3 8 3 ò8 9 2�2 ò 9@Ð %:9<; 27 5"Ä 5C E 2 ò � 3 8 3 ò8 9 2�2 òC E 9 ÐC E � 9<; 27 5"Ä 5C E 2 ò � 9<; � C E � 2 Á

wherewehave defined � � C E � º7 � 3 8 3 ò8 9 2�2 òC E 9 ÐC E � »
But �*Gã ± ò � 2 ò � 9<; � C E � 22 ò 2 � �*GãIHKJ
where

� Gã ± ò and
� GãLH�J arethesmallestandlargesteigenvaluesof

� 9<; � C E � , respec-
tively. Thus 4 ��� K � � C E ��ûú5SÄ � GãLH�J 2 ò 2C E »
Sincethe full rank matrix

3 8 hasmorecolumnsthanrows,
3 8 3 ò8 hasfull rank.

Everyeigenvalueto
� � C E � is thenstrictly positive,whichimpliesthateveryeigen-

valueof
� 9<; � C E � is limited for any C . HenceMONOPQ�RTS 4 ��� K � ûJ5 »
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But
4 ��� K � �J5 , which leadsto theconclusionthatMUNOPQ�RVS 4 ��� K �87 5XW

WhentheMSEtendsto one,thesymbolestimate
'Y�Z �\[T] �)( [¡� tendsto zero.Refer-

ring to (5.103)and(5.104), we concludethatthenear-far resistanceof theMMSE
detectoris zero.

Case2

In this case,therankof thematrix
3

is lessthan VX[6^ �÷=>_Î9ú5 � , andthereexistsa
non-zerosolutionto equation(5.106a). Wewill onceagainexaminetheexpression
for theMSE(5.108). Wewill now introduceafactorizationof thematrix 2�2 ò 9TÐ :2�2 ò 96Ða`7cbLb ò W
Since Ð hasfull rank,sohas b . We now insertthis factorizationinto (5.108), and
rearrange 4 ��� K �87 5d] 2 ò � 3=3 ò 9 bLb ò � 9<; 27 5d] 2 ò b 9 ò � b 9<; 3=3 ò b 9 ò 9 Õ � 9<; b 9<; 2 W
Again, we allow the power of all interferingsignalsto increase,that is, we in-
sert(5.110)into theexpressionfor

4 ��� K � :4 ��� K �87 5d] 2 ò b 9 ò � b 9<; C E 3 8 3 ò8 b 9 ò 9 Õ � 9<; b 9<; 27 5d] 2 ò b 9 ò<e 9<; � C � b 9<; 2gf (5.111)

with e � C E � `7cC E b 9<; 3 8 3 ò8 b 9 ò 9 Õ W
Notethat 2 remainsfixed,thatis, 2 ò 7 - 8 3 ò8 W (5.112)

To proceed,wemake aneigenvaluedecompositionof thematrix e � C E � . Wereal-
ize that e � C E � 7 !ih ; h E % � C E �Ij 9 Õ �� Õ � � h ò;h òE � f (5.113)
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where �Ij 7 acd � ; k
.. .k � j egfh

containsthe l non-zeroeigenvaluesof thematrix b 9<; 3 8 3 ò8 b 9 ò . Equation(5.111)
canthenbeexpressedas4 ��� K �m7 5n] 2 ò b 9 ò !ih ; h E % � � C E �oj 9 Õ � 9<; �� Õ � � h ò;h òE � b 9<; 2 W
But accordingto (5.112), 2 ò 7 - 8 3 ò8 . Since h ; formsa basisof eigenvectorsofb 9<; 3 8 , wemusthave 2 ò b 9 ò 7 2- 8 h×ò; (5.114)

for somerow vector 2- 8 . We thusobtain4 ��� K �87 5d] 2- 8 h ò; !ih ; h E % � � C E �oj 9 Õ � 9<; �� Õ � � h ò;h òE � h ; 2- ò8 W (5.115)

Wenow usetheorthonormalityof theeigenvectorbasis:h ò; h E 7 k andh ò; h ; 7 Õ
to simplify (5.115): 4 ��� K � 7 5d] 2- 8 � C E � j 9 Õ � 9<; 2- ò8 W
Thematrix inversecanbeevaluatedto yield4 ��� K �m7 5p] 2- 8 acd ;Q 0 � �rq ; k

. . .k ;Q 0 � � q ;
egfh 2- ò8 W (5.116)

Keepingin mind that the vector 2- 8 is independentof C , we now let C tend to
infinity in (5.116)to obtain MONOPQ�RTS 4 ��� K �87 5XW
Again,this impliesthat MONOPQ�RTS 'Y �\[s]��U( [¡� 7 k W
Finally, by using(5.104), we realizethat the MMSE detectorcannotbe near-far
resistant,whichcompletestheproofof thenecessity.
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CHAPTER 6

Concludingremarks

HE heartof this thesisis the threeDFE structuresintroducedin Chapter3.
Thefirst DFEis ageneralizationof thenon-realizablemultivariableDFEpre-

sentedby Duel-Hallenin [23], variantsof whichwerepresentedin [11, 12,28]. In
contrastto theseDFEs,themultivariableMMSE DFEpresentedin this thesishan-
dlescolorednoise,andcanbestraightforwardly implementedin channelswith any
numberof inputsandoutputs.

The secondmultivariableDFE is a multivariablegeneralizationof the realiz-
ableDFE in [79]. Both minimum mean-squareerror andzero-forcingsolutions
have beenderived. The MMSE DFE hasoptimumstructure,andits coefficients
canbe obtainedfrom closed-formlinear designequations.It is noteworthy that
thisDFEcontainsnomatchedfilter.

Thethird DFEhasmultivariabletransversalfilters in boththefeedforwardand
the feedbackpaths. Sucha multivariableDFE wasfirst suggestedby Voois and
Cioffi in [101] for themagneticrecordingchannel,andby Tidestav et al. in [88]
for applicationin cellularsystemswith multiple receiver antennas.Seealso[85].
Wehave presenteddesignequationsfor boththeMMSE andtheZF criterion.

Theperformanceof a minimummean-squareequalizeris superiorto thatof a
zero-forcingequalizer. However, studiesof zero-forcingsolutionsprovide infor-
mationabouttheperformanceof thecorrespondingMMSE solutions.A desirable
propertyof any MMSE equalizeris that theresidualestimationerrorat its output
tendsto zerowhenthe noisevariancetendsto zero. In situationswhenno zero-
forcing solutionexists, this will not happen. The lack of a zero-forcingequalizer
thussuggeststhat theproblemis in somesenseill-posed. This intuition wasfor-
malizedin Chapter5, whereit wasshown that for a time-varying versionof the

159



160 Chapter6. Concludingremarks

MMSE FIR DFE,near-far resistancecanbeguaranteedif andonly if theDFEco-
efficientscanbe tunedso that thezero-forcingconditionis fulfilled. This is true
alsofor equalizersthat usedecisionfeedbackfrom only a subsetof the detected
signals.

A numericalexamplein Chapter3 indicatesthatthedifferencein performance
betweenthe threeDFEs is rathersmall: The optimumnon-realizableDFE per-
forms only slightly betterthanan FIR DFE with appropriatesmoothinglag and
feedforwardfilter degree.Theexactrelative performanceof thethreestructuresof
coursedependson thescenario.Actually obtainingappropriatevaluesof thede-
signvariablesof theFIR DFEmaybedifficult, andimprovedrulesof thumbfor the
selectionof bothsmoothinglagandfeedforwardfilter degreeshouldbederived.

Onepropertythat is interestingis that thesensitivity to incorrectdecisionsis
larger the longerthe feedbackfilter is. Sincethe lengthof the feedbackfilter is
linked to the lengthof the feedforward filter, a longerfeedforward filter maynot
leadto betterperformancewhentheerrorpropagationis taken into account.This
conclusionis confirmedin the numericalexamplepresentedin Figure3.4: With
realdecisions,thesmallestMSE is not obtainedfor the largestfeedforward filter
degree.

Possiblegeneralizationsandextensionsto themultivariableDFEincludet Decisionfeedbackfrom presentsignalsbelongingto otherusers.This fea-
turewasimplementedin theDFEin [23]. Thisfeaturewouldgivesmallper-
formanceimprovementswhenthenumberof DFEoutputsis small,whereas
theextentof theimpulseresponseis large.t Differentsmoothinglagsfor differentusers.With decisionfeedback,thein-
terferencefrom symbolsalreadydetectedis in theorycompletelyrejected.
On theotherhand,the impactof symbolsthat arenot alreadydetectedare
only partly suppressed.The deviation from completesuppressionis con-
veyedin thefirst � tapsof thefilter u ; �wv 9<; � . If onesignalis detectedusinga
smallersmoothinglag,additionalcoefficientsin u ; �wv 9<; � will bezero,lead-
ing to asmallerresidualMSEanda lowererrorrate.t Dependentsymbolsdecisions.Whenthe transmittedsymbolscorrespond-
ing to differentchannelinputsarecorrelated,the proposedDFE designis
suboptimum.Not only mustthe filters be retunedto take into accountthe
correlationamongthetransmittedsignals:Thedecisiondevice mustalsobe
redesigned.

In additionto theseenhancements,extensionsthatareapplicableto thescalarDFE
areof courseof interestalsofor themultivariableDFE.For instance,designsthat
arerobustto incorrectdecisionsshouldbeinvestigated.
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All thedesignsarebasedon modelsof thechannelandthenoisethatareas-
sumedto beexactly known. Whenchannelsandmodelsareestimated,theseesti-
matesareusedin placeof thetrueparameters.Of course,theestimatesareproneto
error, andbetteraverageperformancemaybeobtainedif theparameteruncertainty
is takeninto accountalreadyin thedesign.

Developingmethodsthatimprove thequalityof theparameterestimatesis also
very important. In particular, this is true for theunstructuredmultivariablenoise
modelintroducedin Subsection2.3.2. Onealternative is to approximatethemul-
tivariablenoiseprocessby an autoregressive model,even thoughthe noisemay
be more adequatelydescribedby a moving averagemodel. This approachwas
investigatedin [9] and[51]. With sucha model,theoptimumDFE structurehas
transversalfilters in both feedforward andfeedbacklinks, which leadsto a lower
sensitivity to errorpropagation.

The studyof the decisionfeedbackequalizerwasmotivatedby its low com-
plexity as comparedto the MLSE and its high performancerelative to a linear
equalizer. In this thesis,no explicit comparisonshasbeenmadewith theMLSE,
andsuchacomparisonshouldbemadein thefuture.Deriving guidelinesfor when
a DFE or a linearequalizershouldbepreferredasa tool for multiuserdetectionis
alsoanimportanttopic for futureresearch.Regardingthelinearequalizer, simula-
tion resultsin Chapters4 and5 indicatethatthedifferencein performanceis small
whenthe numberof transmittersis small relative to the numberof measurement
sensors.The differencein complexity betweenthe MIMO linear equalizersand
DFEsis alsosmall.

Chapters4 and 5 are applicationsof the DFE to two specificscenarios.In
Chapter4, the multivariableDFE is appliedto the outputsof an antennaarray
to accomplishreusewithin cell. In addition,interferencerejectionandmultiuser
detectionis compared.Theresultsconfirmthatreusewithin cell is indeedpossible,
and indicatein what situationsmultiuserdetectionprovides betterperformance
thaninterferencerejection.Someissuesremainto beaddressedhowever. Thetwo
mostimportantaret What is the impacton thecapacityof thecellularsystemasa whole?How

is thefrequency planaffected?t How large is the cost for additionalhardware? In particular, the proposed
approachassumesthereareseveral receiversat themobile terminal. Is this
technicallyandeconomicallyfeasible?

In Chapter5, themultivariableDFE wasappliedto a DS-CDMA system.As
a basis,we useda possiblytime-varyinglinearfilter model.By usingthis explicit
model,it becomespossibleto designa detectorthatcanhandlelong codes,multi-
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pathpropagationandsynchronizationin a systematicway. The linearmodelcan
alsobe usedto investigateunderwhat conditionsan MMSE detectoris near-far
resistant.Near-far resistanceis in factguaranteedif andonly if a zero-forcingso-
lution to theequalizationproblemcanbeobtained.As in Chapter4, theimpacton
thesystemperformanceof theproposeddetectoris not addressed.In fact,oneof
thesimulationsindicatesthatthebenefitsof usingamultiuserdetectormaynotbe
aslargeasis usuallyclaimedin theliteratureonmultiuserdetection.

Summingup, themultivariableDFE is a versatiletool for multiuserdetection.
It canbe usedto detectdigital signals,which have beendistortedby any linear
dispersive multivariablechannel.However, thedifferencein performancebetween
the multivariableDFE andthe multivariablelinearequalizerseemsto besmaller
thanexpected.Whencomparedto theMLSE, theperformancedifferenceremains
to be investigatedwhereasthedifferencein complexity is even larger thanin the
single-usercase.



APPENDIX A

Proofof Theorem3.1

We will now derive the designequations(3.4a), (3.4b)and(3.4c). We will also
show that a bank of matchedfilters can constitutea part of the MSE optimum
MIMO DFE if we allow thesmoothinglag � to tendto infinity. For this purpose,
we insert(3.1) into the expression(2.5) for the estimationerror. To simplify the
notation,wewill omit thepolynomialargumentsthroughoutthisappendix.

Assumingcorrectpastdecisions,that is, 2Y �
xù� 7 Y �
xù� for x �y[z]É5 , and
usingtheexpressionfor the estimator(3.1) andthechannelmodel(2.6) theesti-
mationerrorcanbeexpressedasô �\[¡� 7 Y �\[¡�#] 'Y S �\[¡�7 � Õ ]8{ S�| 9<;K} 9~v 9<;�� S � Y �\[¡�=]�{ S�� 9<;K� � �\[¡��W (A.1)

For this proof andthe proof in AppendixB, we will usethe variational ap-
proach first developedin [3] for scalarproblemsandextendedto themultivariable
casein [4].

Webegin by introducingthealternateestimate
'Y SH �\[¡�'Y SH �\[¡�<`7 'Y S �\[¡��9/���\[¡��W

Thevariation ���\[¡� is basedonall signalstheestimate
'Y S �\[¡� maybebasedupon:���\[¡��`7 � ; �\[¡��9
� E �\[¡�

with � ; �\[¡�<`78� S ; ,;�\[¡� (A.2a)� E �\[¡� `78� SE Y �\[s]65 ��W (A.2b)
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Above, � S ; is anarbitrarystablelinearoperatorwhereas� SE is anarbitrarystable
andcausallinearoperator. If theestimationerrorobtainedwith (3.1)is orthogonal
to any admissiblevariation(A.2a),(A.2b), thatis, ifh ô �\[¡�����; �\[¡� 7 k (A.3a)h ô �\[¡�����E �\[¡� 7 k (A.3b)

then
'Y�SH �\[¡� 7 'Y�S �\[¡� or equivalently ���\[¡��� k

minimizesthe MSE (2.4). We
mustthusassurethat(A.3a)and(A.3b) arefulfilled.

To evaluatethe cross-correlations(A.3a) and (A.3b), we will useParseval’s
relation for complex signals[66] and evaluatethe expressionsin the frequency
domain.Theprocedureis outlinedbelow.

Considertwo complex-valuedstochasticprocesses� �\[¡� 7�� ; �wv 9<; �����\[¡� and- �\[¡� 7�� E �wv 9<; ���U�\[¡� , where � ; �wv 9<; � and � E �wv 9<; � are two stableandcausal
rational matrices. We can then expressthe cross-correlationbetween� �\[¡� and- �\[¡� as[3, 66]hV� �\[¡� - � �\[¡� 7 � ñV���� �<� ��� � ; � ; �w� 9<; � � � E � 5� 9�� �£� � Y �� W
where

� ñ Õ 7 h ���\[¡��� � �\[¡� . By usingits Markov parameters,thesecondfactorin
theintegrandcanbesimplifiedto:� � E � 5� 9�� ��� � 7 � S�� � 8�� E � � 5� 9�� � � � � 7 S�� � 8�� �E � � � 7�� E � �w�3� W
Thecross-correlationcanthusbeexpressedashV� �\[¡� - ���\[¡� 7 � ñV���� � � �¡� � ; � ; �w� 9<; � � E � �w��� Y �� W

Wenow insert(A.1) and(A.2a)into (A.3a)anduseParseval’s relationto obtainh ô �\[¡��� � ; �\[¡� 7 �*¢V���� � � � Õ ]�{ S�| 9<;K} 9~� 9<;(� S � } � | 9<;�] � ñ { S � 9<; �£� � � 9<;� � � S ;r� Y �� W (A.4)

Since
|

and
�

arebothdiagonal,wecanexpress(A.4) ash ô �\[¡�����; �\[¡� 7 �*¢V���� � � � Õ ]�{ S | 9<; } 9~� 9<; � S � } � � �] � ñ { S � 9<; �¤� � | � � | 9<;� � 9<;� � S ;r� Y �� W (A.5)
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To find theconditionsunderwhichtheintegral (A.5) vanishes,weneedthefollow-
ing lemma:

Lemma A.1 Theintegral¥ ; `7 � � ��� � ;�¦¨§ � f � 9<;ª© � � § � © Y �� (A.6)

is zero for all stableandcausal � § � 9<; © if andonly if� 9<; ¦¨§ � f � 9<; © is analyticwithin « � « 7­¬ .
Theintegral ¥ E `7 � � ��� � ;�¦¨§ � f � 9<;®© � � § � 9<; f � © Y �� (A.7)

is zero for all stable � § � f � 9<; © if andonly if

¦¨§ � f � 9<; © � k W
Proof: Since

¥ ; shouldbezerofor all stableandcausal� § � 9<; © , it shouldbe
zeroin particularfor� § � 9<;ª© 7�¯ N @ '±° k W²W²W k³ ´®µ ¶· 9<; � 9�¸ k W²W²W kº¹ f (A.8)

wherex 7 k f ¬ f W²W²W f . If we insert(A.8) into (A.6), weobtainthecondition�»� ��� � ; � 9<;�¼ Z · § � f � 9<; © � ¸ q ; Y �� 7 k
for element§
½ f � © in

¥ ; . If this is truefor x 7 k f ¬ fK¾�f W²W²W , then� 9<; ¼ Z · § � f � 9<;®©
is analyticwithin theunit circle,accordingto Lemma1 in [108]. Since½ and� are
arbitrary, we concludethat � 9<; ¦¨§ � f � 9<; © mustbe analytic inside « � « 7�¬ . This
provesnecessity. Sufficiency follows from theresiduetheorem.

We now turn our attentionto

¥ E . From the first part of the lemma,we know
that

¥ E is zeroonly if � 9<; ¦¿§ � f � 9<; © is analyticinside « � « 7À¬ . We now usethe
residuetheoremto evaluate

¥ E :¥ E 7 ¾�Á �­Â�Ã � ;=ÄÆÅ &
�K� HªÇ � 9<; ¦¨§ � f � 9<; © � � § � 9<; f � © f (A.9)
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where È Ã f [ 7�¬ f W²W²W f�É arethe polesinsidethe unit circle. Since � § � f � 9<; © is
stable,the only polesof � � § � 9<; f � © that lie inside « � « 7Ê¬ are thoseat � 7 k

.
Equation(A.9) canthusberewritten¥ E 7 ¾�Á � ÄnÅ�Ë

�K��Ì � 9<; ¦¨§ � f � 9<; © � � § � 9<; f � © W (A.10)

Since� 9<; ¦¨§ � f � 9<; © is analyticat � 7 k , wecanwrite� 9<; ¦¿§ � f � 9<;²© 7 S�Ã � ¸�Í Ã � Ã f
where x Î k

is the smallestinteger suchthat Í ¸ÐÏ7 k
. We can now evalu-

ate(A.10) for � � § � 9<; f � © 7 � 9�¸Æ9<;KÑ :¥ E 7 ¾�Á � Í ¸ WSince Í ¸ Ï7 k
, the integral doesnot vanish.We thusrealizethat

¥ E canbezero
for all stable� § � f � 9<; © only when Í ÃÒ7 kdÓ [ , or equivalentlywhen

¦¨§ � f � 9<; © � k W
Thisprovesnecessity. Sufficiency is trivial.

Since � S ; is allowedto benon-causalandsince
| 9<;� and

� 9<;� areobviouslynon-
zero,accordingto LemmaA.1, the only way to ensurethat (A.5) vanishesis to
requirethat

§ Ñ ]�{ S | 9<; }yÔ � 9<; � S © } � � � ]ÖÕ*×({ S � 9<; �£� � | � 7 k W (A.11)

Proceedingin thesamewaywith (A.3b) givesh6Ø § [ ©rÙ �E § [ © 7 Õ ¢¾�Á � � ° Ñ ]8{ S | 9<; }yÔ � 9<; � S ¹ � � SE � Y �� W (A.12)

Accordingto LemmaA.1, theintegral vanishesif andonly ifÑ ]�{ Ss| 9<;	}�Ô � 9<;(� S 71Ú ;r� W (A.13)

for somestableandrationalmatrix Ú ; . Insert(A.13) into (A.11):Ú ;r� } � � � ]~Õ�×�{ S � 9<; �£� � | � 7 k W
Wecannow expressthefeedforwardfilter as{ S 7 ¬Õ × Ú ;r� } � � � | 9<;� �Û9<;� �Ê9<; � W
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If weusethedefinitions(3.2a)and(3.2b), weobtain{ S 7 ¬Õ*× Ú ;r�®Ü �®Ý 9<;� � 9<; � W (A.14)

Wenow insert(A.14) into (A.13) andrearrange:Ñ Ô � 9<;�� S 71Ú ;r�ÒÞ Ñ Ô ¬Õ × Ü �®Ý 9<;� Ý 9<; Ü ß 71Ú ;r�ÒÞ Ñ Ô ¬Õ × àÝ 9<;� àÜ�� àÜ àÝ 9<; ß71Ú ;r� àÝ 9<;� Þ àÝL� àÝ Ô ¬Õ × àÜ�� àÜ ß àÝ 9<; 7�Ú ;r� àÝ 9<;�âá �ªã á àÝ 9<;
wherewe in the secondequalityused(3.3) and in the last equality the spectral
factorization(3.5). We now collect polynomialmatricesin � 9<; on the left hand
sideandpolynomialmatricesin � on theright handside:

§ Ñ Ô � 9<;(� S © àÝ á 9<; 71Ú ;r� àÝ 9<;� á � ã W (A.15)

The left handsidecontainsonly powersof � 9<; andthe right handsidecontains
only powersof � . The only way for this equality to hold is to requirethat both
sidesequala constantmatrix. Since á is monic,we seethat theconstanttermof
theleft handsideequals àÝ Ì , theconstanttermof àÝ . Wemustthusrequire

§ Ñ Ô � 9<; � S © àÝ á 9<; 7 àÝ ÌÚ ;r� àÝ 9<;� á � ã 7 àÝ Ì f
or, equivalently Ú ;r� 7 àÝ Ì ã 9<; á 9<;� àÝ � (A.16)� S 7 � § àÝ

Ì á àÝ 9<; ] Ñ © W (A.17)

Wecannow insert(A.16)into (A.14)toarriveatourfinalexpressionfor theasymp-
totic DFEfilters: { S 7 ¬Õ × àÝ Ì ã 9<; á 9<;� àÝp�®Ü �®Ý 9<;� �Û9<; � (A.18a)7 ¬Õ ×=àÝ Ì ã 9<; á 9<;� àÜ � �Û9<; � (A.18b)� S 7 � § àÝ

Ì á àÝ 9<; ] Ñ © W (A.18c)

If we replace� and � 9<; with v and v 9<; respectively, equation(A.18a)coincides
with (3.4a), equation(A.18b)coincideswith (3.4b)andequation(A.18c)coincides
with (3.4c).
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APPENDIX B

Proofof Theorem3.2

Considerthe channeldescribedby (2.6), and the generalmultivariabledecision
feedbackequalizer(2.2). Inserttheexpressionfor thesymbolestimate äY § [g]�å « [ ©into theexpression(2.5) for theestimationerror:Ø § [s]�å © 7 Y § [�]�å © ] äY § [s]�å « [ © (B.1)7 Y § [�]�å © ]8{âæ § [ © Ôç� àY § [s]�åp] ¬ © W (B.2)

Throughoutthis appendixwe will omit thepolynomialargumentsto simplify the
notation.

Assumecorrectpastdecisions,thatis,àY § x © 7 Y § x © xÀèé[±]8åL] ¬ W (B.3)

Insert àY § [�]�åL] ¬ © from (B.3) and æ § [ © from (2.6) into (B.2) andrearrange:Ø § [g]�å © 7 Y § [s]�å © ]�{ § | 9<; } Y § [ © Ô � 9<; �ëê § [ ©(© Ôm� Y § [s]�åp] ¬ ©7 § v 9íì Ñ ]�{ |ïî<ð }�Ô v î ì î<ð � © Y § [ © ]8{ �ñî<ð �ëê § [ © W (B.4)

Introducethe alternative estimate äY�ò § [D]�å « [ © `ó äY § [D]�å « [ © Ô Ù § [ © , wherethe
variation Ù § [ © is a linearfunctionof all signalsthattheestimate äY § [%]�å « [ © maybe
basedupon.Thus, Ù § [ © `ó Ù ð § [ © Ô Ùõô § [ ©where Ù ð § [ © `ó � ð æ § [ © (B.5a)Ùõô § [ © `ó � ô Y § [�]�åL] ¬ © W (B.5b)
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Above, � ð and � ô arearbitrarystableandcausalrationalmatrices.If theestima-
tion errorobtainedwith (2.2) is orthogonalto any admissiblevariationdescribed
by (B.5a)and(B.5b), thatis, ifh6Ø § [s]8å ©rÙ � ð § [ © ó k (B.6a)h6Ø § [s]8å ©rÙ �ô § [ © ó k (B.6b)

then äY ò § [ö]~å « [ © ó äY § [z]~å « [ © or equivalently Ù § [ © � k
minimizesthe estima-

tion error covariancematrix (2.4): For any estimationerror covariancematrix à÷
obtainedwith Ù § [ © Ïó k

, à÷ ] ÷ will be positive definite. We must thusassure
that(B.6a)and(B.6b)arefulfilled.

Tocomputethecross-correlations(B.6a)and(B.6b),weuseParseval’srelation.
Proceedingasin AppendixA, we thusinsert(B.4) and(B.5a)into (B.6a)anduse
Parseval’s relationto rewrite theresultash6Ø § [g]cå ©rÙ � ð § [ © ó ¬¾�Á � �1ø § � î ì Ñ ]�{ | î<ð }�Ô � î ì î<ð � © } � | î<ð�]XÕ × { �ñî<ð �£� � �ñî<ð�úù � ð � Y �� W (B.7)

Since
|

and
�

arebothdiagonal,wecanexpress(B.7) ash6Ø § [g]�å ©rÙ � ð § [ © ó ¬¾�Á � �ûø § � î ì Ñ ]�{ | î<ð }üÔ � î ì î<ð � © } � � �],Õ × { �úî<ð �¤� � | � ù |ýî<ð� �úî<ð� � ð � Y �� W (B.8)

FromLemmaA.1, weknow that hVØ § [s]�å ©rÙ � ð § [ © ó k if andonly if¬� ø § � î ì Ñ ]Ò{ | î<ð }�Ô � î ì î<ð � © } � � � ]±Õ*×({ � î<ð �£� � | �wþ | î<ð� � î<ð�
is analyticinside « � « ó ¬ . Accordingto theassumption(2.7), thefilters

| î<ð
and� î<ð

arestable.This impliesthat
| î<ð� and

� î<ð� areanalyticinsidetheunit circle.
Thus, h6Ø § [�]8å ©rÙ � ð § [ © ó k if andonly if

§ � î ì Ñ ]8{ |ýî<ð }yÔ � î ì î<ð � © } � � � ]çÕ × { �­î<ð �£� � | � ó � Ú ô � (B.9)

for somerationalmatrix Ú ô � with all its polesoutsidetheunit circle. Proceeding
in thesamewaywith (B.6b)resultsin asecondcondition� î ì Ñ ]8{ |ýî<ð }yÔ � î ì î<ð � ó � î ì Ú ð � (B.10)
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for somerationalmatrix Ú ð � with all its polesoutsidethe unit circle. However,
noneof the termson the left handsideof (B.10) canhave polesoutsidethe unit
circle. Therefore,weconcludethat Ú ð � mustbeapolynomialmatrix. Thus,� î ì Ñ ]�{ |ïî<ð }yÔ � î ì î<ð � ó � î ì u ð � (B.11)

for somepolynomialmatrix u ð � . Wecannow insert(B.11) into (B.9) to obtain� î ì u ð � } � � � ]çÕ�×�{ �­î<ð �£� � | � ó � Ú ô � W (B.12)

We realizethat neitherof the termson the left handsideof (B.12) canhave any
polesoutsidetheunit circle. Therefore,Ú ô � cannothaveany suchpoleseither, and
we concludethat Ú ô � mustbea polynomial,ratherthana rational,matrix. Hence
wecanexpressequation(B.12)as� î ì u ð � } � � � ]çÕ × { �ñî<ð �£� � | � ó � u ô � (B.13)

for somepolynomialmatrix u ô � . In theintegrand(B.13),thepolescontributedby� î<ð
mustbecanceledby a correspondingfactorin { . Also, thepolynomialma-

trix � contributespolesin theorigin,whichmustbecanceledby acorresponding
factorin { . We thereforeinsert { ó¿ÿ � î<ð �
where ÿ is anarbitrarypolynomialmatrix, into (B.11)and(B.13)andrearrange:Ñ ]Ö� ì ÿ � î<ðK�¿|ïî<ð }�Ô � î<ð � ó u ð �� î ì u ð � } � � � ]ÖÕ × ÿ � � | � ó � u ô � W (B.14)

We now usethat
| î<ð

and
�

are diagonaland hencecommute. We also in-
sert(3.2a)and(3.2b)into (B.14):Ñ ]Ö� ì ÿ Ý î<ð Ü Ô � î<ð � ó u ð � (B.15a)� î ì u ð � Ü � ]çÕ�× ÿ Ý � ó � u ô � W (B.15b)

Equation(B.15a)canbefurthersimplifiedby usingtheidentity(3.3)andmultiply-
ing with àÝ § v î<ð © from theright:àÝ ]8� ì ÿ àÜ Ô � î<ð � àÝ ó u ð � àÝ (B.16a)� î ì u ð �®Ü � ]çÕ × ÿ Ýp� ó � u ô � W (B.16b)
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Since� is theonly remainingrationalmatrixin (B.16a), its polesmustbecanceled
by acorrespondingfactorin àÝ . Wethusconcludethat� ó�� àÝ î<ð
where � is an undeterminedpolynomialmatrix. Note that � and àÝ may have
commonfactors.Wecannow insertthisexpressioninto (B.16a)to yieldàÝ ]Ö� ì ÿ àÜ Ô � î<ð �üó u ð � àÝ (B.17a)� î ì u ð �®Ü � ]çÕ × ÿ Ýp� ó � u ô � . (B.17b)

If we exchange� for v , equation(B.17a)coincideswith (3.8a), whereas(B.17b)
coincideswith (3.8b).

TheDiophantineequations(B.17a)and(B.17b)aredoublesided, that is they
containpowersof both � î<ð and � . Thus,boththepowersof � î<ð and � on theleft
handsidemustmatchthe correspondingpowerson the right handside. For this
purpose,we list thedegreesin � î<ð and � for eachtermin (B.17a)and(B.17b):

Equation(B.17a): � î<ð���� à� f ��� Ô � à	 ]8å f ��
 Ô ¬ f � à� (B.18a)� � k f å f k f �
� ð W (B.18b)

Equation(B.17b): � î<ð � å f ��� f k (B.18c)� ����� ð Ô � 	 ]�å f � � f �
� ô Ô ¬ W (B.18d)

From(B.18b)and(B.18c)we immediatelyobtaintheconditionsfor thedegreesofu ð and ÿ respectively: �
� ð ó å�� ��� ó åÆW
If we insert

��� ó å into (B.18a), we obtain(3.9b). Finally, by inserting
�
� ð ó å

into (B.18d), weobtain(3.9d).
It remainsto show thatequations(B.17a)and(B.17b)have asolutionwith the

degreesspecifiedby(3.9a)–(3.9d). For thispurpose,werewrite (B.17a)and(B.17b)
astwo systemsof linear equations.Two matrix polynomialsareidentical if and
only if all thecorrespondingcoefficient matricesareidentical. We mustthusad-
just the coefficients of ÿ , � , u ð and u ô so that the expressionsfor the matrix
coefficientsfor eachpower of � and � î<ð areequalon the left andright handside
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of (B.17a)and(B.17b). We thusevaluatethe expressionsfor the matrix coeffi-
cients,conjugate,transposeandequatethe left andright handsides.For (B.17a)
weobtain���������

àÜ �Ì k àÝ �Ì k
...

. . .
...

.. .àÜ ���� àÜ �Ì àÝ ���� àÝ �Ì. . .
...

.. .
...k àÜ ���� k àÝ ����
����������
����������
� �Ì
...� �ì� ð ì...� ð Ì
����������� ó
����������
k
...àÝ �Ì� � ð
...� ����
����������� (B.19)

wherewehave defined � ó àÝ Ô � î<ð � W (B.20)

Note that
�
� ó �"!�# § � à	 f � à� © and that the leadingcoefficient of

� § � î<ð © is à� Ì .
In (B.19), àÜ=¸ ó k

if x%$ � à	 and àÝo¸ ó k
if x&$ � à� . Proceedingin thesame

mannerwith (B.17b)resultsin��������
]XÕ × Ý ��')( q ð k Ü ��')( q ð k

...
. ..

...
. ..]XÕ × Ý Ì ]XÕ × Ý ��')( q ð Ü Ì Ü ��')( q ð. ..

...
. ..

...k W²W²W ]XÕ × Ý Ì k W²W²W Ü Ì
���������
����������
� �Ì
...� �ì� ð ì...� ð Ì
����������� ó
����������
� ô ��')(

...� ô Ìk

...k
����������� f (B.21)

whereÝI¸ ó k if x*$ � � and Ü=¸ ó k if x*$ � 	 .
Neither (B.19) nor (B.21) canbe solved directly, sinceunknown coefficient

matricesappearon their right handsides.However, wecancombinethefirst § å Ô¬ ©rÙ ¢ equationsfrom (B.19)with thelast § å Ô ¬ ©rÙ,+ equationsfrom (B.21)to obtain
asystemwith equalnumberof equationsandunknowns�����������

àÜ �Ì k àÝ �Ì k
...

. . .
...

. . .àÜ �ì W²W²W àÜ �Ì àÝ �ì W²W²W àÝ �Ì]XÕ*× Ý Ì W²W²W�]XÕ�× Ý ì Ü Ì Ü ì. . .
...

. . .
...k W²W²W ]XÕ × Ý Ì k W²W²W Ü Ì
������������
����������
� �Ì
...� �ì� ð ì...� ð Ì
����������� ó
����������
k
...àÝ �Ìk
...k
����������� f (B.22)
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whereonly known coefficientmatricesappearon theright handside.Wewill now
show that this systemof linearequationshasa uniquesolutionwhenever Õ�×-$ k .
Define

� `ó
��� Ü
Ì W²W²W Ü ì. . .

...k W²W²W Ü Ì
���� � à� `ó

��� àÜ
Ì W²W²W àÜ ì. . .

...k W²W²W àÜ Ì
����

. `ó ��� Ý
Ì W²W²W Ý ì. ..

...k W²W²W Ý Ì
���� � à. `ó ��� àÝ

Ì W²W²W àÝ ì. . .
...k W²W²W àÝ Ì
����

/ `ó ° � Ì W²W²W � ì � � ð ì W²W²W � � ð Ì ¹ � � à0 `ó ° k W²W²W àÝ Ì k W²W²W k ¹ � W
Equation(B.22)canthenbewrittenasÞ à� � à. �]XÕ × . � ß³ ´®µ ¶1 / ó à0 W
Thematrix ã is non-singularsince¯ Å 2 ã ó § ] ¬ © j ¯ Å 2 à. � ¯ Å 243 Õ × . Ô � à. î � à� �65ó § ] ¬ © j ¯ Å 2 à. � ¯ Å 2 ° Õ × . Ô � § . î<ð � © � ¹ó § ] ¬ © j ¯ Å 2 à. � ¯ Å 2 ° Õ × .7. � Ô �6� � ¹ ¯ Å 2 . î �where §�8 © î � ó §(§�8 © î<ð © � . Above, the integer l compensatesfor the sign shifts
causedby the elementaryoperationsperformedon the determinant.In the sec-
ondequality, we have usedthat à� à. î<ð ó . î<ð � , which is a consequenceof the
identity (3.3). Now, sinceboth

.
and à. arenon-singular, soare

. î � and à. � .
Also,
.7. � is positivedefinite.Therefore,thematrix ã is non-singularwheneverÕ × $ k .

After having solved (B.22) for
� �¸ and

� ð ¸ , we use(B.19) to calculatethe
coefficientsof � . We thencomputethefeedbackfilter � with theaidof (B.20):� ó � § � ] àÝ © W (B.23)

Sincethe solution to (B.22) is unique,and � and � are determinedexplicitly
from (B.19)and(B.23), weconcludethatthereexistsa uniquesolutionto (B.17a)
and(B.17b).

Remark 1. Thesystemof linearequations(B.22)canberewrittensothatonly the
coefficientsof thefeedforwardfilter is obtained.This leadsto lower complexity.
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Proofof Theorem3.4andCorollary3.3

Supposethata linear time-invariantfinite impulseresponsechannelof order
�

is
givenby (2.11)andassumethath:9 Y § [ © Y � § x ©<; ó � Ã ¸ �h=9 ê § [ © ê � § x ©<; ó � Ã î ¸h:9 Y § [ © ê � § x ©<; ó k W (C.1)

Theobjective is to estimatethesymbolvector
Y § [z]~å © , by meansof theMIMO

FIR DFEdefinedin (3.21), thatisäY § [±]�å « [ © ó¨ÿ § v î<ð © æ § [ © ] � § v î<ð © àY § [�]�åL] ¬ © (C.2)ó � Ì æ § [ © Ô � ð æ § [s] ¬ © Ô 8�8�8 Ô � �?> æ § [s] � _ ©]A@ Ì àY § [s]�åp] ¬ © ] 8�8�8 ]A@ ��B àY § [s]�åp] ¬ ] ��
 ©ó�C �D�E Ã ] C �B à¯�Ã î ì î<ð (C.3)àY § [s]�å © óGF § äY § [±]�å « [ ©(© (C.4)

where ÿ § v î<ð © of order
� _ and � § v î<ð © of order

��

arepolynomialmatricesof

dimensionsÙ +IH Ù ¢ and Ù ¢ H Ù ¢ , respectively and F §�8 © is thedecisionnon-linearity.
Also, C �D ó ° � Ì � ð W²W²W � �?> ¹ (C.5a)C �B ó ° @ Ì @ ð W²W²WJ@ ��B ¹ (C.5b)
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and E Ã ó ° æLK § [ © æMK § [±] ¬ © W²W²W�æMK § [s] � _ © ¹ K (C.6a)à¯�Ã î ì î<ð ó ° àY K § [s]�åp] ¬ © W²W²W àY K § [s]8åL] ¬ ] ��
 © ¹ K W (C.6b)

The feedbackfilter shouldbe long enoughso that all postcursortapscanbe
canceled.Thenumberof postcursortapsequals� _ Ô � Ô ¬³ ´®µ ¶

numberof
tapsin N,OQPSRUT�VXW6OQPSRUT�V ] å³>´®µ ¶

numberof
precursortaps

] ¬³ ´®µ ¶
reference

tap

W
Therefore,weconcludethat ��
 ó � Ô � _Æ]�åp] ¬ W
Thecoefficients Y � �[Z and Y @ �[Z areto bedeterminedsothatthemean-squareerror
of theestimate äY § [s]�å « [ © is minimized.

TheestimationerrorØ § [s]�å © ó Y § [�]�å © ] äY § [s]�å « [ © (C.7)

is minimizedin themean-squaresenseif it is orthogonalto all signalsthatthees-
timate äY § [ ]aå « [ © may be basedupon,that is, E Ã and à¯�Ã î ì î<ð . The matrix filter
coefficientsproviding the minimum mean-squareestimationerror arethusdeter-
minedby theorthogonalityconditionh]\ Þ E Ã] à¯�Ã î ì î<ð ß Ø � § [�]�å ©<^ ó k (C.8)

or, with Ø § [s]�å © from (C.7),h_\ Þ E Ã] à¯�Ã î ì î<ð ß äY � § [s]8å « [ ©<^ ó h_\ Þ E Ã] à¯�Ã î ì î<ð ß Y � § [�]�å ©<^ W
Next, insert äY § [�]�å « [ © from (C.3):

Þ h E Ã E �Ã ] h E Ã à¯ �Ã î ì î<ð] h à¯�Ã î ì î<ð E �Ã h à¯�Ã î ì î<ð à¯ �Ã î ì î<ð ß­Þ C DC B ß ó Þ h E Ã Y � § [s]cå ©] h à¯�Ã î ì î<ð Y � § [s]8å © ß W (C.9)

Assumethatall previousdecisionsaffectingthecurrentestimatewerecorrect,that
is, assumethat àY § [±] ÙF© ó Y § [s] ÙF© å Ô ¬ è Ù è � Ô � _
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anddefine ¯*Ã î ì î<ð ó ° Y K § [±]�åp] ¬ © W²W²W Y K § [s] � _%] � © ¹ K W (C.10)

Thiscanbeinsertedinto (C.9) in placeof à¯�Ã î ì î<ð .
Dueto theassumptionof uncorrelatedsymbolsmadein (C.1),equation(C.9)

canthenbesimplifiedto

Þ h E Ã E �Ã ] h E Ã>¯ �Ã î ì î<ð] h ¯*Ã î ì î<ð E �Ã � ß¨Þ C DC B ß ó Þ h E Ã Y � § [±]8å ©k ß W (C.11)

To evaluatetheexpectationsin (C.11), weinvoke thechannelmodel(2.11)to writeæ § [s] ÙF© as

æ § [�] ÙF© ó °a` Ì W²W²W ` ' ¹ ��� Y § [s] ÙF©...Y § [�] Ù ] � ©
���� Ô~ê § [s] ÙF© W (C.12)

By inserting(C.12)into (C.6a)for
k è Ù è � _ , we will obtainanexplicit expres-

sionof E Ã in termsof thechannelcoefficientmatrices:

E Ã ó ��� `
Ì W²W²W ` ' W²W²W k

...
. . . . . .

...k W²W²W ` Ì W²W²W ` '
���� ��� Y § [ ©...Y § [s] � _%] � ©

���� Ô ��� ê § [ ©...ê § [s] � _ ©
���� W (C.13)

To obtainamorecompactexpressionof (C.13), we introducethevectorof stacked
noisevectors b Ã ó ° ê K § [ © ê K § [±] ¬ © W²W²W ê K § [±] � _ © ¹ K (C.14)

andthevectorof stackedsymbolvectorsc¯�Ã ó ° Y K § [ © Y K § [±] ¬ © W²W²W Y K § [±]�å Ô ¬ © ¹ K W (C.15)

Furthermore,wedefinethefollowing matrices:

dfehgie `ó ������
` Ì W²W²W ` ' k W²W²W kk ` Ì W²W²W ` ' . . .

...
...

. . . . . . . .. . . .
kk W²W²W W²W²W ` Ì W²W²W ` '
�������
jlkkkkmkkkkn Ù + § � _ Ô ¬ ©`ó ° dporq e d4sutXv�wxd4szyiw{e�¹ (C.16a)
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wherewehave defineddpo{q e `ó Thefirst Ù ¢ å columnsin
dfehgie

(C.16b)d4sutXv�w `ó ColumnsÙ ¢ å Ô ¬ to Ù ¢ § å Ô ¬ © in
dfehgie

(C.16c)d4sSy|w}e `ó ColumnsÙ ¢ § å Ô ¬ © Ô ¬ to Ù ¢ § � _ Ô � Ô ¬ © in
dfehgie W (C.16d)

Equation(C.13)canthenbewrittenasE Ã ó dpo{q e c¯�Ã Ô d sutXv�wKY § [s]8å © Ô d szyiw{e ¯�Ã î ì î<ð Ô
b Ã (C.17)

wherē�Ã î ì î<ð wasdefinedin (C.10). Using(C.17)and(C.1),we cancomputethe
expectationsin (C.11):h=9 E Ã E �Ã ; ó dpo{q e d �o{q e Ô d sutXv�w d �sutXv�w Ô d sSy|w}e d �sSyiw{e ÔA~h:9 E Ã�¯ �Ã î ì î<ð ; ó d4sSyiw{eh=9 E Ã Y � § [s]cå ©<; ó d4sutXv�wwhere ~ is givenby (3.24).

Thesecomputedexpectationscanthenbeinsertedinto (C.11):Þ dporq e d �orq e Ô d4s�tXv<wid �s�tXv<w Ô d4szyiw{ead �sSy|w}e Ô�~ ] d4sSyiw{e] d �sSyiw{e Ñ ��� ßDÞ C DC B ß ó Þ d4sutXv�wk ß W (C.18)

By observingthat C B ó d �szyiw{e C D from thesecondblockrow of (C.18)andinsert-
ing this into thefirst block row, weobtain

§ dpo{q e d �o{q e Ô d4sutXv�wid �sutXv�w Ô�~ © C D ó d4s�tXv<w (C.19a)C B ó d �szyiw{e C D W (C.19b)

Now observethat ° dpo{q e d4sutXv�w ¹ ó d asdefinedin (3.23). Thus(C.19a)and(C.19b)
canbeexpressedas

§ d�d � Ô�~ © C D ó d4sut�v<w (C.20a)C B ó d �szyiw{e C D W (C.20b)

Here(C.20a)coincideswith (3.22)andif wecomplex conjugateandtransposeboth
sidesof (C.20b)andevaluatefor eachmatrixelement@ � , wereadilyobtain(3.25).

We will now prove Corollary 3.3. As a startingpoint, we usethe expres-
sion (C.3) for the DFE and the expression(C.20b)for its feedbackfilter coeffi-
cients: äY § [�]cå « [ © ó�C �D 3 E Ã ] dI��ò ><� à¯�Ã î ì î<ð 51W
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We now assumethat all previous decisionsarecorrect. We thusreplace à¯*Ã î ì î<ð
with ¯�Ã î ì î<ð , definedin (C.10). Wealsousetheexpression(C.17)for E Ã to obtainäY § [±]�å © ó�C �D ° d���� � c¯�Ã Ô dI� j × > Y § [s]�å © Ô

b Ã ¹ W (C.21)

From(C.21)we obtainanexpressionfor theestimationerror thatcanbeusedto
determinetheestimationerrorcovariancematrix (2.4):÷ ó h�� ° Y § [�]�å © ] C �D ° d���� � c¯�Ã Ô dI� j × > Y § [s]8å © Ô

b Ã ¹�¹H ° Y § [g]cå © ] C �D ° d���� � c¯�Ã Ô dI� j × > Y § [s]�å © Ô
b Ã ¹ ¹ ��� W

Thecovariancematrixcanbeevaluatedto yield÷ ó h-� §r��� å © � � §r��� å © � h-� §r��� å © � � §r��� å © d �� j × > C D� C �D dI� j × > h�� §r��� å © � � §r��� å © Ô C �D d���� � h c¯�Ã c¯ �Ã d ���� � C DÔ C �D dI� j × > h�� §r��� å © � � §r��� å © d �� j × > C D Ô C �D h
b Ã b �Ã C D f

wherewehaveused(2.9)and(2.13). Againmakinguseof (2.9)andalsoof (2.12)
and(3.24)we readilyobtain÷ ó Ñ � d �� j × > C D � C �D dI� j × > Ô C �D d���� � d ���� � C DÔ C �D d � j × > d �� j × > C D Ô C �D ~ C Dó Ñ � d �� j × > C D � C �D dI� j × > Ô C �D ° d�d � Ô�~ ¹ C D (C.22)

wherewe in the last equality used
d ó ° d���� � d � j × > ¹ . If we insert (C.20a)

into (C.22), wefinally obtain÷ ó Ñ � d �� j × > ° d�d � Ô�~ ¹ î<ð dI� j × > f (C.23)

whichcoincideswith (3.26).
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APPENDIX D

Proofof Corollaries3.1,3.2,3.4,and3.5

In this appendix,we will prove Corollaries3.1, 3.2, 3.4, and3.5. We will thus
investigatethe solvability conditionsfor the two Diophantineequations(3.16)
and(3.28). For easeof reference,we repeattheseequationsand the conditions
for theirsolvability:v î ì Ñ ó { § v î<ð © | î<ð § v î<ð © } § v î<ð © � v î ì î<ð � § v î<ð © (D.1a)

and v î ì Ñ ó¨ÿ § v î<ð © } § v î<ð © � v î ì î<ð � § v î<ð ©�� (D.1b)

TheDiophantineequation(D.1a)canbesolvedif andonly if every commonright
divisor1 of

| î<ð § v î<ð © } § v î<ð © and v î ì î<ð Ñ is a right divisor alsoof v î ì Ñ . Equa-
tion (D.1b) canbe solved if andonly if every commonright divisor2 of } § v î<ð ©and v î ì î<ð Ñ is a right divisoralsoof v î ì Ñ .

We will show that suchright factorsexist in the situationsdescribedin the
corollaries.Two factsgreatlysimplify theproofs:

1. A polynomialmatrix in v î<ð is a specialcaseof a stableandcausalrational
matrix.

2. A polynomialmatrix in v î<ð thatis aright divisorof } § v î<ð © is aright divisor
alsoof therationalmatrix

| î<ð § v î<ð © } § v î<ð © .1Theadmissibleright divisorsaremembersof thering of stableandcausalrationalmatrices.
2Theadmissibleright divisorsaremembersof thering of polynomialmatricesin � RMT .
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For eachof theproofsin thisappendix,wewill usethefollowing procedure:

1. Findapolynomialmatrix � § v î<ð © thatis a right divisoroft } § v î<ð © andt v î ì î<ð Ñ .
2. Show that � § v î<ð © is notaright factorof v î ì Ñ in thering of stableandcausal

rational functions. In other words, thereshouldnot exist any stableand
causalrational � § v î<ð © suchthat v î ì(Ñ ó � § v î<ð © � § v î<ð © . This will imply
that therewould,of course,not exist any such � § v î<ð © that is a polynomial
matrix in v î<ð either, so � § v î<ð © cannotbea right factorof v î<ð Ñ in thering
of polynomialmatrices.

If wesucceedwith this,neither(D.1b)nor (D.1a)will havea solution. Wearethus
ableto prove thecorollaries“in pairs”.

Remark 1. To improvereadability, wewill omit thepolynomialargumentsin the
remainderof thisappendix.

D.1 Proof of Corollaries 3.1and 3.4

Assumethat � !����4��� Ù¡  . In thiscase,thereexistsaunimodular3 matrix ¢ such
that � ¢ ó ° à� £ ¹ (D.2)

for somematrix à� with Ù + rows and Ù¡  � ¬ columns.Equation(D.2) alsoholds
when � !����4¤ î<ð �¥� Ù¡  , since� !����4¤ î<ð �Àó � !����¦� � (D.3)

The above relationholdssince ¤ is a diagonalpolynomialmatrix with finite di-
agonalelements.The inverseof ¤ will thenbea diagonalmatrix with non-zero
diagonalelements.

Wewill now show, thatwhen(D.2) holds,thepolynomialmatrix�¨§ó Þ Ñ�© � î<ð ££ ª î ì î<ð ß ¢ î<ð (D.4)

is a right divisorof � and ª î ì î<ð Ñ © � , but notof ª î ì Ñ © � .
For � in (D.4),wemustthusverify thefollowing threeproperties:

3A squarepolynomialmatrix is saidto beunimodularif its determinantequalsa non-zerocon-
stant.
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1. � is a right divisorof �
2. � is a right divisorof ª î ì î<ð Ñ
3. � is not a right divisorof ª î ì(Ñ .

Property 1

Weseethat�Àó«� ¢¬¢ î<ð ó ° à� £ ¹ ¢ î<ð ó ° à� £ ¹ Þ Ñ�© � î<ð ££ ª î ì î<ð ß ¢ î<ð ó ° à� £ ¹ �®­
wherewe in thesecondequalityusedtheidentity (D.2). Hence� is a right factor
of � .

Property 2

Weimmediatelyseethatª î ì î<ð Ñ © � ó¯ª î ì î<ð ¢°¢ î<ð ó ¢ Þ ª î ì î<ð Ñ © ��î<ð ££ ª î ì î<ð ß ¢ î<ðó ¢ Þ ª î ì î<ð Ñ�© � î<ð ££ ¬ ß­Þ Ñ�© � î<ð ££ ª î ì î<ð ß ¢ î<ðó ¢ Þ ª î ì î<ð Ñ © � î<ð ££ ¬ ß � �
Hence� is a right factorof ª î ì î<ð Ñ�© � .
Property 3

Wewill now try to find acausalandrationalmatrix � suchthatª î ì Ñ © � ó � Þ Ñ © ��î<ð ££ ª î ì î<ð ß ¢ î<ð �
Thisequationcanberewrittenª î ì ¢ ó � Þ Ñ�© � î<ð ££ ª î ì î<ð ß � (D.5)

Studythe lastcolumnin (D.5). With ¢ © � and � ©   beingthe lastcolumnsof ¢
and � , respectively, weobtain:ª î ì ¢ © � ó«ª î ì î<ð � © � �
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But since � is causal,this implies that all elementsin ¢ © � musthave ª î<ð asa
commonfactor. However, this is impossiblewhen ¢ is unimodular. Hencewe
concludethat ª î ì Ñ © � cannothave � asa right factor.

This completesthe proof of Corollary 3.4. Recalling that � !��[�¦¤ î<ð � ó� !����4� , theproofof Corollary3.1is alsocomplete.

D.2 Proof of Corollaries 3.2and 3.5

Assumethatuser± hasapropagationdelaythatexceedså . Wewill now verify that� ó ¯[² !�³ ° ¬ ����� ¬³ ´²µ ¶´¡î<ð ª î ì î<ð ¬ ����� ¬³ ´®µ ¶© � îµ´ ¹
(D.6)

is a right divisorof � and ª î ì î<ð Ñ , but notof ª î ì�Ñ .
With thedefinition(3.17), wecanwrite�Àó à�·¶ (D.7)

where ¶ §ó ¯[² !�³ ° ª îµ¸ T ª îµ¸ ( ����� ª îµ¸º¹ � ¹ � (D.8)

If wecompare(D.6) and(4.19a), weseethat¶�ó à¶ � (D.9)

with à¶�ó ¯[² !�³ 3 ª î6»¸ T ª î�»¸ ( ����� ª î6»¸¼¹ � 5
and à½�¾ óÀ¿ ½ ¾ ½ Ïó ±½ ´ � å � ¬ ½ ó ± �If wenow insert ¶ from (D.9) into (D.7), weobtain�Àó à� à¶ � �
Since
½ ´ Îâå Ô ¬ , à¶ is apolynomialmatrix in ª î<ð , and � is a right divisorof � .

We immediatelyseethat � is a right divisorof ª î ì î<ð Ñ , sinceª î ì î<ð Ñ ó �� ª î ì î<ð Ñ ´¡î<ð £ ££ ¬ ££ £ ª î ì î<ð Ñ © ��îµ´
�� � �
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However, if we try to find astableandcausalrationalmatrix � suchthatª î ì Ñ ó �Á�
wemustrequirethat ª î ìÃÂ O ´ V ó«ª î ì î<ð � ´
where � ´ is column ± in � andÂ O ´ V §ó ° £ ����� £³ ´®µ ¶´ î<ð ¬ £ ����� £³ ´®µ ¶© � îµ´ ¹ K �
Sincethisequationis impossibleto satisfywith astableandcausal� , weconclude
that � is nota right factorof ª î ì�Ñ .

Since � is a right factorof � and ª î ì î<ð Ñ , but not of ª î ì Ñ , equations(D.1a)
and(D.1b) lackasolution.



186 AppendixD. Proofof Corollaries3.1,3.2,3.4,and3.5



APPENDIX E

Proofof Theorem3.6

We shall herederive the degreecondition(3.29). We assumethat the condition
in Theorem3.5 is fulfilled, andhencethata zero-forcingsolutionexists for some
choiceof feedforwardfilter degree.

To prove thedegreecondition(3.29), we first needto remove theinfluenceof
puretimedelayswithin eachcolumnof � § ª î<ð © . For thispurpose,wedefine¶ § ª î<ð © §ó ¯µ² !�³ ° ª îµ¸ T ª îµ¸ ( ����� ª îµ¸ ¹ � � ¹ (E.1)

Wealsoimplicitly define
c� § ª î<ð © throughthefactorization� § ª î<ð © ó c� § ª î<ð © ¶ § ª î<ð © (E.2)

Thefactorization(E.2) is insertedinto (3.28), which is rearrangedto yield:ÿ § ª î<ð © c� § ª î<ð © ¶ § ª î<ð © ó«ª î ì § Ñ © � Ô ª î<ð � § ª î<ð ©(©Ä� (E.3)

For this equationto have a solution,we mustassurethattheright divisor ¶ § ª î<ð ©of theleft handsideis alsoa right divisorof theright handside.
To thisend,werewrite theright handsideof (E.3):ª î ì ° Ñ © � Ô ª î<ð � § ª î<ð © ¹ ó ° Ñ © � Ô ª î<ð � § ª î<ð © ¹ ª î ì Ñ © �ó ° Ñ © � Ô ª î<ð � § ª î<ð © ¹ c¶ § ª î<ð © ¶ § ª î<ð ©

with c¶ § ª î<ð © ó ¯[² !�³ ° ª î ì�Å ¸ T ����� ª î ì�Å ¸ ¹ � ¹ �
187
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Notethat
c¶ § ª î<ð © is apolynomialmatrix in ª î<ð , sinceweknow fromCorollary3.5

that
½�¾ èâå Ó ½ .We thusseethat ª î ì § Ñ © � Ô ª î<ð � § ª î<ð ©(© has ¶ § ª î<ð © asa right factorasre-

quired.This factorcanthusberemovedin equation(E.3).Wemustnow solveÿ § ª î<ð © c� § ª î<ð © ó § Ñ © � Ô ª î<ð � § ª î<ð ©(© c¶ § ª î<ð ©Ä� (E.4)

with respectto ÿ § ª î<ð © and � § ª î<ð © .Let usnow investigatetheequalizedchannelfrom sources¬ to Ù¡  to theesti-
mateof sourceÆ , thatis, let usconsiderrow Æ in (E.4):©�ÇÈÃ�É ð � · ÃUÊ ª î<ðzË cÌ Ã ¸ Ê ª î<ðzË ó«ª î ì�Å ¸¼Í�î<ð 
 · ¸ Ê ª î<ðzËÏÎ Ïó Æ (E.5a)©�ÇÈÃ�É ð � · ÃUÊ ª î<ð Ë cÌ Ã · Ê ª î<ð Ë ó«ª î ì�Å ¸,Ð Ê�¬ Ô ª î<ðS
 ·�· Ê ª î<ð ËiË � (E.5b)

In general,equations(E.5a)and(E.5b)cannot be solved if thenumberof equa-
tions exceedsthe numberof unknowns. We mustthusassurethat the numberof
unknownsequalsor exceedsthenumberof equations.

The feedforward filter mustcanceltheprecursortaps,andalsomake the ref-
erencetap equalto the identity matrix. In the Ù¡  � ¬ equationsin (E.5a), there
are È¸ÒÑÉ · Ê å Ô ¬ � ½ ¸ Ë (E.6)

precursortaps,whichmustbecanceled.In (E.5b),the å � ½ · precursortapsmust
becanceledandthereferencetapshouldbesetto unity, givingå Ô ¬ � ½ · (E.7)

additionallinearequations.Adding (E.6)and(E.7)givesthetotal numberof con-
ditions(equations)to fulfill:© �È¸ É ð Ê å Ô ¬ � ½ ¸ Ë ó Ù¡  Ê å Ô ¬ Ë � ©

�È¸ É ð ½ ¸ � (E.8)

Tosatisfytheseequationswemustuseonly thefeedforwardfilter. Thefeedforward
filter for userÆ has

��Ó Ô ¬ row vectortaps,giving a totalofÙ + Ê ��Ó Ô ¬ Ë (E.9)
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unknowns. If wecompare(E.8)with (E.9),weseethatif��Ó Î Ù¡  Ê å Ô ¬ Ë �ÕÔ © �¸ É ð ½ ¸Ù + � ¬ (E.10)

all precursortapscanbecanceled.Since(E.10)is independentof Æ , a feedforward
filter degreesatisfying(E.10) is genericallynecessaryto fulfill the zero-forcing
condition(2.3) for all Ù¡  users.
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[109] KenthÖhrn. Designof Multivariable cautiousdiscrete-timeWienerfilters,
PhDthesis,SignalProcessingGroup,UppsalaUniversity, Uppsala,Sweden,
May 1996.
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